
Biot‐Rayleigh theory of wave propagation
in double‐porosity media

J. Ba,1 J. M. Carcione,2 and J. X. Nie3

Received 26 December 2010; revised 28 February 2011; accepted 16 March 2011; published 8 June 2011.

[1] We derive the equations of motion of a double‐porosity medium based on Biot’s
theory of poroelasticity and on a generalization of Rayleigh’s theory of fluid collapse
to the porous case. Spherical inclusions are imbedded in an unbounded host medium
having different porosity, permeability, and compressibility. Wave propagation induces
local fluid flow between the inclusions and the host medium because of their dissimilar
compressibilities. Following Biot’s approach, Lagrange’s equations are obtained on the
basis of the strain and kinetic energies. In particular, the kinetic energy and the dissipation
function associated with the local fluid flow motion are described by a generalization of
Rayleigh’s theory of liquid collapse of a spherical cavity. We obtain explicit expressions of
the six stiffnesses and five density coefficients involved in the equations of motion by
performing “gedanken” experiments. A plane wave analysis yields four wave modes,
namely, the fast P and S waves and two slow P waves. As an example, we consider a
sandstone and compute the phase velocity and quality factor as a function of frequency,
which illustrate the effects of the mesoscopic loss mechanism due to wave‐induced
fluid flow.
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1. Introduction

[2] The mechanism of local fluid flow (LFF) explains the
high attenuation of low‐frequency elastic waves in fluid‐
saturated rocks. When seismic waves propagate through
small‐scale heterogeneities, pressure gradients are induced
between regions of dissimilar properties. Pride et al. [2004]
have shown that attenuation and velocity dispersion mea-
surements can be explained by the combined effect of me-
soscopic‐scale inhomogeneities and energy transfer between
wave modes. We refer to this mechanism as mesoscopic
loss. The mesoscopic‐scale length is intended to be larger
than the grain sizes, but much smaller than the wavelength
of the pulse. For instance, if the matrix porosity varies
significantly from point to point, diffusion of pore fluid
between different regions constitutes a mechanism that can
be important at seismic frequencies. Reviews of the different
theories and authors, who have contributed to the under-
standing of this mechanism, are given by, for instance,
Carcione and Picotti [2006] and Carcione [2007].

[3] An attempt to introduce squirt flow effects is pre-
sented by Dvorkin et al. [1995], in which a force applied to
the area of contact between two grains produces a dis-
placement of the surrounding fluid in and out of this area.
Since the fluid is viscous, the motion is not instantaneous
and energy dissipation occurs. However, this mechanism
cannot explain the attenuation in the seismic band [Pride
et al., 2004].
[4] White [1975] and White et al. [1975] were the first to

introduce the mesoscopic loss mechanism based on approx-
imations in the framework of Biot theory. They considered
gas pockets in a water‐saturated porous medium and porous
layers alternately saturated with water and gas, respectively.
These are the first so‐called “patchy saturation” models.
Dutta and Odé [1979a, 1979b] solved the problem exactly
using Biot theory and confirmed White’s results. The meso-
scopic loss theory has been further refined by Gurevich et al.
[1997], Shapiro and Müller [1999], Johnson [2001], Müller
and Gurevich [2004] and Pride et al. [2004]. Miksis [1988]
included the dissipation due to contact line movement to
describe the attenuation of seismic waves in a partially satu-
rated rock.Gurevich et al. [1997] obtained the P wave quality
factor as a function of frequency for 1D finely layered por-
oelastic media (normal to layering). They considered Biot’s
loss, scattering and mesoscopic flow loss, and found that the
quality factor is approximately given by the harmonic aver-
age of the corresponding single quality factors. Shapiro and
Müller [1999] reinterpreted the role of the hydraulic perme-
ability in the mesoscopic flow mechanism, concluding that
this permeability corresponds to the zero‐frequency limit of
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the seismic permeability actually controlling the loss.Müller
and Gurevich [2004] performed numerical experiments in
random and periodic media with patchy saturation (gas and
water) with a correlation length of 20 cm, showing attenua-
tion peaks in the seismic band and at 80 % water saturation.
Brajanovski et al. [2006] analyzed compressional wave
attenuation in fractured porous media and derived the char-
acteristic frequency which yield estimates of permeabilities
and thicknesses of the rock fracture system.
[5] Johnson [2001] developed a generalization of White

model for patches of arbitrary shape. This model has two
geometrical parameters, besides the usual parameters of Biot
theory: the specific surface area and the size of the patches.
Patchy saturation effects on acoustic properties have been
observed byMurphy [1982] and Knight and Nolen‐Hoeksema
[1990].Cadoret at al. [1995] investigated the phenomenon in
the laboratory at the frequency range 1–500 kHz. Two dif-
ferent saturation methods result in different fluid distributions
and produce two different values of velocity for the same
saturation. Imbibition by depressurization produces a very
homogeneous saturation, while drainage by drying produces
heterogeneous saturations at high water saturation levels. In
the latter case, the experiments show considerably higher
velocities, as predicted by White model.
[6] Carcione et al. [2003] performed numerical‐modeling

experiments based on Biot’s equations of poroelasticity and
White model of regularly distributed spherical gas inclu-
sions. Fractal models, such as the von Kármán correlation
function, calibrated by the CT scans, were used by Helle
et al. [2003] to model heterogeneous rock properties and
perform numerical experiments based on Biot’s equations
of poroelasticity.
[7] Generalization of Biot’s theory to composite and

