
1. Introduction
Subsurface rocks can be treated as cracked porous media. When seismic waves propagate through such rocks, 
different fluid pressures are generated at pores and multiscale cracks, implying different resonant frequencies and 
relaxation mechanisms (e.g., Ba et al., 2017; Borgomano et al., 2019; Carcione, 2022; Carcione & Picotti, 2006; 
Gurevich & Carcione, 2022; Guo & Gurevich, 2020; Müller et al., 2010; Sarout, 2012; Wei et al., 2021; Zhang 
et al., 2020, 2021). Therefore, for quantitative seismic interpretation to identify geofluids and characterize reser-
voirs and rocks, it is important to understand exactly how wave attenuation is affected by cracks.

Due to the complexity of the pore geometry, a double-porosity model is adopted to describe the rock's elastic 
response (e.g., Chapman et al., 2002; Dvorkin & Nur, 1993; Dvorkin et al., 1995; Gurevich et al., 2010; Mavko & 
Jizba, 1991; Mavko & Nur, 1975; Pride et al., 2004; Tang, 2011; Tang et al., 2012; Yao et al., 2015; Zhang, Ba, 
Carcione, et al., 2019). Crack density, aspect ratio, and radius are the main factors affecting the wave propagation. 
However, most of these works do not consider multiscale cracks.

The spatial distribution features of pores and cracks can be imaged with thin section tests (e.g., Peng & 
Johnson,  1972; Wawersik & Brace,  1971), scanning electron microscopy (SEM) (e.g., Arena et  al.,  2014; 
Burns et al., 1985; Griffiths et al., 2017; Hadley, 1976; Sprunt & Brace, 1974), and 3D X-ray CT (e.g., Sarout 
et al., 2017; Zhang & Toksöz, 2012). As stated in their works, the reliability of the result depends on the resolu-
tion of the imaging techniques. Another method is to use ultrasonic velocities measured at different differential 
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Plain Language Summary Multiscale cracks exert an important influence on the dispersion 
and attenuation of broadband acoustic waves. To better understand the underlying mechanism, we measured 
frequency-dependent elastic moduli and pressure-dependent porosity, permeability, and ultrasonic wave 
velocities of two tight sandstones. These data show that velocity dispersion is observable in water-saturated 
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sandstone, and aspect ratios, volume fractions, and radii of pores/cracks are determined.
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pressures (Cheng & Toksöz, 1979; David & Zimmerman, 2012; Deng et al., 2015; Duan et al., 2018; Izumotani 
& Onozuka, 2013; Tran et al., 2008; Zhang, Ba, Fu, et al., 2019; Zimmerman, 1990). However, the results may be 
non-unique. Moreover, pore geometry also affects the transport, electrical and thermal properties, which can also 
be utilized (e.g., Amalokwu & Falcon-Suarez, 2021; Han et al., 2016; Zhang et al., 2022).

For the case when fluid flow occurs between pores and cracks with different aspect ratios, Yan et al.  (2014) 
modified and extended the elastic wave propagation theory with a single set of cracks proposed by Tang (2011), 
by utilizing a pore aspect ratio spectrum obtained from pressure-dependent ultrasonic velocities. Low-frequency 
measurements were not considered. Later, Tang et al. (2021) and Wang and Tang (2021) applied the estimated 
spectrum to describe the anelasticity at a wide range of frequencies, and their results are in agreement with 
those of forced oscillations (2–200 Hz) and ultrasonic (1 MHz) measurements at the different differential pres-
sures. Sun and Gurevich. (2020) incorporated the spectrum into the squirt-flow model developed by Gurevich 
et al. (2010), and provided a reasonable description of the forced oscillation measurements. Other works were in 
recent years (e.g., Deng et al., 2015; Duan et al., 2018; Ouyang et al., 2021; Wu et al., 2022). However, the effect 
of crack radius on wave anelasticity has not been analyzed in these works.

To investigate the effect of multiscale cracks on the wave response, we measure porosity, permeability, and ultra-
sonic velocities at different differential pressures, and perform forced-oscillation measurements on core samples. 
Then, a theoretical model based on poroelasticity theory with a single set of penny-shaped cracks (Zhang, Ba, 
Carcione, et al., 2019) is proposed to interpret the measurements. Then, aspect ratios, volume fractions of pores 
and cracks, and crack radii are determined from the data. The estimated radii are compared with results from 
nuclear magnetic resonance (NMR) spectroscopy. Then, the model is applied to interpret laboratory measure-
ments on a tight sandstone and a low-porosity sandstone.

2. Experiments
Two tight-sandstone samples (TS4 and TS5) with 25.3 and 25.29 mm in diameter and 60.1 and 56.76 mm in 
length were extracted from the Jurassic Shaximiao Formation of Sichuan Basin. The porosities (ϕ), permeabil-
ities (κ), and dry-rock densities (ρdry) are 8.77% and 11.78%, 0.149 and 0.3985 mD, and 2.44 and 2.35 g/cm 3, 
respectively. According to a thin section analysis (Figure 1), the samples mainly consist of quartz, feldspar, clay, 
and calcite. Solid grains are subangular or subrounded, and compactly arranged with pore-contact cementations. 
Pores and cracks at different scales can be observed.

To investigate the effect of multiscale cracks on wave velocity dispersion and attenuation, the frequency-dependent 
Young's modulus (E) and Poisson's ratio (v) are measured by using a forced oscillation instrument (Figure 2a). 
More details on the device and data processing can be found in Sun et al. (2022) and Zhao et al. (2019). In the 
experiment of this study, the sample is first dried in an oven at 60°C for 12 hr and then humidified in a sealed 
dish for 2–3 days. Then, the specimen and two aluminum standards are glued together and axial stress oscillations 
generated by piezoelectric transducers (PZTs) are applied. The axial and radial strain amplitudes of the specimen 
and standards are recorded with strain gauges. The arrangement is shown in Figure 2b. Consequently, E and v are 
determined at seismic frequencies (1–100 Hz), at dry conditions, and at room temperature (∼25°C). For the satu-
ration method, the sample is first immersed in a water tank to allow spontaneous saturation. To achieve complete 
water saturation, the air is evacuated by suction, and then the water pressure is increased so that the water fills 
the pores/cracks. This process is repeated until there is no change in the weight of the sample. Saturation is 
determined by comparing the weight of the sample to that of the water. The water-saturated sample is then tested 
with the same instrument. Ultrasonic velocities are simultaneously measured at a center frequency of 1 MHz with 
transducers mounted on the top and bottom ends of the sample (Figure 2a). The pore (confining) pressure and 
vertical stress are set as 1 (1) atm and 5 MPa, respectively.

