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Wavefronts in dissipative anisotropic media

Jose M. Carcione*

ABSTRACT

The purpose of this work is to draw attention tp
several differences between wave propagation in djs-
sipative anisotropic media and purely elastic anisotno-
pic media. In an elastic medium, the wavefront |s
defined as the envelope of the family of planes that
makes the phase of the plane waves zero. It turns
that this definition coincides with the wavefronts oh-
tained from the group and energy velocities, i.e., the
three concepts are equivalent. However, for plane
waves traveling in dissipative anisotropic media these
concepts are different. Despite these differences, the
velocity of the envelope of plane waves closely ap-
proximates the energy velocity, and therefore can
represent the wavefront from a practical point of view.
On the other hand, the group velocity describes
wavefront only when the attenuation is relatively lo

considerably influenced by the relative values of the
attenuation along the principal axes of the anisotropic
medium. This means that the anisotropic coefficients
in attenuating anisotropic media may differ substah-
tially from the corresponding elastic coefficients.
Moreover, it is shown that the usual orthogonality

properties between the slowness surface and engrgy
velocity vector and the wavefront and wavenumbger

vector does not hold for dissipative anisotropic medig.

INTRODUCTION

the energy velocity is neither the phase velocity nor the
group velocity. The question arises if the wavefront (energy
velocity times one unit of propagation time) can be described
as the envelope of plane waves. In this paper, | investigate
this point and the influence of anelasticity on the different

physical velocities.

The paper is organized as follows. The first section intro-
duces the frequency-domain constitutive relation for aniso-
tropic-viscoelastic media from a general point of view. In the
next sections the phase, energy, group, and envelope veloc-
ities for homogeneous viscoelastic plane waves are defined,
the latter being the velocity of the envelope of plane waves.
Then, the calculation of the different velocities is carried out
explicitly for the SH mode in a plane of symmetry of an
orthorhombic medium. Finally, | introduce a constitutive
equation that models the attenuation properties along pre-
ferred directions and analyze the behavior of the different
physical velocities.

CONSTITUTIVE RELATION

Hooke's law for elastic anisotropic media can be extended
to dissipative media by replacing the elastic constants by
appropriate relaxation components (Christensen, 1982;
Carcione, 1990). The viscoelastic constitutive relation is
Boltzmann’s superposition principle which can be expressed
as

Ti(x, ) = by (x, 0*S;(x,8), 1, I=1,...,6, (1)

where x = (X, y , 2) is the position vector and t is the time
variable, with the asterisk denoting time convolution;

T!=[T,, Ty, Ty, Ty, Ts, Te]

= [GXX5 Oyy s Ozz5 Oyzs Oxzs Oxy 1 (2)

Waves in anelastic media travel at velocities that are
different from those of waves in elastic media, the differ-

is the stress vector,

ences depending on the degree of attenuation that produceS,T= [S1, 82, 3,84, S5, S¢]

more or less velocity dispersion. If the medium is isotropic
(and homogeneous) the velocity of the energy coincides with

= [exx, Eyy s Ezz5 28yz, 284, 28xy]

the velocity of the plane waves, i.e., the phase velocity is the strain vector, any;; are the components of the
(Carcione, 1990). However, in dissipative anisotropic media relaxation matrixW¥(x, t), such thaw;; = ¢,;;. A dot above
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Carcione 645
the relaxation components indicates time differentiation. defined as a complex scalar quantity. The complex velocities
The notation assumes implicit summation over repeatedof the three wave modes are found by solving equation (9).
indices, with vectors written as columns and the superscriptThe phase-velocity vector is defined as the frequency di-
T denoting the transpose. A general solution representingvided by the real wavenumber
viscoelastic plane waves is of the form 5

) R, (13)

where » is the angular frequency, and k is the complex . , ) ,
wavenumber vector witk anda the real wavenumber and I virtue of equation (12), with Re [] taking the real part. The
attenuation vectors, respectively. They indicate the direc-SIOWness is the reciprocal of the phase velocity. In vector

tions and magnitudes of propagation and attenuation. Wherform it is given by
the directions of propagation and attenuation coincide, the