double‐porosity media is generally based on Biot’s energy
approach using Lagrange’s equations [Biot, 1962]. A gen-
eralization of Biot’s theory for two porous frames is given by
Carcione et al. [2000]. Carcione and Seriani [2001] devel-
oped a numerical algorithm for simulation of wave propa-
gation in frozen porous media, where the pore space is filled
with ice and water. The model, based on a Biot‐type three‐
phase theory obtained from first principles, predicts three
P waves (one fast P wave and two slow P waves) and two
S waves in the high‐frequency limit and the corresponding
diffusive modes at low frequencies. Attenuation is modeled
with Zener relaxation functions which allow a differential
formulation based on memory variables. The generalization
of these differential equations to the variable porosity case is
given by Carcione et al. [2003], by using the analogy with
the two‐phase case and the complementary energy theorem.
A more rigorous generalization is given by Santos et al.
[2004]. In this way it is possible to simulate propagation in
a frozen porous medium with fractal variations of porosity, in
which solid substrate, ice, and water coexist and the two solid
phases are weakly coupled. A generalization of the splitting
method to the three‐phase case is performed to solve these
equations.
[8] The simulation of two slow waves due to capillary

forces in a partially saturated porous medium is presented by
Carcione et al. [2004], based on the theory developed by
Santos et al. [1990a, 1990b]. The pores are filled with a

wetting fluid and a nonwetting fluid, and the model, based
on a Biot‐type three‐phase theory, predicts three P waves
and one S wave. Again, realistic attenuation is modeled with
exponential relaxation functions and memory variables.
Surface tension effects in the fluids, which are not consid-
ered in the classical Biot theory, cause the presence of a
second slow wave, which is faster than the classical Biot
slow wave.
[9] Berryman and Wang [2000] presented phenomeno-

logical equations for the poroelastic behavior of a double‐
porosity medium to account for storage porosity and fracture
porosity in oil and gas reservoirs. A recent Biot‐type por-
oelastic theory treats the mesoscopic loss created by litho-
logical patches having, for example, different degrees of
consolidation [Pride et al., 2004]. There are two phases with
dissimilar porosity and the theory explicitly considers the
field variables of these phases (see Figure 1). Ba et al.
[2008a, 2008b] have solved the governing equations
(homogeneous case) and simulated the wavefields using the
pseudospectral method. Liu et al. [2009] solved equivalent
poroviscoacoustic equations by approximating the meso-
scopic complex moduli in the frequency domain by using
Zener mechanical models, in the same way as Carcione
[1998] represented the Biot loss mechanism. The equa-
tions are then solved in the time domain using memory
variables and the splitting method. Agersborg et al. [2009]
used the T matrix approach to illustrate the effects of LFF
in double‐porosity carbonates, and a relaxation time is used
as an empirical parameter dependent on the scale of the
pores and cracks.
[10] Wave‐induced LFF in mesoscopic heterogeneous

rocks is capable of explaining the measured level of wave
dispersion and attenuation in the seismic band (1–104 Hz).
The theory presented here have been developed from first
physical principles. All parameters can be measured or
estimated from measurements. The flow dynamics is based
on Rayleigh’s theory [Rayleigh, 1917], which describes the
collapse of a spherical cavity in a liquid. Rayleigh assumed
an incompressible fluid so that the whole motion is deter-
mined by the sphere boundary. Lamb [1923] analyzed the
early stages of a submarine explosion on the basis of Ray-
leigh’s theory. The governing equation [Lamb, 1923,
equation (30)] describes periodic spherical vibrations, which
can be applied to model the local flow process of a spherical
inclusion. Similar oscillatory motions were studied by
Vokurka [1985a, 1985b].
[11] To describe wave‐induced LFF, we consider two

types of pores of different compressibility; that is, LFF
occurs between soft pores and stiff pores. We propose this
double‐porosity approach by using a generalization of Ray-
leigh’s theory of liquid collapse of a spherical cavity in the
framework of Biot’s [1962] energy approach. For the purpose
of quantitatively describing the dynamic process of wave‐
induced LFF in heterogeneous fluid/solid composites, we
derive the dynamic governing equation from first principles.
First, we give the kinetic energy expression for LFF by
considering the model of a sphere inclusion being imbedded
in a uniform porous host medium. Second, we substitute the
kinetic energy and strain potential energy function into
Lagrange equations, and derive three dynamic governing
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equations for wave propagation and the one governing
equation for LFF. We then obtain the relevant stiffness
coefficients by performing “gedanken experiments” and
compute plane wave solutions, to obtain the phase velocity
and quality factor as a function of frequency.

2. Strain Energy

[12] We consider the inclusion model shown in Figure 2,
with the following assumptions: (1) The inclusions are
spherical and homogeneous and have the same size; (2) the
boundary conditions between the inclusions and the host
medium are open; (3) the radius is much smaller than the
wavelength; and (4) the inclusion volume ratio is low, so we
neglect interactions between inclusions. The fluid variation
can be evaluated as follows. Assume that R0 is the radius of
the (spherical) inclusion at rest, and R is the dynamic radius
of the fluid sphere after the LFF process (see Figure 2),
which is a function of time. The connections between
inclusions and host medium are assumed to be completely
connected [Deresiewicz and Skalak, 1963]. In actual rocks,
there may be partial connection or no connection between
different components.
[13] Let us denote the time variable by t and the spatial

variables by xi, i = 1, 2, 3, the displacement vector of the
solid matrix by u = (u1, u2, u3)

T and the components of the
average fluid displacement vector in the two porosity sys-
tems (host medium and inclusions) as U(m) = (U 1