The experimental procedure of Zhang et al. (2022) is used to measure porosity, permeability, and ultrasonic wave 
velocities at different pressures, where the former two are measured at a constant pore pressure of 1.38 MPa and a 
confining pressures of 3.45–59.98 MPa by using a helium porosimeter permeameter (Figure 2c), and the veloci-
ties are measured at a constant pore pressure of 10 MPa and confining pressures of 12–60 MPa in nitrogen gas and 
water-saturated cases with an ultrasonic experimental setup (Figure 2d) in which PZTs have a center frequency 
of 0.5 MHz. In addition, NMR spectroscopy was performed to characterize the pore/crack size distribution. The 
pore fluids used in the experiments are nitrogen gas and water, whose density, bulk modulus, and viscosity are 
112.6/1,000 kg/m 3, 0.0161/2.25 GPa, and 0.000017/0.001 Pa·s, respectively.
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3. Experimental Results
3.1. Permeability and Porosity

Figure 3 shows the relationship between permeability and porosity for the two samples. As expected, permea-
bility increases (decreases) with increasing porosity (pressure) and shows a positive correlation with porosity, 
with a significant decrease in permeability in a high porosity range (i.e., low Pd) and then a gradual decrease 
to a low porosity (i.e., high Pd). This nonlinear property can be attributed to the presence of cracks (e.g., 
Walsh, 1965; Zimmerman, 1990). The relationship between porosity (permeability) and differential pressure can 
be expressed as a combination of linear and exponential terms (e.g., Shapiro, 2003; Shapiro et al., 2015). For TS4, 

𝐴𝐴 𝐴𝐴 = 7.55 − 0.00002𝑃𝑃𝑑𝑑 + 1.2𝑒𝑒-0.11𝑃𝑃𝑑𝑑 (R 2 = 0.982), 𝐴𝐴 𝐴𝐴 = 0.086 − 0.00025𝑃𝑃𝑑𝑑 + 0.077𝑒𝑒−0.082𝑃𝑃𝑑𝑑 (R 2 = 0.962). For TS5, 
𝐴𝐴 𝐴𝐴 = 9.65 − 0.00092𝑃𝑃𝑑𝑑 + 2.14𝑒𝑒−0.165𝑃𝑃𝑑𝑑 (R 2 = 0.962), 𝐴𝐴 𝐴𝐴 = 0.33 − 0.00042𝑃𝑃𝑑𝑑 + 0.096𝑒𝑒−0.14𝑃𝑃𝑑𝑑 (R 2 = 0.993). In these 

empirical relations, the first two and last terms correspond to changes of pore and crack porosities (permeabili-
ties) with pressure, respectively.

3.2. Ultrasonic Velocities

By selecting the first arrivals of the waveforms in the discharge process, we obtain the P- (VP) and S- (VS) veloci-
ties in nitrogen gas and water-saturated cases. We resampled the porosity along the pressure stations used for the 
velocity measurements; the velocities versus porosity are shown in Figure 4. The velocities are also correlated 
with porosity, while the trend with porosity is basically inverse to permeability, that is, the velocities increase 
significantly at high porosity and then the rate of variation decreases gradually at low porosity. It is also observed 
that the P-wave velocity in a water-saturated case is higher than in a nitrogen gas case, while the S-wave velocity 

Figure 1. Thin sections of TS4 (a, b) and TS5 (c, d) samples, with orthogonal (left) and single (right) polarization images. The red color corresponds to the pore space.
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shows an opposite behavior, which may be related to the presence of pore fluid (e.g., Akamatsu et al., 2023; 
Guéguen & Kachanov, 2011).

3.3. Frequency-Dependent Elastic Wave Velocities

The velocities VP and VS are computed with the measured E, v, and density, assuming isotropy. The results 
computed with the forced oscillations at 1–100 Hz and the ultrasonic method at 10 6 Hz are given in Figure 5. The 

Figure 2. Schematic diagram of (a) the stress-strain measurement system, (b) strain gauges arrangement, adapted from Zhao et al. (2019), (c) the helium porosimeter 
permeameter adapted from Raymond et al. (2017), and (d) the ultrasonic test setup.
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values (VP,Dry and VS,Dry) are nearly constant at dry conditions, while a notice-
able wave dispersion (see VP,Sat and VS,Sat) is observed with water saturation at 
1–100 Hz. The P-wave dispersions (∼13.3% and 9.7%) are stronger than the 
S-wave ones (∼12% and 5.1%).

4. Theory
4.1. Wave Propagation Theory for Porous Media With Multiscale Cracks

Several experimental and theoretical studies have shown that rocks in the 
subsurface have different sizes and shapes of pores and fractures (e.g., Cheng 
& Toksöz, 1979; Hadley, 1976; Sprunt & Brace, 1974; Wang & Tang, 2021). 
In this study, the pore geometry is considered as a combination of a set of 
cracks of different aspect ratio αm (m = 1,2,⋯,M) with volume fraction cm 
as well as pores of aspect ratio αk (k = 1,2,⋯,K) with volume fraction ck. 
The aspect ratio of the cracks is less than 0.01, while those of the pores 
are between 0.01 and 1. Since the differences in the physical properties of 
regions with different pores are small, the effect of local fluid flow between 
pores on wave anelasticity is neglected here.

Similar to the differential effective medium (DEM) approach (Norris, 1985), 
a model for porous media with multiscale cracks is proposed, that is, cracks (inclusions) with the same aspect 
ratio and radius are gradually embedded in a host medium with pores. For the mth addition, the volume fractions 
of the host and inclusion phases in such a new cracked porous medium are then vH,m = (vH + v1 + ⋯ + vm−1)/
(vH + v1 + ⋯ + vm) and vc,m = vm/(vH + v1 + ⋯ + vm), where vm = cm/ϕc0 is the volume fraction of regions 
containing cracks, vH and ϕH0 (ϕc0) are volume fraction and matrix porosity of the initial host medium (inclusion), 
respectively. The corresponding absolute porosities are ϕH,m = ϕT,m−1vH,m and ϕc,m = ϕc0vc,m, and the total porosity 
is ϕT,m = ϕH,m + ϕc,m. Considering that the equivalent response of such a medium can be described by the poroe-
lasticity theory proposed by Zhang, Ba, Carcione, et al. (2019), where cracks are represented by penny-shaped 
inclusions with random orientation. The strain energy of such a medium is