1

v

(O]
[-lef@ %, k=k-ia, ) Vp = k=(Re

; 1
wave is called homogeneous. Hence, s=Re |—| &, (14)
k = (k — ia)k = kk, 3)

i.e., it is the real part of the complex slowness.
where

R=8,0, + 8,0, + &8, (6) ENERGY VELOCITY AND WAVEFRONT
defines the propagation direction through the direction co- In the absence of body sources, the complex Umov-
sinest, , £,, and¢,. Substituting the plane wave (4) into the Poynting theorem or energy balance equation for homoge-
stress-strain relation (1) yields neous viscoelastic plane waves in a dissipative medium is
given by (Carcione, 1990),

Ty =puSs, Pu= f ‘LU(T)e e dr, ™ 227-P + iw[(es)peak - (Ev)peak] - w(eg)av =0, (15)

-

wherep,; are the components of the stiffnesarix p(x, ). where P is the complex Umov-Poynting vector defined as

In matrix notation, equation (7) reads 1
P=—E§'V*’ (16)
T=p-S, ®)
with ¥ the stress tensor given by
where the dot denotes ordinary matrix multiplication. For
anelastic media, the components of p are complex and T, Ts Ts
frequency dependent. - 3= [T(, T, T4]
Ts Ty T

(17)

SLOWNESS AND PHASE VELOCITY
The vector v is the particle velocity

The dispersion relation for homogeneous viscoelastic )
plane waves has the form of the elastic dispersion relation, v=u, (18)
but the quantities involved are complex and frequency

dependent. It can be written as (Carcione, 1990), where u is the displacement vector related to the strain

vector by S =—ikLT + u. The asterisk used as superscript
denotes complex conjugate.

2] =
det [ = pVI] =0, 9) The real part of the Umov-Poynting vector gives the
average power flow density over a cycle. The quantities
where
1
= - L
C=L-p-L (10) (&) peak 2 Re [S p-S 1, (19)
is the 3x 3 Christoffel matrix, with and
& 0 0 0 ¢, ¢ b
L=|0¢ 0¢ 0e (11) (e )peak =3 V0¥ (20)
0 0 ¢, ¢ ¢ 0

are the peak strain and peak kinetic energy densities, and
the direction cosine matrix. In equation (8Y, is the density

andV is the complex velocity (instead of the phase velocity

in elastic media) given by (eq)ay =5 Im [sT-p-8*], (21)
V=2 (12) is the dissipated energy densitwhere Im [+] takes the
k’ imaginary part. The average storedergy density is
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Then,
eay = (Sv)peak + (&5 )peak l{ T, v

2 4 dk, 90/dw
o = - ) (29)
ky k;

dw 00/dk,
+Re[ST p-S*]). (22

and similar relations hold for thk, and k, components.
In elastic medige )y = 0, and also the net energy flow Replacing the partial derivatives in equation (25), the group
into, or out of a given closed surfaSevanishes= 2a’ - P velocity can be evaluated as
= 0. Thus, the peak kinetic energy is equal to the peak

-1 -1
potentlal energy. As a consequence, the average storef{, = —¢ ( e 30/0w ) —& (Re 38/3 )
energy is equal to the peak potent|al energy. * 0/dk, Y 00/ok,

The energy velocity vector is defined as the ratio of the
average power flow density to the mean energy density (22). . 90/0w ]\ 7!
The average power flow density is the real part of the ~ & Re 00/3k » (30)
complex Umov-Poynting vector. Hence, ‘
which is a generalization to dissipative media of Auld’s

2 Re [P] ’ (1990) equation (7.78).
(ﬁv)peak + (as)peak. ( )

The location of the energy defines the wavefront. Therefore, S .
this is the locus of the end of the energy velocity vector at Let us assume for simplicity th€, = 0, i.e.,the propa-

e =

ENVELOPE VELOCITY

unit propagation time. gation is in the (X, z)-plane. Then, the wavenumber direc-
An important relation between the phase velocity and the tion can be defined b¢, = sin and¢, = cos 8, withé the
energy velocity is angle between the wavenumber vector and the z-axis.