(m), U2
(m),

U 3
(m))T, m = 1, 2, respectively. (In a double‐porosity

medium, the difference between the fluid displacement in
the inclusion and in the host medium is much larger than that
of the solid phase, due to the fluid lower bulk modulus. In this
context, we consider one solid displacement vector and two

fluid displacement vectors [Pride et al., 2004].) Moreover,
we introduce the corresponding strain components:

eij ¼
1

2
@jui þ @iuj
� �

and �
mð Þ
ij ¼ 1

2
@jU

mð Þ
i þ @iU

mð Þ
j

� �
; ð1Þ

and define the dilatations as

e ¼ eii ¼ @iui and �m ¼ �
mð Þ
ii ¼ @iU

mð Þ
i ; ð2Þ

where ∂i denotes a partial derivative with respect to the spatial
variable xi and the Einstein summation of repeated indices is

Figure 1. Synoptic diagram for four types of double‐porosity medium in nature. (a) Flat throats
connected to stiff pores in microscopic scale. (b) Patches of small grains embedded in a matrix formed
of large grains. (c) Strongly dissolved dolomite, in which powder crystals are present in the pores forming
a second matrix. (d) Partially melted ice matrix, whose pores are filled with a mixture of loosely contacted
micro‐ice crystals and water.

Figure 2. A fluid sphere’s swell‐shrinking vibration
between the inclusion and the host medium under elastic
wave excitation.
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assumed. The strain energy in double‐porosity medium is a
function of five independent variables,

W ¼ W I1; I2; I3; �1; �2ð Þ; ð3Þ

where

I1 ¼ eii; I2 ¼
e11 e12
e12 e22

����
����þ e22 e23

e23 e33

����
����þ e33 e13

e13 e11

����
���� and

I3 ¼
e11 e12 e13
e12 e22 e23
e13 e23 e33

�������
�������: ð4Þ

We consider a Taylor expansion of W and neglect all terms
whose orders are higher than two,

2W ¼ Aþ 2Nð ÞI21 � 4NI2 þ 2Q1I1�1 þ R1�
2
1

þ 2Q2I1�2 þ R2�
2
2; ð5Þ

where A, N, Q1, R1, Q2 and R2 are stiffnesses.
[14] We use a scalar z to denote the fluid body strain’s

increment in the LFF process generated by the passage of a
wave. There is an internal vibration process accompanying
wave’s propagation, which causes rock to be relaxed. The
deformation of pore fluid in the two types of pores is rebalanced
before potential energy is transferred to kinetic energy.

2W ¼ Aþ 2Nð ÞI21 � 4NI2 þ 2Q1I1 �1 þ �2�ð Þ þ R1 �1 þ �2�ð Þ2

þ 2Q2I1 �2 � �1�ð Þ þ R2 �2 � �1�ð Þ2; ð6Þ

where �m are the porosities.
[15] Then, the LFF interaction is represented by the fluid

variation z. Fluid flow from m = 1 to m = 2 implies the fluid
variation −�1z, where the minus sign is a convention. The
opposite flow induces the variation �2z in system 1, such
that the conservation of fluid mass is satisfied, i.e., �1(�2z) +
�2(−�1z) = 0.
[16] Based on the model shown in Figure 2, we then have

that the effective fluid volume variation in system 1 is �1z ≈
1 − V0/V, where V0 and V are the volumes of the fluid sphere
corresponding to the radius of inclusion R0 and the dynamic
radius of fluid sphere R, respectively. Then

� ¼ 1

�1
1� R3

0

R3

� �
: ð7Þ

As we shall see later, the LFF terms are responsible for wave
attenuation.

3. Kinetic Energy

[17] Let us denote by vm, m = 1, 2 the volume fraction of
phase m present in an averaging volume. The total porosity
is given by

� ¼ �1 þ �2; ð8Þ

where

�m ¼ vm�m0; ð9Þ

where �m0 is the porosity in each phase.

[18] Berryman and Wang [2000] generalized Biot’s
kinetic energy expression [Biot, 1956] to the double‐
porosity case. Their kinetic energy is a function of the fluid
particle velocity. In this work, we start from Biot’s theory
[Biot, 1962], where the kinetic energy is a function of the
fluid particle velocity relative to the solid phase. General-
izing Biot’s kinetic energy T to the double‐porosity case, we
have

2T ¼ �0
X
i

_u2i þ �f
X
m

Z
Wm

X
i

_ui þ g mð Þ
i þ l mð Þ

i

� �2
dWm; ð10Þ

where g(m) = (g1, g2, g3)
⊺ and l(m) = (l1, l2, l3)

⊺ denote the
relative microvelocity fields of the fluid in each system,
associated with the global and local flows, respectively, Wm

is the pore volume, and

�0 ¼ 1� �ð Þ�s; ð11Þ

with rs and rf the solid and fluid mass densities, respec-
tively. The symbols Si and Sm denote summation from 1 to
3 corresponding to the Cartesian coordinates and summation
from 1 to 2 corresponding to the two porosity systems, and a
dot above a variable indicate time differentiation.
[19] Let us consider the integral

�f

Z
Wm

_ui þ g mð Þ
i þ l mð Þ

i

� �2
dWm ð12Þ

and analyze the different terms. First,

�f

Z
Wm

_u2i dWm ¼ �m _u
2
i ; �m ¼ �m�f : ð13Þ

Second,

�f

Z
Wm

_uig
mð Þ
i dWm ¼ �f _ui _w

mð Þ
i ; ð14Þ

where

w mð Þ
i ¼ �m U mð Þ

i � ui
� �

ð15Þ

is the macroscopic particle velocity of the fluid relative to
the solid [Biot, 1962]. We also have