2� =
(

� + 2�
)

�2
1 − 4��2 + 2�H�1(�H + �c,�� ) + �H(�H + �c,�� )2

+ 2�c�1(�c − �H,�� ) + �c(�c − �H,�� )2
 (1)

where I1 and I2 are the first and second strain invariants of the frame, respectively, and ξH (ξc) is the fluid strain in 
the host medium (inclusions phase). The scalar ζ is the fluid strain increment between the host medium and inclu-
sions, given by 𝐴𝐴 𝐴𝐴 = 1∕𝜙𝜙H,𝑚𝑚

(

1 − 𝑟𝑟2𝑚𝑚∕𝑟𝑟
2
)

 and r is the dynamic radius of the inclusions. The stiffness coefficients are

𝐴𝐴 = (1 − 𝜙𝜙H,𝑚𝑚 − 𝜙𝜙c,𝑚𝑚)𝐾𝐾g −
2

3
𝑁𝑁 −𝑄𝑄H𝐾𝐾g∕𝐾𝐾𝑓𝑓 −𝑄𝑄c𝐾𝐾g∕𝐾𝐾𝑓𝑓 (2a)

Figure 3. Permeability versus porosity for samples TS4 and TS5. The color 
bar represents the differential pressure.

Figure 4. P-wave and S-wave velocities versus porosity for samples TS4 and TS5 at nitrogen gas-saturated and 
water-saturated conditions.
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𝑁𝑁 = 𝐺𝐺𝑏𝑏 (2b)

𝑄𝑄H =
𝛽𝛽
(

1 − 𝜙𝜙H,𝑚𝑚 − 𝜙𝜙c,𝑚𝑚 −𝐾𝐾𝑏𝑏∕𝐾𝐾g

)

𝜙𝜙H,𝑚𝑚𝐾𝐾g

𝛽𝛽
(

1 − 𝜙𝜙H,𝑚𝑚 − 𝜙𝜙c,𝑚𝑚 −𝐾𝐾𝑏𝑏∕𝐾𝐾g

)

+𝐾𝐾g∕𝐾𝐾𝑓𝑓 (𝛽𝛽𝜙𝜙H,𝑚𝑚 + 𝜙𝜙c,𝑚𝑚)
 (2c)

𝑄𝑄c =

(

1 − 𝜙𝜙H,𝑚𝑚 − 𝜙𝜙c,𝑚𝑚 −𝐾𝐾𝑏𝑏∕𝐾𝐾g

)

𝜙𝜙c,𝑚𝑚𝐾𝐾g

1 − 𝜙𝜙H,𝑚𝑚 − 𝜙𝜙c,𝑚𝑚 −𝐾𝐾𝑏𝑏∕𝐾𝐾g +𝐾𝐾g∕𝐾𝐾𝑓𝑓 (𝛽𝛽𝜙𝜙H,𝑚𝑚 + 𝜙𝜙c,𝑚𝑚)
 (2d)

𝑅𝑅H =
(𝛽𝛽𝛽𝛽H,𝑚𝑚 + 𝛽𝛽c,𝑚𝑚)𝛽𝛽H,𝑚𝑚𝐾𝐾g

𝛽𝛽
(

1 − 𝛽𝛽H,𝑚𝑚 − 𝛽𝛽c,𝑚𝑚 −𝐾𝐾𝑏𝑏∕𝐾𝐾g

)

+𝐾𝐾g∕𝐾𝐾𝑓𝑓 (𝛽𝛽𝛽𝛽H,𝑚𝑚 + 𝛽𝛽c,𝑚𝑚)
 (2e)

𝑅𝑅c =
(𝛽𝛽𝛽𝛽H,𝑚𝑚 + 𝛽𝛽c,𝑚𝑚)𝛽𝛽c,𝑚𝑚𝐾𝐾g

1 − 𝛽𝛽H,𝑚𝑚 − 𝛽𝛽c,𝑚𝑚 −𝐾𝐾𝑏𝑏∕𝐾𝐾g +𝐾𝐾g∕𝐾𝐾𝑓𝑓 (𝛽𝛽𝛽𝛽H,𝑚𝑚 + 𝛽𝛽c,𝑚𝑚)
 (2f)

𝛽𝛽 =
𝜙𝜙c0

𝜙𝜙H0

[

1 − (1 − 𝜙𝜙H0)𝐾𝐾g∕𝐾𝐾𝑏𝑏H

1 − (1 − 𝜙𝜙c0)𝐾𝐾g∕𝐾𝐾𝑏𝑏c

]

 (2g)

where Kg, Kf, and KbH (Kbc) are the grain, fluid, and dry-rock bulk moduli of the initial host medium (inclusion), 
respectively, and Kb (Gb) is the bulk (shear) modulus of the dry rock, estimated by using Biot-consistent theory 
(Thomsen, 1985).

The corresponding kinetic energy (T) and dissipation (D) functions are

2𝑇𝑇 = 𝜌𝜌00

∑

𝑖𝑖

�̇�𝑢2𝑖𝑖 + 2𝜌𝜌01

∑

𝑖𝑖

�̇�𝑢𝑖𝑖�̇�𝑈H,𝑖𝑖 + 2𝜌𝜌02

∑

𝑖𝑖

�̇�𝑢𝑖𝑖�̇�𝑈c,𝑖𝑖 + 𝜌𝜌11

∑

𝑖𝑖

�̇�𝑈 2

H,𝑖𝑖
+ 𝜌𝜌22

∑

𝑖𝑖

�̇�𝑈 2

c,𝑖𝑖 + 2𝑇𝑇
LFF (3)

2𝐷𝐷 =
𝜙𝜙H,𝑚𝑚𝜙𝜙H0𝜂𝜂

𝜅𝜅H

(

�̇�𝐮 − �̇�𝐔H

)(

�̇�𝐮 − �̇�𝐔H

)

+
𝜙𝜙c,𝑚𝑚𝜙𝜙c0𝜂𝜂

𝜅𝜅c

(

�̇�𝐮 − �̇�𝐔c

)(

�̇�𝐮 − �̇�𝐔c

)

+ 2𝐷𝐷
LFF (4)

where the kinetic energy (TLFF) and dissipation (DLFF) functions related to the WIFF are