T As will be seen in the following demonstration, the wave-

REIVe = V), (24) front, defined by the energy velocity, is not the envelope of

whereV,, is the magnitude of the phase velocity vector (13). the family of planes (straight lines in this case),
Relation (24) is proved by Auld (1990, eq. 7.57) for elastic 0 +20.=V 3
media. It can be shown that equation (24) also holds for T T 28 b (31)
general dissipative anisotropic media and for inhomoge- which is the usual definition found in most books (Love,
neous viscoelastic plane waves, i.e., for arbitrary directions 1952, art. 209; Musgrave, 1970,88; Fedorov, 1968,148). The
of propagation and attenuation. velocity of the envelope of plane waves at unit propagation

time, which | callv,,, , is
GROUP VELOCITY

dv,
| compute the group velocity by generalizing the elastic Viw=x2+22=V,+ ( 20 > . (32)
group velocity

PR P P This equation is obtained by deriving equation (31) with

Vo= —+&, —+¢, —, 25) respect t@®, squaring it and adding the result to the square of
Ky oK,y K, equation (31) (Postma, 1955; Zauderer, 1989, 93).
where the partial derivatives here are taken with respect to(zz;o;l;l;\égr’ application of the same operations to equation
the real wavenumber componery; k,, andk,. Since an
explicit real equation of the for = @ (Kx, Ky, K;) iS not ) dv, dv, dj
available, equation (25) is not appropriate. =Vem ~ 2o K T R+2 Y Vel (33)
Alternatively, the group velocity can be obtained by

implicit differentiation of the dispersion relation (9). For | show in the next section that, in general, the second term

instance, for the x-component on the right-hand side of equation (33) does not vanish for
- dissipative media, and therefore the wavefront cannot be
9w I (26) synthetized as the envelope of plane waves.
0Ky dw

) SH-WAVES IN ORTHORHOMBIC MEDIA
or, sincek, = Re [k,],

do (

- = R

0K,
Implicit differentiation of the complex dispersion relation
Ok, , ky , k., ) = O gives

) In this section | explicitly perform the calculation of the
gkxD 27 different velocities for SH-waves in one of the planes of
£ ' (27) symmetry of an orthorhombic medium. The dispersion rela-
tion (9) in, say the (x, z)-plane, separates into a quadratic
factor and a linear factor. The latter is the dispersion relation
for viscoelastic SH-waves:

(3—6 bo ¥ :,? Skx) = 0. (28) T = pV2=0, Ty =pet; +putl.  (34)
@ * ky kz The solution of equation (34) is given by
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2 2 For elastic medispy; = cpy (the elasticities) are real
Pests + Pasts quantities, thenV, = V, and
o (35) P

1 -
The displacement field has the followifigrm: Veny = Ve = - \/c“eﬁ + caqll (44)
) PVp
U= Uptye @ Xelolt =50, (36) . : : -
) ] In elastic anisotropic media, the energy veloV. is
where U is a complex quantity. - always normal to the slowness surface [Auld, 1990, equation
The Umov-Poynting vector and energy densities are cal-(7,71)]. From this fact, and using equation (7.71), Auld
culated in the Appendix. Substitution of these quantities into [equation (7.74)] also proves that the wavenumbeis
equation (23) gives the energy velocity for the SH-waves always normal to the wavefront. However, these properties

do not apply, in general, to anelastic anisotropic media as
Vo . Pes/p| . . palp|, PRy, In 9 P
Re [V] x x z

& —le, will be seen in the following derivations for viscoelastic
SH-waves. From the dispersion relation (34), and since the
slowness components as; = s€,, ands, = s¢,, the

(37) equation for the slowness curve is

The complex dispersion relation for the SH-waves is from 52 §2 0\ -1
= -1=0.(45)
p/pss  PIDas

equation (34): Q(s,, 5,) = Re
A vector normal to this curve is given by

V., =

O(ky, k;, ©) = pesk? + paskl —pw®=0. (38)