�f

Z
Wm

_uil
mð Þ
i dWm ¼ �f _ui

Z
Wm

l mð Þ
i dWm ¼ 0; ð16Þ

(see Appendix A), since the flow vector is perpendicular to
the surface of the inclusion if we assume that seismic wave-
length is much larger than the inclusion size, the inclusion is
spherical and each component (inclusions or host medium)
can be regarded as a homogeneous single‐porosity medium
(see Figure 2). Moreover,Z

Wm

g mð Þ
i l mð Þ

i dWm ¼ 0 ð17Þ

for compressional waves (see Appendix A), because the
inclusion is spherical and assumed uniform, and in this case,
gi
(m) has the same value at two opposite points relative to the
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center of the sphere, while li
(m) have the same absolute value

but different sign.
[20] Using the preceding equations, the kinetic energy

(10) becomes

2T ¼ �
X
i

_u2i þ 2�f
X
m

_ui _w
mð Þ
i

 !
þ �f

X
m

Z
Wm

X
i

g mð Þ
i

� �2
þ l mð Þ

i

� �2	 

dWm;

ð18Þ

where

� ¼ �0 þ �1 þ �2: ð19Þ

With the assumption of an isotropic microvelocity field,
isolating the terms involving local fluid flow terms from the
others, equation (18) reduces to

2T ¼ �
X
i

_u2i þ 2�f
X
m

_ui _w
mð Þ
i

 !
þ
X
m

�m
X
i

_w mð Þ
i

� �2
þ2TL;

ð20Þ

where �m, m = 1, 2 are Biot mass coefficients (see
equation (44) and Biot [1962], Carcione et al. [2000], and
Carcione [2007]) and

2TL ¼ �f
X
m

Z
Wm

X
i

l mð Þ
i

� �2
dWm ð21Þ

is the LFF kinetic energy density related to compressional
deformations, as shown in Figure 2. Since TL does not
depend on vectors u and w(m), we may evaluate it inde-
pendently as shown later. We may rewrite the kinetic energy
in terms of vectors U(m) as

2T ¼ �00
X
i

_u2i þ 2
X
m

�0m
X
i

_ui _U
mð Þ
i þ

X
m

�mm
X
i

_U
mð Þ
i

� �2
þ 2TL;

ð22Þ

where

�00 ¼ ��
P
m
�m 2�f � �m�m

� �
;

�mm ¼ �m�
2
m;

�0m ¼ �m � �mm:

ð23Þ

4. Mesoscopic Loss and the Rayleigh Model

[21] In this section, we analyze the kinetic energy of the
LFF process and establish a relation between fluid sphere’s
dynamic radius and fluid increment. Let R be the dynamic
radius of the fluid sphere, _R the particle velocity at the
boundary, r > R, and _r the particle velocity outside the
inclusion, such that these particle velocities are the radial
component of vector U. Since in our system there is a matrix
(skeleton), we generalize Rayleigh’s theory to the case of a
porous medium.
[22] In the first step of this simple generalization, the

boundary condition at the surface of the inclusion is the
continuity of vector _w defined in equation (15), or �10 _r =
�20 _R. Second, Rayleigh’s equation (1), which expresses the

conservation of fluid flow (in our case, between the host
medium and the inclusion) can be generalized as

4�R2 _R�20 ¼ 4�r2 _r�10; or
_r
_R
¼ R2�20

r2�10
; ð24Þ

which satisfies the boundary condition at r = R. Third,
following Rayleigh [1917], the kinetic energy outside the
inclusion is then

T1 ¼
1

2
�10�f

Z ∞

R
4�r2 _r2dr; ð25Þ

where T1 gives the kinetic energy of a single inclusion.
Substituting equation (24) gives

T1 ¼ 2��f R
3 _R

2
�2
20=�10

� �
: ð26Þ

[23] The volume ratio of the inclusion is v2 = (4/3)pR3N0 ≈
(4/3)pR3N0, where N0 is the number of inclusions per unit
volume of composite. Using equation (9), we have

R3 ¼ 3�2

4��20N0
: ð27Þ

Using this equation, multiplying (26) by N0, and since from
equation (7) it is

_R � 1

3
�1R0

_�; ð28Þ

which is a relation between dynamic radius and fluid
increment, we obtain the kinetic energy density for all the
inclusions,

TL ¼ 1

6

�2
1�2�20

�10

� �
�f R

2
0
_�
2
: ð29Þ

Here we assume the volume ratio of inclusions is low and
the distance between two inclusions is large enough, so that
we can neglect the interaction between the different inclu-
sions. The macroscopic average approximation is used for
double‐porosity composites, which is similar to the effective
medium theory of multiphase composites [Berryman and
Berge, 1996]. When the effective medium theory is con-
sidered to be a low concentration approximation based on
“noninteraction” assumptions by Kuster and Toksoz [1974],
it is found to be acceptable for inclusion volume ratios lower
than 0.2 [Wilkens et al., 1991].
[24] Wave scattering in solid matrix and LFF can happen

simultaneously in the fluid‐saturated double‐porosity sys-
tem. Nevertheless, the scattering effect is much weaker than
the fluid’s swell‐shrinking motion, since the scattering peak
is away from the frequency band under consideration. In this
work, the scattering in solid matrix is neglected. A similar
approximation was also used in previous studies [Dvorkin
and Nur, 1993; Pride et al., 2004].