𝑇𝑇
LFF

=
3

16
𝜌𝜌𝑓𝑓𝜙𝜙

2

H,𝑚𝑚
𝜙𝜙c,𝑚𝑚𝑟𝑟

2
𝑚𝑚�̇�𝜁

2

+
1

4
𝜌𝜌𝑓𝑓

𝜙𝜙2

H,𝑚𝑚
𝜙𝜙c,𝑚𝑚𝜙𝜙c0

𝜙𝜙H0

ln
𝑙𝑙𝑚𝑚 + 𝑟𝑟𝑚𝑚

𝑟𝑟𝑚𝑚
𝑟𝑟2𝑚𝑚�̇�𝜁

2 (5)

𝐷𝐷
LFF

=
3

16

𝜂𝜂𝜂𝜂2

H,𝑚𝑚
𝜂𝜂c0𝜂𝜂c,𝑚𝑚

𝜅𝜅c

𝑟𝑟2𝑚𝑚�̇�𝜁
2

+
1

4

𝜂𝜂𝜂𝜂2

H,𝑚𝑚
𝜂𝜂I0𝜂𝜂c,𝑚𝑚

𝜅𝜅H

ln
𝑙𝑙𝑚𝑚 + 𝑟𝑟𝑚𝑚

𝑟𝑟𝑚𝑚
𝑟𝑟2𝑚𝑚�̇�𝜁

2 (6)

Figure 5. P-wave and S-wave velocities versus frequency for samples TS4 (a) and TS5 (b) at dry and water-saturation situations.

 21699356, 2023, 10, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2023JB

027474 by C
ochrane N

etherlands, W
iley O

nline L
ibrary on [15/11/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Journal of Geophysical Research: Solid Earth

BA ET AL.

10.1029/2023JB027474

7 of 19

where u, UH, and Uc are the solid and fluid displacements in the host medium and inclusion phase, respectively. 
An overdot denotes a time derivative. Moreover, 𝐴𝐴 𝐴𝐴𝑚𝑚 =

(

𝑟𝑟2𝑚𝑚∕12
)1∕2 is the characteristic fluid-flow length (Pride 

et al., 2004). The density coefficients are

𝜌𝜌00 = (1 − 𝜙𝜙H,𝑚𝑚 − 𝜙𝜙c,𝑚𝑚)𝜌𝜌g − 𝜌𝜌01 − 𝜌𝜌02 (7a)

𝜌𝜌01 = 𝜙𝜙H,𝑚𝑚𝜌𝜌𝑓𝑓 − 𝜌𝜌11 (7b)

𝜌𝜌02 = 𝜙𝜙c,𝑚𝑚𝜌𝜌𝑓𝑓 − 𝜌𝜌22 (7c)

𝜌𝜌
11
=

1

2

(

1 +

1

𝜙𝜙H0

)

𝜙𝜙H,𝑚𝑚𝜌𝜌𝑓𝑓 (7d)

𝜌𝜌22 =
1

2

(

1 +
1

𝜙𝜙c0

)

𝜙𝜙c,𝑚𝑚𝜌𝜌𝑓𝑓 (7e)

where ρg and ρf are the grain and fluid densities, respectively. η is the fluid viscosity. κH and κc are the permeabil-
ities of the host medium and inclusion phase, respectively.

By considering that ϕc,m is much smaller than ϕH,m, the high-order terms of ϕc,m can be neglected. The dynamic 
equations derived from Hamilton's principle can then be expressed as follows.

(� +���c,�)∇2� + (� +�)∇� + (�d +��)�c,�∇� +�H�H,�∇(�H + �c,�� )

+�H

(

�c

��
− �c

�g
− 1

)

�c,�∇�H +�c�c,�∇(�c − �H,�� )

= �00�̈ +
(

�00� − �g − �02
)

�c,��̈ + �01�H,��̈H + �01�H,���c,��̈H + �02�c,��̈c

+
�H,��H0�

�H

(

�̇ − �̇H
)

+
�H,��H0�

�H
��c,�

(

�̇ − �̇H
)

+
�c0��c,�

�c

(

�̇ − �̇c
)

 (8a)

𝑄𝑄H∇𝑒𝑒 +𝑅𝑅H∇(𝜉𝜉H + 𝜙𝜙c,𝑚𝑚𝜁𝜁 ) +
𝑅𝑅H

𝜙𝜙H,𝑚𝑚

(

1

𝛽𝛽
∇𝜉𝜉H − ∇𝑒𝑒

)

𝜙𝜙c,𝑚𝑚

=

(

1 +
𝑅𝑅H

𝜙𝜙H,𝑚𝑚

(

1

𝛽𝛽𝛽𝛽𝑓𝑓

−
1

𝛽𝛽g

)

𝜙𝜙c,𝑚𝑚

)(

𝜌𝜌01�̈�𝐮 + 𝜌𝜌11�̈�𝐔H −
𝜙𝜙H0𝜂𝜂

𝜅𝜅H

(

�̇�𝐮 − �̇�𝐔H

)

) (8b)

𝑄𝑄c∇𝑒𝑒 +𝑅𝑅c∇(𝜉𝜉c − 𝜙𝜙H,𝑚𝑚𝜁𝜁 ) = 𝜌𝜌02�̈�𝐮 + 𝜌𝜌22�̈�𝐔c −
𝜙𝜙c0𝜂𝜂

𝜅𝜅c

(

�̇�𝐮 − �̇�𝐔c

)

 (8c)

(𝑄𝑄H𝑒𝑒 +𝑅𝑅H(𝜉𝜉H + 𝜁𝜁𝜁𝜁c,𝑚𝑚)) − (𝑄𝑄c𝑒𝑒 +𝑅𝑅c(𝜉𝜉c − 𝜁𝜁H,𝑚𝑚𝜁𝜁 ))

=

(

3

8
+

𝜁𝜁c0

2𝜁𝜁H0

ln
𝑟𝑟𝑚𝑚 + 𝑙𝑙𝑚𝑚

𝑟𝑟𝑚𝑚

)

𝜁𝜁H,𝑚𝑚𝜌𝜌𝑓𝑓 𝑟𝑟
2
𝑚𝑚𝜁𝜁 +

(

3𝜂𝜂

8𝜅𝜅c

+
𝜂𝜂

2𝜅𝜅H

ln
𝑟𝑟𝑚𝑚 + 𝑙𝑙𝑚𝑚

𝑟𝑟𝑚𝑚

)

𝜁𝜁c0𝜁𝜁H,𝑚𝑚𝑟𝑟
2
𝑚𝑚�̇�𝜁

 (8d)

where e is the solid divergence field.