The partial derivatives are given by

a0 80 Peslp
3® v.Q= — | =-vXe, Re |—|e
—_— 2p66kx’ (39) s (3Sx’ asz) p x 3 x
ok,
/
% pulel,
— = 2pyk,, (40) +€; Re Vi & [ (46)
ok,
and It is clear from equations (37) and (46) tV tandV,Q are
not collinear vectors; thus, the energy velocity is not, in
0 , 2 general, normal to the slowness surface.
do Possky + piask; = 2pw, (41) The other orthogonality property of elastic media (i.e.,

that the slowness vector must always be normal to the
where the prime denotes the derivative with respect to thewavefront) is not valid for anelastic media. By usV =
angular frequency. Consequently, substituting these expresw/k, and differentiating equation (24) with respecé mves
sions into equation (30) gives the group velocity for homo-

geneous SH-plane waves as dtc dv, dk dav.,

—-V, +k-* =—.V, +yk-——=0, (47)
D -1 D -1 de do do dd)
= —28 -2¢&,¢4,|R .
Vo = ~28:6 (Re Vpes ) 266\ Re Vpas ) wherey = d/de, with

(42) tan & = Vex _ Re[ pes/V(0)] an o (48)

where Ve: Re[p4s/V(8)] ’

D = w(pkst2 + pa4€§) -2pV2. defining the energy velocity direction as represented in

Figure 1. It can be shown thytis always different from
Comparison of equations (37) and (42) indicates that thezero, in particulay = 1 for isotropic media. Sincdk/de is
energy velocity does not coincide with the group velocity. tangent to the slowness surface, V,ds not normal to i,
The differences for a realistic medium are analyzed in the the first term in equation (47) is different from zero. Since
example of the next section. In dissipative anisotropic me- gv,/d4 lies on the wavefront, from the second term, equa-
dia, the wavefronts are given by the energy velocity multi- tion (47) implies that the wavenumber veatds not normal
plied by one unit of propagation time. The group velocity has to this surface. In fact, taking into account that K(o) =

physical meaning only for low-loss media as an approxima-[/V,, (9 )1(é, sin6 + &, cose), calculation of the first term
tion to the wavefront. It is straightforward to verify that the of equation (47) gives

two velocities coincide for purely elastic media.
Deriving the phase velocity (13) [by using equation (35)], dtc (Pe6 —Paa) [ 1 1
and replacing it in equation (32), gives the magnitude of the —=*Ve =@V, €:¢; Re |[———| =35~ =
o de pV v v
envelope velocity:

Vew =V, \/ 1+ e,ezvj(Re

(49)
De6 — P44D2 For elastic medi .ay is real and equation (49) is identically

pV? (43) zero; in this case, the orthogonality propertes verified:
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dv, 1 dx elastic limit wherM, — 1 and the 3-D isotropic-viscoelastic
‘R=-———-V,=0, (50) constitutive relation in the isotropic limit.

d K d9 The stiffness matrix (51) differs from that given in
and from equation (33) the envelope velocity equals the Carcione (1990), since three relaxation functions instead of
energy velocity, and the wavefront is defined by ©ne are useql to des.crllbe the_anelasnc properties of the shear
equation (32) in agreement with Postma (1955) and Berrymanmodes. In this way, it is possible to control the quality factor
(1979). In dissipative media this equivalence is no longer @long three preferred directions, such as the principalaxes
valid. the anisotropic medium. The choice of the complex moduli

depends on the symmetry system. For isotropic, cubic, and
hexagonal media, two relaxation functions are necessary and
EXAMPLE sufficient to model the anelastic properties.