5. Dissipation Function

[25] The generalization of Biot’s dissipation function, D
[Biot, 1962; Carcione, 2007], to the present case is

2D ¼
X
m

bmw
mð Þ � w mð Þ; ð30Þ
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where w(m) is defined in equation (15), and

bm ¼ vm�
2
m0

�

�m

� �
¼ �m�m0

�

�m

� �
; ð31Þ

where h is the viscosity and �m is the permeability of the
host medium (m = 1) and inclusion (m = 2).
[26] Similar to the calculation of the kinetic energy TL (see

equation (25)), the dissipation function of the LFF process is
obtained as

DL ¼ 1

2
�2
10

�

�1

� �Z ∞

R
4�r2 _r2dr ¼ 2��2

20

�

�1

� �
R3 _R

2
; ð32Þ

where we have used equation (24). Moreover, we have to
divide DL by the volume of the inclusion to obtain the
dissipation function per unit volume. Finally, using
equations (27) and (28), we obtain

DL ¼ 3

2

��2�20

�1

_R
2 ¼ 1

6

�

�1

� �
�2
1�2�20R

2
0
_�
2
: ð33Þ

6. Stress‐Strain Relation and Determination
of the Stiffness and Density Coefficients

[27] Johnson [1986] performed three “gedanken” experi-
ments and derived the explicit expressions for the four Biot
elastic constants of a single‐porosity medium. Here, similar
experiments are discussed for a double‐porosity medium.
First of all, we derive the stress‐strain relations for the solid
and fluid phases of as

	ij ¼
@W

@eij
and 	 mð Þ ¼ @W

@�m
; m ¼ 1; 2: ð34Þ

Neglecting the LFF process, we obtain

	ij ¼ Aeþ
P
m
Qm�m

� �

ij þ 2Neij;

	 mð Þ ¼ Qmeþ Rm�m;

ð35Þ

where dij is Kronecker’s delta.
[28] Let us perform the three idealized experiments [Biot

and Willis, 1957; Johnson, 1986; Carcione, 2007].
[29] 1. The material is subjected to a pure shear defor-

mation (e = xm = 0). In this case, it is clear that N is the shear
modulus of the frame, since the fluid does not contribute to
the shearing force. Let us denote

N ¼ �b ð36Þ

as the dry rock shear modulus.
[30] 2. The rock sample is surrounded by a flexible rubber

jacket, subjected to a hydrostatic pressure p0, and the pore
fluid is allowed to flow in and out. Only the skeleton affects
the rock deformation. Then tij= −p0dij and e= div ·u = −p0/Kb,
where Kb is the frame modulus, while the pore fluid
remains unloaded (t(m) = 0). Substituting these relations into
equation (35) gives

Aþ 2

3
N �

X
m

Q2
m

Rm
¼ Kb: ð37Þ

[31] 3. The rock sample is subjected to a uniform hydro-
static pressure p1 and the mineral grain is homogeneous and

isotropic. We have tij = −(1 − �)p1dij, where � = �1 + �2,
t(m) = −�mp1, e = −p1/Ks, xm = −p1/Kf, where Ks and Kf are
the solid and fluid bulk moduli, respectively. Then, another
three relations are derived from equation (35),

Aþ 2N=3

Ks
þ
P

m Qm

Kf
¼ 1� �;

Qm

Ks
þ Rm

Kf
¼ �m; m ¼ 1; 2:

ð38Þ

[32] One more relation is necessary to obtain the coeffi-
cients since there are four equations and five unknowns. Let
us consider the second experiment, where the fluid pressures
vanish. If we consider each single phase isolated from the
other, we have Qm0em + Rm0xm = 0, where the elastic con-
stants are those given by the single‐porosity Biot’s theory
[Carcione, 2007; equations (7.17) and (7.31)], i.e., Qm0/Rm0

= am/�m0 − 1, where am = 1 − Kbm/Ks is the Biot‐Willis
coefficient. Since emKbm = −p0, we have

�1
�2

¼ Q10R20Kb2

Q20R10Kb1
¼ �20Kb2

�10Kb1

�1 � �10

�2 � �20

� �
: ð39Þ

Approximating the dilatation ratio x1/x2 of the composite
(see (35)) by (39), yields

�1
�2

¼ Q1R2

Q2R1
� �20

�10

1� 1� �10ð ÞKs=Kb1

1� 1� �20ð ÞKs=Kb2

	 

� 
: ð40Þ

Thus, b = Q1R2/(Q2R1) is the additional equation, with b
given by (40).
[33] Using the preceding equations we find the expres-

sions of the stiffness coefficients:

A ¼ 1� �ð ÞKs �
2

3
N � Ks

Kf
Q1 þ Q2ð Þ;

Q1 ¼

�1Ks


 þ �
; Q2 ¼

�2Ks

1þ �
;

R1 ¼
�1Kf


=� þ 1
; R2 ¼

�2Kf

1=� þ 1
;

� ¼ Ks

Kf


�1 þ �2

1� �� Kb=Ks

� �
:

ð41Þ

[34] On the other hand, the calculations of the density
coefficients follows Biot [1956]. We have

1� �ð Þ�s ¼ �00 þ
P
m
�0m;

�m�f ¼ �0m þ �mm; m ¼ 1; 2:
ð42Þ

In terms of the tortuosity, T m, we have

�mm ¼ vmT m�m0�f ¼ T m�m�f ; ð43Þ

such that

�m ¼ T m�f
�m

: ð44Þ

Following Berryman [1979],

T m ¼ 1

2
1þ 1

�m0

� �
: ð45Þ
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Finally,

2�00 ¼ 2 1� �ð Þ�s � �� 1ð Þ�f ;
2�0m ¼ �m � vmð Þ�f ;
2�mm ¼ �m þ vmð Þ�f :