The stiffnesses are

𝐴𝐴 = (1 − 𝜙𝜙H,𝑚𝑚)𝐾𝐾g −
2

3
𝑁𝑁 −𝐾𝐾g∕𝐾𝐾𝑓𝑓𝑄𝑄H𝜙𝜙H,𝑚𝑚 (9a)

𝐴𝐴d = (1 − 𝜙𝜙H,𝑚𝑚)𝐾𝐾g𝑆𝑆 −
2

3
𝑁𝑁𝑆𝑆 −𝑄𝑄c𝑅𝑅H

(

𝐾𝐾g∕𝐾𝐾
2

𝑓𝑓
− 1∕𝐾𝐾𝑓𝑓

)

− (𝑄𝑄c −𝑅𝑅H)𝐾𝐾g∕𝐾𝐾𝑓𝑓 −𝐾𝐾g (9b)

𝑁𝑁 = 𝐺𝐺b (9c)

𝑄𝑄H =
𝐾𝐾g

(

1 − 𝜙𝜙H,𝑚𝑚 −𝐾𝐾𝑏𝑏∕𝐾𝐾g

)

1 − 𝜙𝜙H,𝑚𝑚 −𝐾𝐾𝑏𝑏∕𝐾𝐾g +𝐾𝐾g∕𝐾𝐾𝑓𝑓𝜙𝜙H,𝑚𝑚

 (9d)

𝑄𝑄c =
𝐾𝐾g

(

1 − 𝜙𝜙H,𝑚𝑚 −𝐾𝐾𝑏𝑏∕𝐾𝐾g

)

1 − 𝜙𝜙H,𝑚𝑚 −𝐾𝐾𝑏𝑏∕𝐾𝐾g +𝐾𝐾g∕𝐾𝐾𝑓𝑓𝛽𝛽𝜙𝜙H,𝑚𝑚

 (9e)
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𝑅𝑅H =
𝐾𝐾g𝜙𝜙H,𝑚𝑚

1 − 𝜙𝜙H,𝑚𝑚 −𝐾𝐾𝑏𝑏∕𝐾𝐾g +𝐾𝐾g∕𝐾𝐾𝑓𝑓𝜙𝜙H,𝑚𝑚

 (9f)

𝑅𝑅c =
𝐾𝐾g𝛽𝛽𝛽𝛽H,𝑚𝑚

1 − 𝛽𝛽H,𝑚𝑚 −𝐾𝐾𝑏𝑏∕𝐾𝐾g +𝐾𝐾g∕𝐾𝐾𝑓𝑓𝛽𝛽𝛽𝛽H,𝑚𝑚

 (9g)

𝑆𝑆 = 𝑅𝑅H∕𝜙𝜙H,𝑚𝑚

(

1∕𝛽𝛽∕𝐾𝐾𝑓𝑓 − 1∕𝐾𝐾g

)

+𝑅𝑅c∕𝛽𝛽∕𝜙𝜙H,𝑚𝑚

(

1∕𝐾𝐾𝑓𝑓 − 1∕𝐾𝐾g

)

 (9h)

and the density coefficients are

𝜌𝜌00 = (1 − 𝜙𝜙H,𝑚𝑚)𝜌𝜌g − 𝜌𝜌01 (10a)

𝜌𝜌01 =
1

2

(

1 −
1

𝜙𝜙H0

)

𝜌𝜌𝑓𝑓 (10b)

𝜌𝜌02 =
1

2

(

1 −
1

𝜙𝜙c0

)

𝜌𝜌𝑓𝑓 (10c)

𝜌𝜌11 =
1

2

(

1 +

1

𝜙𝜙H0

)

𝜌𝜌𝑓𝑓 (10d)

𝜌𝜌22 =
1

2

(

1 +
1

𝜙𝜙c0

)

𝜌𝜌𝑓𝑓 (10e)

The dispersion equations can be obtained by substituting plane P-wave or S-wave kernels into Equation 8 (see Equa-
tions B1–B4 in Ba et al. (2011)). Then, the P-wave and S-wave complex wavenumbers (kP and kS) are computed 
from the dispersion equations. Finally, the complex bulk and shear moduli of the cracked porous medium are

𝐾𝐾sat =
(

(1 − 𝜙𝜙H,m − 𝜙𝜙𝑐𝑐,m)𝜌𝜌g + (𝜙𝜙H,m + 𝜙𝜙𝑐𝑐,m)𝜌𝜌𝑓𝑓
)

(

𝜔𝜔

𝑘𝑘𝑃𝑃

)2

−
4

3
𝐺𝐺sat (11a)

𝐺𝐺sat =
(

(1 − 𝜙𝜙H,m − 𝜙𝜙𝑐𝑐,m)𝜌𝜌g + (𝜙𝜙H,m + 𝜙𝜙𝑐𝑐,m)𝜌𝜌𝑓𝑓
)

(

𝜔𝜔

𝑘𝑘𝑆𝑆

)2

 (11b)

where ω is the angular frequency.

The dry-rock complex moduli at the end of each addition, which are considered as the moduli of the new host 
medium in the next step, are estimated from the complex wet-rock moduli by using the inverse Gassmann equa-
tions (Gassmann, 1951).

𝐾𝐾sat

𝐾𝐾g −𝐾𝐾sat

=
𝐾𝐾b

𝐾𝐾g −𝐾𝐾b

+
𝐾𝐾𝑓𝑓

(𝜙𝜙H,m + 𝜙𝜙𝑐𝑐,m)
(

𝐾𝐾g −𝐾𝐾𝑓𝑓

) (12a)

𝐺𝐺b = 𝐺𝐺sat (12b)

By using Equations 8–12 at each addition and stopping the addition procedure when all the cracks are added, 
the P-wave and S-wave velocity and quality factor of the water-saturated rock as a function of frequency can be 
obtained, as

𝑉𝑉P,S =

[

Re

(

𝑘𝑘P,S

𝜔𝜔

)]−1

and 𝑄𝑄P,S =
Re(𝜔𝜔∕𝑘𝑘P,S)

2Im(𝜔𝜔∕𝑘𝑘P,S)
 (13)

respectively.

4.2. Estimation of Pore Geometry

Considering that the volume fraction of the pores/cracks varies with the pressure, the following is obtained 
(Toksöz et al., 1976)
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𝑑𝑑𝑑𝑑(𝛼𝛼)

𝑑𝑑(𝛼𝛼)
= −

𝑃𝑃𝑑𝑑∕𝐾𝐾
∗

A

𝐸𝐸1 −
𝐸𝐸2𝐸𝐸3

𝐸𝐸3+𝐸𝐸4

 (14)

where 𝐴𝐴 𝐴𝐴∗

A
 is the dry-rock effective static bulk modulus, E1–E4 are functions of α and the effective matrix moduli. 