The theory assumes the following form for the complex
A class of constitutive equations for anisotropic-viscoelas- moduli:

tic media based on two complex moduli was introduced by

Carcione (1990). In the present work, | introduce two 1 +ioTg,
additional complex moduli to model in more detail the My(@)=17———, v=1....4, (55
anelastic properties of the shear modes. The stiffness matrix b
of this new rheology is whose 1-D quality factors are given by
P11 P12 P13 Cu4 c1s Ci6 Re[M,] 1+oX.,74
P2 P € C2s  Cp Qulw) = — M1 oo — 100 (56)
_ P33 €34 €3s €36
P= cuMy cis e | O wherer,, andr,, are relaxation times such tbry%, = 1, .
CssM3  Cs6 Equation (55) represents the complex modulus of a standard
cee My linear solid with maximum attenuation @;, = 1/Vr,,1s, .
- The complex velocities are the key to obtain the attenua-
where tion properties. These velocities are now given for the
A symmetry planes of orthorhombic media. In the natural
piwy = ciq) — D + KM, + - GMj for 1= 1, 2, 3, coordinate system, orthorhombic media havy = p,y =
3 pyy = 0,3 =4, andpys = pss = Ps¢ = 0, and nine
(52a) independent stiffness constants. For these media, the eigen-
5 values of the Christoffel matrix (10) in the (X, z)-plane of
PlJ=cy —D+2G+ KM, — 3 GM; symmetry are as follows:
1
forr,J =1, 2, 3;1 # J. (52b) pr(z) = E (pss + Puef + p33€22 + E), (573)
Herecyy,forl,J =1, ... ,6 aretaken aghe low-frequency
limit elastic constants, and and
4 V3 = pest? + Paatl, (57b)
K=D - -3G . (53)
where
where
. E = V(p3 = pss)€? = (o1 = pss)iF + 4pus + pss) 4562,
D =§(C11 + 3 + €33), (54a) In principle, V, is the velocity of the gP wave (+ sign),
while V, (- sign) andV; correspond to the shear waves,
and with the second one a pure mode. In complex materials this
identification does not apply, since along the same wavefront
the wave may change from quasi-compressional to quasi-
=§(C44 + €55 + Cé6) | (54b) shear or vice versa. Note that, in a weak anisotropic
medium, the qSV wave is defined by the velodity
M, are dimensionless complex moduwi,= 1 is for the The physical velocities for the SH-waves are explicitly

quasi-dilatational mode, and v = 2, 3, 4 are for the sheargiven in the previous section. The group velocity nepiqds
waves. In (52a and bM; is a shear modulus with 6 = 2, 3,  and pg which from equation (52) involves the calculation of
or 4. It can be verified that the mean stress only depends orM’,, v = 2 and 4, given by

the first relaxation function involving quasi-dilatational dis-

sipation mechanisms, and that the deviatoric stress compo- i(Tey = Tgy)

nents depend on the other relaxation functions, describing M, = m (58)
quasi-shear mechanisms. Equation (5 1) gives the elasticity v

matrix of the generalized Hooke’s law in the anisotropic-



Note that for the particular cadd, = M, = M, V3 = -1
VM V,, whereV,, is the elastic phase velocity. When this + pss)2€2]! ) -2¢,&,| Re
happens, the right-hand side of equation (49) vanishes and
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E, [
v, PssWm

V., = V., from equations (33) and (50). Moreover, the -1
orthogonality properties of elastic media are verified. This + pasvm — (P13 +p55)253]-1D ,
case corresponds SH isotropic attenuation in the (X, z)
plane of symmetry.
The phase velocitieV,; andV,, of theqP andgS modes m=1,2,  (60)
are given by equation (13) by substitution of the correspond- ;...
ing complex velocities given in equation (57a). For complete-
ness, the expressions of the group and energy velocities of g, = (wI'j; — 2pV2)w,, + (@3 — 2pV2)v,, — 20T 13T,
the coupled modes are given below:

with
Von = 22 Re | == ([€x(p11 + psslBal?)
= e|—
em D, v, x\P11 T P55|Bm vy =Ty - PV,zn
+ €. (p13Bm + PssBh)1ex + [€x(PssBm + p13BT,) and
— _ 2
+ €.(pss + P33|Bm|2)]éz:|, m=1,2 (59) wm =T33 —pVp,
and in terms of the Christoffel components
where
_ 2 2
Dy = p(1+ |By|?) Re [V,], Ty =puts +pssty,
and , , T35 = pss€: + p3és,
€2+ pss€Z—pV
= P11ty T Psst; PV and
(P13 + pss)Ext,
A careful numerical evaluation of equation (59) should T3 = (P13 + pss)st,.

consider the limits when eith€, or £, — 0. For instance,
when¢, — 0 and¢, — 1, By — « andB, — 0. Taking these
limits gives the appropriate energy velocities.