ð46Þ

7. Lagrange’s Equations and Equations
of Motion

[35] The equation of motion can be obtained from
Hamilton’s principle. The Lagrangian density of a conser-
vative system is defined as

L ¼ T �W : ð47Þ

The motion of a conservative system can be described by
Lagrange’s equation, which is based on Hamilton’s princi-
ple of least action [Achenbach, 1984, p. 61]. Substituting
kinetic energy expressions, potential energy expressions and
dissipation functions into Lagrange equation, the motion
equations in double‐porosity medium can be derived.
Lagrange’s equations, with the displacements as generalized
coordinates, can be written as

@t
@L

@ _u

� �
þ @j

@L

@ @ju
� �

" #
� @L

@u
þ @D

@ _u
¼ 0; ð48Þ

where u represents one of the components of vectors u and
U(m), m = 1, 2, taken here as generalized coordinates. The
remaining equation regards the variable z,

@t
@L

@ _�

� �
� @L

@�
þ @D

@ _�
¼ 0: ð49Þ

We derive the following equations:

Nr2uþ Aþ Nð Þreþ Q1r �1 þ �2�ð Þ þ Q2r �2 � �1�ð Þ

¼ �00€uþ
X
m

�0m €U
mð Þ þ bm _u� _U

mð Þ� �h i
;

Q1reþ R1r �1 þ �2�ð Þ ¼ �01€uþ �11 €U
1ð Þ � b1 _u� _U

1ð Þ� �
;

Q2reþ R2r �2 � �1�ð Þ ¼ �02€uþ �22 €U
2ð Þ � b2 _u� _U

2ð Þ� �
;

�2 Q1eþ R1 �1 þ �2�ð Þ½ � � �1 Q2eþ R2 �2 � �1�ð Þ½ �

¼ 1

3
R2
0�

2
1�2�20

�f
�10

€� þ �

�1

_�

� �
: ð50Þ

This system of coupled equations has 10 unknowns
(ui, Ui

(m), i = 1, 2, 3, m = 1, 2, and z) and describes wave
dispersion and attenuation due to the LFF process. There are
six stiffnesses, (A, N, Qm and Rm), five density coefficients
(r00, r0m and rmm), three geometrical coefficients (�m and R),
the transport properties �m and the fluid viscosity h. The
stiffness and density coefficients have been discussed in
section 6. All these coefficients can be quantitatively esti-
mated on the basis of some measurable properties of solid
and fluid, so that this theory can easily be applied in practical
problems.

8. Plane Wave Analysis

[36] We consider the plane wave kernel exp i(wt − k · x),
where w is the angular frequency, k is the wave number

vector, and i =
ffiffiffiffiffiffiffi
�1

p
. We assume homogeneous body

waves; that is, the propagation and attenuation directions
coincide. If k = � − ia, where � is the real wave number
vector and a is the attenuation vector, then k = (� − ia)k̂ =
kk̂, where k̂ defines the propagation (attenuation) direction,
and k is the complex wave number. Following the procedure
outlined in section 7.7 of Carcione [2007], i.e., substituting
the plane wave kernel into equation (50), we obtain a cubic
equation for P waves and one solution for S waves. The
solutions yield the wave number k (see Appendix B).
[37] We then define the complex velocity

v ¼ !

k
; ð51Þ

such that

vp ¼ Re
1

v

� �	 
�1

; ð52Þ

is the phase velocity,

� ¼ �!Im
1

v

� �
; ð53Þ

the attenuation factor, and

Q ¼ �f

�vp
¼ Re vð Þ

2Im vð Þ ð54Þ

is the quality factor, defined as the total energy (potential
plus kinetic) divided by the dissipated energy [e.g.,
Carcione, 2007, equation (3.130)], where f = w/(2p) is the
frequency. The definition of Q as twice the potential energy
divided by the dissipated energy (Q = Re(v2)/Im(v2)) may
yield negative values for slow waves, since the LFF and
Biot mechanisms are losses mainly associated with the
kinetic energy rather than the strain energy [e.g., Carcione,
1998].

9. Examples

[38] In order to illustrate the results of the present theory,
we use the same rock properties of Pride and Berryman
[2003] to obtain the phase velocities and quality factors.
The inclusion (phase 2) of radius R0 is embedded in a host
medium of radius R1 =3R0, so that v1 = 0.963 and v2 =
0.037. The concentration of inclusions (0.037) in this
example is much less than 0.2. The host medium in our
model has a high volume ratio and constitutes the main
phase. Then, the interactions between different inclusions
can be neglected. The dry rock bulk moduli of the two
phases are given by Kbm = (1 − �m0)Ks/(1 + cm�m0), where
cm are consolidation parameters, related to the Biot‐Willis
coefficients am = 1 − Kbm/Ks as am = (cm + 1)�m0/(1 +
cm�m0), and Ks is the grain bulk modulus. Moreover, 1/Kb =
v1/Kb1 + v2/Kb2 and we assume that the composite shear
modulus is given by N = mb = (1 − �)ms/(1 + cS�) where ms
is the grain shear modulus and cS is a shear consolidation
parameter. We take Ks = 38 GPa, ms = 44 GPa, Kf = 2.5 GPa,
rs = 2650 kg/m3, rf = 1040 kg/m3, �1 = 0.01 D, �2 = 1 D,
h = 0.001 Pa s (ambient water), h = 0.005 Pa s (oil), h =
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0.0002 Pa s (hot water), �10 = 0.1, c1 = 10, �20 = 0.3, c2 =
200, and cS = 10.
[39] The phase velocity of the fast P wave (P1) as a