These quantities are usually substituted with the dry-rock effective dynamic moduli (e.g., Cheng & Toksöz, 1979; 
Yan et al., 2014). Hence, the volume fraction and aspect ratio of a set of pores/cracks at varying pressure Pd,n 
(n = 1,2,…,N) are related to c0l = [ck;cm] and α0l = [αk;αm] at zero differential pressure as (Cheng, 1978)

𝑐𝑐𝑛𝑛𝑛𝑛 = 𝑐𝑐0𝑛𝑛

(

1 +
d𝑐𝑐

𝑐𝑐
(𝛼𝛼0𝑛𝑛 , 𝑃𝑃𝑑𝑑,𝑛𝑛)

)

 (15)

and

𝛼𝛼𝑛𝑛𝑛𝑛 = 𝛼𝛼0𝑛𝑛

(

1 +
d𝑐𝑐

𝑐𝑐
(𝛼𝛼0𝑛𝑛 , 𝑃𝑃𝑑𝑑,𝑛𝑛)

)

 (16)

respectively. When dα/α ≤ −1, the pores/cracks are considered to be closed. Therefore, the frequency-dependent 
wave velocity and attenuation at different pressures can be determined using Equations 8, 15, and 16. Conversely, 
a pore geometry can be determined from these measurements. To ensure that the inverted pore geometry is more 
realistic, the experimental pressure-dependent velocities in the nitrogen gas case are a constraint (these measure-
ments can be modeled using the multiphase DEM model proposed by Han (2016)). Then, a cost function F is 
given, which must be minimized between the experimental and modeled values as

𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒

(

𝛼𝛼01, 𝛼𝛼02,⋯𝛼𝛼0𝑛𝑛, 𝑐𝑐01, 𝑐𝑐02,⋯𝑐𝑐0𝑛𝑛, 𝑟𝑟01, 𝑟𝑟02,⋯𝑟𝑟0𝑚𝑚,𝐾𝐾g, 𝜇𝜇g

)

= min

[

N
∑

𝑛𝑛=1

(

𝑉𝑉 Mea
P𝑛𝑛

− 𝑉𝑉 Pre
P𝑛𝑛

)2

Ng
+

N
∑

𝑛𝑛=1

(

𝑉𝑉 Mea

S𝑛𝑛
− 𝑉𝑉 Pre

S𝑛𝑛

)2

Ng
+

N
∑

𝑛𝑛=1

T
∑

𝑡𝑡=1

(

𝑉𝑉 Mea
P𝑛𝑛,𝑡𝑡

− 𝑉𝑉 Pre
P𝑛𝑛,𝑡𝑡

)2

sat

]

 (17)

where T is the number of measurement frequencies, 𝐴𝐴 𝐴𝐴 Mea

P𝑛𝑛
 and 𝐴𝐴 𝐴𝐴 Mea

S𝑛𝑛
 are the measured P-wave and S-wave veloc-

ities at the nth differential pressure, respectively, and 𝐴𝐴 𝐴𝐴 Pre

P𝑛𝑛
 and 𝐴𝐴 𝐴𝐴 Pre

S𝑛𝑛
 are the corresponding theoretical (predicted) 

values. The subscripts “Ng” and “sat” represent the nitrogen gas and water-saturation cases, respectively. 
Since it was considered unreasonable to use a mineral bulk modulus or an average modulus estimated from the 
Voigt-Reuss-Hill average as the grain elasticity modulus (Qin et al., 2022), they are also unknown in the modeling 
process. Equation 17 is minimized using the simulated annealing method (e.g., Ingber, 1993).

5. Examples
5.1. TS4 and TS5 Samples

The modeling results have been compared to the velocity measurements of samples TS4 and TS5 in Figures 6 
and 7, respectively. The inverted grain bulk (shear) moduli are 32.6 (29.8) and 32.06 (31.4) GPa for TS4 and TS5, 
respectively. The basic properties of the two samples are shown in Table 1.

Figures 6a and 7a show that the theoretical velocities of the nitrogen-gas cases agree with the measurements (at 
the measurement frequency of 0.5 MHz), with R 2 = 0.933 (VP,Ng) and 0.829 (VS,Ng) for sample TS4, and 0.983 
and 0.971 for sample TS5. The estimated pore-aspect-ratio spectrum is used as an input of the multiphase DEM 
model to compute the velocities of the water-saturation case at different differential pressures. The modeling 
results agree with the measured VP,Sat with R 2 = 0.777 and 0.933 for samples TS4 and TS5, respectively. At the 
wave frequency of 0.5 MHz, there is unrelaxation of local fluid flow, except that between pores and cracks with a 
maximum αmax = 0.0032 (see Figures 6c and 7c; in this case, the characteristic frequency is 1 MHz according to 
O'Connell and Budiansky (1977)). The theoretical VS,Sat is higher than the measurement, which may be related to 
the presence of a shear-weakening effect, that is, a chemical reaction between the fluid and clay minerals during 
the saturation experiment (Clark et al., 1980; Pimienta et al., 2014; Yin et al., 2019). Another cause may be that 
multiphase DEM mode provides an upper bound for the elastic moduli (David & Zimmerman, 2012).

Figures 6b and 7b show that the model provides a good match of the measured VP,sat as a function of frequency 
(where the differential pressure is 0 MPa), while it cannot describe the dispersion behavior of the S-wave. This 
is because when the S-wave propagates through water-saturated rocks, cracks with certain orientations can be 
compressed and there is then a dispersion of the S-wave caused by the flow of pore fluid between pores/cracks 
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and cracks (Quintal et al., 2012). This causes the measured S-wave velocities to be higher than the predicted 
values, although the presented model does not account for this mechanism. It is also found that the characteristic 
frequency for the local fluid flow should be about 100 Hz, indicating that the local fluid flow between pores and 
cracks with an aspect ratio of about 0.000145 is the main factor for the P-wave dispersion.