These velocities have been obtained in Carcione (1990) for a
meridian plane in hexagonal media, which are similar to the
expressions for the (x, z)-plane in orthorhombic media. The
envelope velocities are computed numerically [i.e., the

E
Vgm= —2¢,¢&, (Re 1['Vm[p11wm + Pssvm — (P13 calculation ofdV,/d8 in equation (32)].

zZ-axis

|_ m

The properties of the medium are given in Table 1. The
relaxation times represent dissipation mechanisms with
maximum attenuation at a frequerof fy = 2wwo = 20 Hz.

V=V COS'l// The 1-D quality factors abk, are indicated below the
P relaxation times, withMy = M, for this problem. For a
given value of the quality factQ,, atwg, the values of the

relaxation times are determined by

v K Tow = (00Q0,) [V Q3 + 1~ 1], (61a)

and

Tey = Tov + 2(‘”0Q0v)_1- (61b)

The quality factor is defined as the peak strain energy
Wave front density (19) divided by the qlissipated energy density (22).
From the appendix, the quality factor for SH-waves is

o) QOsu = Re [V3)Im [V3], (62)

'W and a similar expression is obtained for the coupled modes
(Carcione, 1990). Figure 2a shows a polar representation of
the quality factor curves in the (x, z)-plane. Only one

P quarter of the plane is displayed because of symmetry

considerations. The values at the Cartesian axes are defined

\Y%

X-axis by the 1-D quality factorQ, for the shear waves, and simple
functions of the stiffnesses for tlgP wave. The slowness

Fic 1. Relation between the energy velocV, and the and energy velocity curves are illustrated in Figures 2b and