function of frequency is shown in Figure 3. P1 velocities
increase with wave frequency in seismic band. This low‐
frequency velocity dispersion of P1 is induced by meso-
scopic LFF. Figure 4 displays the dissipation factor as a
function of frequency for different fluids (Figure 4a) and
different inclusion radii (Figure 4b). The results predicted by
Pride and Berryman. [2003] are also shown. The smaller
relaxation peak at the high frequencies represents the loss
mechanism caused by Biot’s friction [Biot, 1962]. The two
theories show a similar qualitative behavior. The meso-
scopic peaks are in the 1–1000 Hz range and the Q factor
ranges from 15 to 30, typical of for reservoir rocks. More-
over, the LFF peaks move toward the low frequencies with
increasing fluid viscosity and larger inclusion sizes. Higher
attenuation is predicted by the present theory.
[40] Pride et al [2004] approximated the double‐porosity

equations by an effective single‐porosity equation. Their
theory does not predict slow P waves. In this study, the

velocity and attenuation of two slow P waves (P2 and P3)
are estimated according to Appendix B. The wave velocities
corresponding to the slow P waves and different fluids and
inclusion radii are shown in Figures 5a and 5b, respectively.
Figure 6 shows the corresponding dissipation factors. The
P2 and P3 waves are diffusive modes at low frequencies,
which are related to the fluid in the two components. The P2
and P3 velocities are approximately zero at the low fre-
quencies (the diffusive regime), and increase with fre-
quency. P2 inverse quality factors (dissipation factors) are
around unity in zero frequency limit and decrease with
frequency. The slow P wave diffusion is caused by viscous
friction between the solid matrix and the pore fluid [Biot,
1956]. The differences in the P2 and P3 wave behavior
arise from the different properties of the host medium and
inclusions (porosity, permeability and matrix compressibil-
ity). The P3 dissipation factors increase with frequency in
seismic band, which is caused by LFF. In ultrasonic band,
P3 inverse quality factors decrease with frequency. At
high frequencies, the fluid cannot relax and this state of
unrelaxation induces pore pressure gradients.

Figure 3. P wave phase velocities as a function of fre-
quency for (a) different fluids and R0 = 1 cm and (b) differ-
ent radius of the inclusions and ambient water.

Figure 4. P wave dissipation factors as a function of fre-
quency for (a) different fluids and R0 = 1 cm and (b) differ-
ent radius of the inclusions and ambient water.
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[41] Finally, the properties of the S wave are given in
Figure 7. In this case, the curves are independent of the radii
of the inclusions and the variations are mainly due to density
effects. The attenuation peaks move to higher frequencies
for increasing fluid viscosity. These features agree with the
characteristics of Biot’s friction. The attenuation is caused
by the relative motion between the solid and the fluid.

10. Conclusions

[42] We have developed a double‐porosity theory to
describe wave propagation and mesoscopic attenuation in
isotropic poroelastic media. The medium consists of
spherical inclusions embedded in a host medium. The fluid
flow induced by the wave motion is described by Rayleigh’s
theory of liquid collapse of a spherical cavity. The elastic
coefficients are obtained by idealized (“gedanken”) experi-
ments and can be estimated from measurable quantities. In
the numerical example for a sandstone, the theory predicts
the usual fast P and S waves and two slow P modes. The

local fluid flow causes fast P wave dispersion and attenua-
tion in the 1–1000 Hz frequency band, for inclusion sizes
between 1 mm and 10 cm. The local fluid flow peaks for fast
P waves move toward low frequencies with increasing vis-
cosity and/or larger inclusion size. The diffusion of the two
types of slow P waves are mainly caused by the friction
force between solid matrix and pore fluid in wave direction.
There is slight dispersion and attenuation in ultrasonic band
in S wave curves, which are also caused by Biot friction
mechanism.
[43] The theory produced in this paper is only for isotropic

double‐porosity media. Because of the coupling between
fluid motions and solid motion, which need not always be in
phase, these result in three compressional waves (one fast
P wave and two slow P waves), but only one possibly
damped shear wave. In contrast, for anisotropic pure solid,
we usually have two shear moduli. S waves with relatively
lower speeds are also called “slow” S waves, nevertheless,
these “slow” S waves are caused by wave polarization in
anisotropic solid, and have nothing to do with solid‐fluid

Figure 5. P2 and P3 wave phase velocities (black and red
lines) as a function of frequency for (a) different fluids and
R0 = 1 cm and (b) different radii and ambient water.

Figure 6. P2 and P3 wave dissipation factors (black and
red lines) as a function of frequency for (a) different fluids
and R0 = 1 cm and (b) different radii and ambient water.

BA ET AL.: WAVES IN DOUBLE‐POROSITY MEDIA B06202B06202

9 of 12



coupling effect. This paper considers a single‐fluid satura-
tion and the case of attenuation for compressional waves.
Partial fluid saturation and the case of shear losses due to
local fluid flow will be studied in a future work.