The pore-aspect-ratio spectra at zero differential pressure are given in Figures 6c and 7c, where the stiff pores 
with an aspect ratio of 0.24/0.22 are the main contributors. The range of crack aspect ratios are 0.000009–0.0032 
and 0.000006–0.0032 for samples TS4 and TS5, respectively. Cracks with smaller aspect ratios close first at low 
pressures, resulting in the drastic variation of the properties of sample TS5 at the low-pressure range. Further-
more, the estimated crack porosities of the two samples are 0.16% and 0.12%, which are smaller than the values 
of 1.2% and 2.14% estimated with the measured porosity (see Figure 3). Figures 6 and 7d are the estimated crack 
radius spectra at zero differential pressure, with radii ranging in the intervals of 10.5–682.8 and 47.2–480 μm. 
The crack radii may vary by 1∼2 orders of magnitude. To verify the results, a comparison with NMR data spec-
troscopy is shown in Figure 8, where we can see that the estimated crack radii are larger than the NMR values. 
The reason for such behavior could be related to the fact that the assumption of penny-shaped inclusions cannot 

Figure 6. Sample TS4. Comparison between the measured and theoretical velocities versus differential pressure (a) and frequency (b). (c) Estimated pore-aspect-ratio 
spectrum. (d) Estimated crack-radius spectrum.
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fully describe the pore geometries of real rocks. Another possible cause is that the contribution of cracks with a 
smaller radius to the seismic waves is neglected.

5.2. Comparison Between Modeling Results and Published Data

To further illustrate the performance of the proposed model, comparisons are made 
with published data from a tight sandstone (Yin et al., 2017) and a low-porosity 
sandstone (Li et al., 2022). Their porosity, permeability, and grain density are 
8.932% and 10.26%, 6.3 × 10 −17 and 0.97 × 10 −15 m 2, and  2.444 and 2.607 g/
cm 3, respectively. The former was measured at various differential pressures up 
to 35 MPa and a wide frequency band of (2–200, 10 6) Hz for brine-saturated 
case. The latter was measured at differential pressures of 5–20  MPa and a 
full-frequency range from 1 to 3,000 Hz for the white oil-saturated case.

Figure 7. Sample TS5. Comparison between the measured and theoretical velocities versus differential pressure (a) and frequency (b). (c) Estimated pore-aspect-ratio 
spectrum. (d) Estimated crack-radius spectrum.

Samples KbH (GPa) GbH (GPa) ϕH0 (%) ϕc0 (%) κH (mD)

TS4 7.6 11.5 8.26 32 a 0.149

TS5 19.2 9.5 11.3 32 a 0.3985

 aFrom Pride et al. (2004).

Table 1 
Properties of TS4 and TS5
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For the tight sandstone, quantities 𝐴𝐴 𝐴𝐴H0 and 𝐴𝐴 𝐴𝐴H are set as 8.9% and 6.3 𝐴𝐴 ×10
−17 m 2, respectively. The density, bulk 

modulus, and viscosity of brine are 1.013 g/cm 3, 2.28 GPa, and 0.001023 Pa·s, respectively. Then, 𝐴𝐴 𝐴𝐴bH (𝐴𝐴 𝐴𝐴bH ) are 
18.2 (12.3), 20.2 (13.18), 20.8 (13.5), 21.8 (13.88), 22.6 (14.3), 23.3 (14.61), 23.7 (14.83), 24.2 (14.98), and 24.6 
(15.15) GPa for 𝐴𝐴 𝐴𝐴𝑑𝑑  = 2, 5, 7, 10, 15, 20, 25, 30, and 35 MPa, respectively. The estimated grain bulk/shear moduli 
are 30.4 and 20 GPa, respectively.

Figures 9a and 9b show that the predictions are in good agreement with the velocity measurements, unless for 
VP,Sat at 2 MPa (see Figure 9b). The estimated pore-aspect-ratio spectrum at zero differential pressure is given in 
Figure 9d, where it shows that pores with aspect ratio of 0.229 dominate, and the crack aspect ratio ranges from 
0.0001 to 0.01. The pore-aspect-ratio spectra versus differential pressures can be obtained with Equations 15 
and 16. The estimated crack porosity at each pressure is then 3.1 × 10 −4, 2.37 × 10 −4, 1.98 × 10 −4, 1.57 × 10 −4, 
1.08 × 10 −4, 7.09 × 10 −5, 4.80 × 10 −5, 3.49 × 10 −5, and 2.77 × 10 −5. It is noted that this sample (8.932%) and 
TS4 (8.77%) have similar porosity, while the difference in velocity is due to the difference in pore geometry 
(see Figures 6c and 9d for comparison). Figure 9c compares the measured and theoretical P-wave attenuation, 
and the predictions describe the measurements well, where the predicted characteristic frequency at the seismic 
band shifts to lower frequencies from Pd = 2–10 MPa, to higher frequencies from Pd = 10–20 MPa, and to lower 
frequencies from Pd = 20–35 MPa. The predicted attenuation is smaller than the measurement at low frequen-
cies, which means that there may be additional attenuation mechanisms related to the frame (e.g., Kuteynikova 
et al., 2014).

Figure  10 shows the crack radius spectra versus differential pressure. With increasing pressure, the radius 
decreases from Pd = 2 (i.e., 0.05–138 μm) to 7 MPa (i.e., 0.002–1.48 μm), and increases from Pd = 7 to 35 (i.e., 
4.6–231 μm) MPa. Similar findings can be seen in Figure 13a of Sarout et al. (2017). To clarify, the crack aperture 
2w versus differential pressure is computed by using the relation 2w = 2αr, which is shown in Figure 11. The 
aperture remains largely unaffected from Pd = 2–10 MPa, while there is an increase from 10 to 35 MPa. This 
differs from Figure 14a of Sarout et al. (2017), where the aperture decreases for Pd > 10 MPa.

For the low-porosity sandstone, ϕH0 and κH are 10.2% and 0.97 × 10 −15 m 2, respectively. The density, bulk modu-
lus, and viscosity of white oil are 0.83 g/cm 3, 1.4 GPa, and 0.01245 Pa·s, respectively. Then, KbH/GbH are 13/8.1, 
19.15/10.25, 22.8/12 and 23.2/13.12 GPa for Pd = 5, 10, 15, and 20 MPa, respectively. The estimated grain bulk/
shear moduli are 29.6 and 29.4 GPa, respectively.

Comparison between the measured and theoretical velocities shows that the model describes the measurements 
well (see Figures 12a and 12b). Figure 12c shows the predicted P-wave attenuation. The two attenuation peaks 
are observed at Pd = 5 MPa, while only one attenuation peak is seen at other Pd. Similarly, Figure 12d shows the 
estimated pore-aspect-ratio spectrum, where pores with aspect ratio of 0.12 dominate, and the crack aspect ratio 
varies between 0.0001 and 0.01. According to Equations 15 and 16, the estimated crack porosity at each pressure 
is 7.64 × 10 −4, 4.4 × 10 −4, 2.32 × 10 −4, and 1.05 × 10 −4. The crack radius spectra as a function of differential 

Figure 8. Comparison between the measured and nuclear magnetic resonance (NMR) crack radii for samples TS4 (a) and TS5 (b).
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pressure are given in Figure 13. The distributed radius ranges are 0.048–1,780, 0.034–710.1, 0.04–1,106.23, and 
0.055–949.51 μm at each pressure.

6. Discussion
6.1. Assessment of the Modeling Approach

According to Figure 2c of Wang and Tang (2021), the range of crack aspect ratios is 0.0001–0.00148, smaller 
than that of Figure  9d here. This difference implies that the results depend on the choice of the theoretical 
approach. To obtain a more realistic spectrum, a comparison with that obtained with SEM and micro X-ray CT 
could be performed in a future study. In Wang and Tang (2021), the pressure-dependent crack porosity and aspect 
ratio are the main causes for the measured dispersion trend with respect to pressure, whereas our study shows 
that the crack radius also affects the characteristic frequency induced by the local fluid flow between pores and 
cracks. A varying pore structure with pressure (multiscale cracks) can better describe the dispersion and attenu-
ation at a broad frequency range, compared with a model assuming a single set of cracks (see Figure 7b of Yin 

Figure 9. Tight sandstone sample. Comparison between the measured and theoretical wave velocities versus differential pressure (a) and frequency (b). (c) Comparison 
between the measured and theoretical attenuation versus frequency. (d) Estimated pore-aspect-ratio spectrum.
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et al. (2017)). However, the approach is limited to P-wave dispersion induced by fluid flow between pores and 
cracks, while flow between cracks is not considered in this work. Guo, Zhao, et al. (2022) derived a theoretical 
model using the Biot's dynamic poroelasticity equations to analyze the dispersion and attenuation of P-waves 
caused by FF-WIFF (Fracture-Fracture Wave-induced Fluid Flow). Then, they (Guo, Gurevich, & Chen, 2022) 
further analyzed the SV-waves using the same approach. Their work can be helpful for us to further extend the 
multiscale fracture model.

6.2. Assessment of the Estimated Pore Geometry

The properties of pores and cracks can be used to estimate the permeability of the rock. By assuming that pores 
and cracks are connected in parallel, the rock permeability is divided into two parts: matrix (κp) and crack (κc) 
permeabilities (e.g., Shapiro et al., 2015). If the rock is composed of circular tubes with a pore radius of rk, then 
(Al-Wardy & Zimmerman, 2004)

𝜅𝜅p,𝑘𝑘 =
𝑐𝑐𝑘𝑘𝑟𝑟

2

𝑘𝑘

8
 (18)

Figure 10. Crack radius spectra versus differential pressure for tight sandstone sample.

Figure 11. Crack aperture spectra versus differential pressure for tight sandstone sample.
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For randomly oriented penny-shaped cracks, we have (Sarout, 2012)

𝜅𝜅c,𝑚𝑚 =
16

27

𝑐𝑐𝑚𝑚𝑟𝑟
2
𝑚𝑚𝛼𝛼

2
𝑚𝑚

(

1 − 𝛼𝛼2
𝑚𝑚

)

(

2

√

1 − 𝛼𝛼2
𝑚𝑚 + 𝛼𝛼2

𝑚𝑚 log

(

2−𝛼𝛼2𝑚𝑚+2

√

1−𝛼𝛼2𝑚𝑚

𝛼𝛼2𝑚𝑚

))2

 (19)

For samples TS4 and TS5, the only unknown parameter is the pore radius. It is presumed that all cracks close at 
the high differential pressure, that radius can be estimated with measurements at Pd = 50 MPa by using Equa-
tion 18. The estimated radii of the two pore phases are 0.083 (0.15) and 1.2 (0.02) μm for sample TS4 (TS5). 
The results for the dominant pores are larger than the values of NMR spectroscopy (i.e., 0.023 and 0.05 μm 
for TS4 and TS5, respectively; see Figure 8). It is noted that the radii vary with pressure and are not constant, 
according to Figure 10. Hence, the radii at different pressures can be estimated by fitting the measured perme-
ability with Equations 18 and 19. The results by using these equations are shown in Figure 14, compared 
with the measured data. Results by using pressure-dependent radii are overlain with the measured data, while 
using radii at zero differential pressure yields smaller values than the measurements at low differential pres-
sures. This difference shows that the assumption that crack radii are constant with differential pressure is not 
satisfied.

Figure 12. Low-porosity sandstone sample. Comparison between the measured and theoretical velocities versus differential pressure (a) and frequency (b). (c) 
Theoretical attenuation versus frequency. (d) Estimated pore-aspect-ratio spectrum.
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7. Conclusions
We have performed the acoustic wave propagation experiments on two tight sandstone samples. The ultrasonic 
wave velocities vary nonlinearly with differential pressure, and at water-saturation conditions exhibit dispersion 
at the seismic range (1–100 Hz). To better understand the effects of multiscale cracks on wave anelasticity, we 
propose a model based on the elastic wave theory with a set of penny-shaped cracks, combined with a multiphase 
DEM model to estimate the pore geometry, including aspect ratios, radii, and volume fractions of pores and 
cracks.

Comparison with experimental data shows a good agreement for the P-wave. Moreover, applying this model to 
published data indicates that the estimated pore geometry depends on the choice of the theoretical approach, and 
that there are variations of the crack radius and aperture with pressure. We also show that it is possible to obtain 
the rock permeability based on the estimated pore geometry. The model provides the possibility to quantify the 
effect of multiscale cracks on broadband wave velocity dispersion with respect to pressure, and predict the trans-
port properties.

Figure 13. Crack radius spectra versus differential pressure for low-porosity sandstone sample.

Figure 14. Comparison of the measured and theoretical permeabilities versus differential pressure for samples TS4 (a) and 
TS5 (b). The theory is based on Equations 18 and 19 by assuming variations of the pore/crack radii with pressure (red curve) 
and constant radii (blue curve).
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Data Availability Statement
The experimental data of two tight sandstones can be downloaded at http://dx.doi.org/10.17632/m2brb3dw2g.1 
(Ba et  al.,  2023). The measurements of a tight sandstone and a low-porosity sandstone can be found in Yin 
et al. (2017) (https://doi.org/10.1002/2017JB014244) and Li et al. (2022) (https://doi.org/10.6038/cjg2022P0473).
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