Appendix A: Derivation of Equations (16) and (17)

[44] The components of the composite (inclusions and
host medium) are assumed to be homogeneous and isotro-
pic. Under an isostress squeezing generated by P waves (the
P wavelength is assumed to be much larger than inclusion
size), the local flow velocity vector l i

(m) has the same
amplitude, lR, at any coordinate on the sphere surface, and
the oscillation direction of the local flow is perpendicular to
the sphere’s surface and radially oriented (see Figure A1a).
[45] To calculate the volume integral in a spherical

coordinate system, we have

Z
Wm

l mð Þ
i dWm ¼

Z 2�

0
d�0

Z �

0
sin�1d�1

Z R0

0
R2dR � l mð Þ

i : ðA1Þ

Since the local flow vector is radial from sphere center, as to
a symmetrical sphere inclusion, in i direction we have

l mð Þ
i ¼ lR cos �0 cos �1; ðA2Þ

where lR is only relevant to sphere radius R, and independent
to �0 and �1. Then

Z
Wm

l mð Þ
i dWm ¼

Z 2�

0
cos �0d�0

Z �

0
sin�1cos�1d�1

Z R0

0
lRR

2dR;

ðA3Þ

which is identical to zero. Thus equation (16) is derived.
[46] The components gi

(m) correspond to the fluid relative
velocity associated with global fluid flow and cannot be put
outside of the integral.

Z
Wm

g mð Þ
i l mð Þ

i dWm ¼
Z 2�

0
d�0

Z �

0
sin�1d�1

Z R0

0
R2dR � g mð Þ

i l mð Þ
i :

ðA4Þ

Figure 7. (a) S wave phase velocities and (b) dissipation
factors as a function of frequency for different fluids.

Figure A1. The axial sections of the sphere inclusion (the
axis is parallel to the wave direction). (a) The velocity vec-
tors of local fluid flow. (b) The velocity vectors of global
fluid flow.
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In i direction we have

l mð Þ
i ¼ lR cos �0 cos �1: ðA5Þ

For plane waves, fluid vibration of global flow only happens
in the wave propagation direction. Thus, we separate the
sphere into two parts in the integral calculation. (See dashed
line in Figure A1b, which crosses the sphere center and is
perpendicular to the wave direction. The plane through this
dashed line and perpendicular to the wave direction will cut
the sphere into two halves.) So we have

Z
Wm

g mð Þ
i l mð Þ

i dWm¼
Z 2�

0
cos �0d�0

Z �

0
sin �1 cos �1d�1

Z R0

0
lRR

2dR � g mð Þ
i

¼
Z �

0
cos �0d�0

Z �

0
sin �1 cos �1d�1

Z R0

0
lRR

2dR � g mð Þ
i

þ
Z 2�

�

cos �0d�0

Z �

0
sin �1 cos �1d�1

Z R0

0
lRR

2dR � g mð Þ
i :

ðA6Þ

[47] Then, the second term on the right‐hand side of the
equality becomes

Z 2�

�

cos �0d�0

Z �

0
sin �1 cos �1d�1

Z R0

0
lRR

2dR � g mð Þ
i �0ð Þ

h i

¼
Z �

0
cos �0 þ �ð Þd �0 þ �ð Þ

Z �

0
sin �1 cos �1d�1

Z R0

0
lRR

2dR

� g mð Þ
i �0 þ �ð Þ

h i
¼ �

Z �

0
cos �0d�0

Z �

0
sin �1 cos �1d�1

Z R0

0
lRR

2dR

� g mð Þ
i �0 þ �ð Þ

h i
: ðA7Þ

For the symmetrical sphere inclusion, since the wavelength
is much larger than the inclusion, we have

g mð Þ
i �0 þ �ð Þ

h i
¼ g mð Þ

i �0ð Þ
h i

ðA8Þ

in the global flow along wave propagation direction.
[48] Then,

Z
Wm

g mð Þ
i l mð Þ

i dWm ¼
Z �

0
cos �0d�0

Z �

0
sin �1 cos �1d�1

Z R0

0
lRR

2dR

� g mð Þ
i �

Z �

0
cos �0d�0

Z �

0
sin �1 cos �1d�1

�
Z R0

0
lRR

2dR � gmi ¼ 0; ðA9Þ

then equation (17) is derived.

Appendix B: Solutions of Motion Equations

[49] Substituting the plane wave solution of P waves into
(50), we find the equations for the P waves

a11k2 þ b11 a12k2 þ b12 a13k2 þ b13
a21k2 þ b21 a22k2 þ b22 a23k2 þ b23
a31k2 þ b31 a32k2 þ b32 a33k2 þ b33

������
������ ¼ 0; ðB1Þ

where

P = A + 2N, and

q1 ¼ i �2Q1 � �1Q2ð Þ=S;
q2 ¼ i�2R1=S;
q3 ¼ �i�1R2=S;

S ¼ 1
3!�

2
1�2�20R2

0

i�

�1
� !�f

�10

� �
� �2

2R1 þ �2
1R2

� �
:

ðB3Þ

Equation (A1) gives three roots, corresponding to a fast
P wave and two slow P waves denoted by P2 and P3.
[50] Similarly, substituting the plane wave solution of S

wave into (50), we obtain the equation for the S wave as

N
k2

!2
¼ �00 þ

b1 þ b2
i!

�
�01 � b1

i!

� �2
�11 þ b1

i!

�
�02 � b2

i!

� �2
�22 þ b2

i!

: ðB4Þ

The limit of the classical Biot theory is obtained for �10 =
�20 = � and �1 = �2. In this case the matrix is the same for
the host medium and the inclusions, since �1 + �2 = �10v1 +
�20v2 = �, because v1 + v2 = 1;Moreover T 1 = T 2 and b1 = b2.
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