phase velocityV,,. 2c, respectively.
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SH Fic. 2. Polar representations of (a) quality factors, (b)
slownesses, and (c) energy velocities of the three propagat-
0 ing modes in the (X, z)-plane of symmetry of the orthorhom-
0 9 2 bic medium defined in Table 1. The values of the quality
factors at the Cartesian axes are defined by the quantities
(Ve)x (Km/s) Q v'= 1, 4 given in the Table.
Table 1. Material properties.
Elasticities (GPa) and density (Kg/m?)
Cn €12 Ci13 €22 €23 €33 Ca4 Css Ce6 p
11.7 6.7 7.0 15.4 7.0 17.4 3.8 3.5 3.1 1364.
Relaxation times (s)
Tel Tal Te2 Ta2 Te3 Ta3 Ted To4
8.23 1073 7.70 1073 9.71 1073 6.52 1073 8.79 1073 7.20 1073 8.36 1073 7.571073
1=30 0,=5 0;=10 Q4= 20
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The different physical velocities of tifeH mode versus  attenuation and propagation vectors have the same direc-
the propagation angle are represented in Figure 3, withtion. This is an exception in the earth since inhomogeneous
6 = 0 measured from the z-axis. The valueg=at0 andd = anelastic waves are generated in the presence of heteroge-
90 degrees are, in accordance with FiG3a,ethe values of  neities and interfaces. Therefore, a more realistic analysis
0, and @4, respectively. Figure 3a corresponds to the should consider the case when the propagation and attenu-
values defined in Table 1, and Figure 3b and Fi@cre  ation directions are different. In fact, as pointed out by
represent the low- and high-frequency limits, respectively. Winterstein (1987), these effects can be important for Q
Velocity dispersion causes the differences between thesevalues less than 15 and for large propagation distances in
two limits, where the energy, group and envelope velocities anelastic heterogeneous media.
coincide because of the elastic behavior. The differences in
Figure 3a indicate that the group velocity is not a good
appro_ximation for the wavefront, and that thg envelope CONCLUSIONS
velocity closely approaches the energy velocity. On the
other hand, by inverting the values Q, and Q4, the o
behavior of the velocities changes substantially (see Figure "€ proper definition of the wavefront should be that
3d). Surprisingly, the energy and envelope velocities are9iven by the llocat|on of th_e energy. For elastic anisotropic
equal to the phase velocity for this particular case. This media, there is no cont_radlctlon since the usual def|n|t|op of
implies that anisotropic coefficients for dissipative media Wavefront coincides with the concept of energy velocity.
depend considerably on the anisotropic dissipation coeffi- However, this is not the case in dissipative anisotropic
cients, such as the raiQ,/Q, for the pure shear mode. The Media. Moreover, the physical meaning of group velocity
effects of more dissipation can be appreciated in Figures adreaks down since in the presence of strong attenuation the
and 3f, where besides the inversion at the coordinates axesVave packet spreads considerably. Therefore, for general
the differences between the energy and envelope velocitiedissipative media, it is convenient to define th_e wavefront as
are distinguishable. | demonstrated in the previous sectionth® locus of the end of the energy velocity vector. In
that, unlike elastic media, the energy velocity vector in Practice, the envelope velocity closely approaches the en-
anelastic media is not normal to the slowness surface. Thee"@y velocity for all propagation directions, and therefore is
angled between the normal [equation (46)] and the energy & gooq approximation to the wavefront. This fg_ct has favor-
velocity vector (37) is represented in Figure 4 versus the @Ple implications for plane-wave decomposition ep™
propagation anglé. The deviation is larger in the direction ~ransform processing techniques, at least for homogeneous
of maximum attenuation, but is not very important from a anelastic plane waves. . :
practical point of view. Figure 5 displays the energy densi- From the analysis, it IS seen that the d|ffer_ences in the
ties (A-7), (A-8), and (A-9) as a function of the propagation qual't.x factors along the principal axes strpngly mﬂyence the
angle. They are normalized with respect to the kinetic velocities anq, therefore, the anisotropic coefficients that
energy; in elastic media the strain and kinetic energiesCOUId be defined from them. On the other hand, the group

coincide and do not depend on the propagation direction a velocity can be used to describe the wavefront but only for
in this case ow-loss media involving Q factors of, say, greater than 100.

. . " Actually, the group velocity is much simpler to compute
m;rg:s ag?gi'smoﬂ:}gﬁrepshygl(i:g dV?OﬁLtliznfOtr)ethsehg\,?,l;pltehitthan .the energy velocity, V\_/hich involve; the calcglatioq pf
the behavior of thaP curves at thé coordinate axes de- the eigenvectors of the Christoffel equation. In addition, it is

; ) proved that, in general, for anelastic media the energy
pends on the relatiocsy/c ;4 , and cannot be inverted velocity vector is not normal to the slowness surface, and
.by an appropriate choice of the 1-D qua_lhty factors as yhat the propagation vector is not normal to the wavefront.
in the precedmg case. The beha_wor of ¢SV modes These predictions should be confronted with laboratory
depends mainly on the values Q, and Q;, the latter

L ‘ . experiments. Promising research in this direction was re-
defining the values of the attenuation at the coordinate cently reported by Arts and Rasolofosaon (1992) who devel-

axes. The effects of the choice of these parameters can bgpeqd an experimental method for obtaining the slowness and
appreciated in Figures 7a and 7e where anelasticity strongagenyation curves of homogeneous plane waves in general
influences the shape of the curves at intermediate Propagagnisotropic viscoelastic rocks.

tion directions. , o Future work should consider the case when the propaga-
An important result of this analysis is that the envelope (o ang attenuation directions differ, and the numerical

velocity closely approaches the energy velocity even in the 5naysis of the resulting wavefield with forward modeling
presence of strong attenuation. This means that the envelc’pf‘echniques (Carcione et al., 1992).

velocity at unit propagation time is a good approximation of
the wavefront. At least from a practical point of view, this
fact indicates that thrp-transform (or plane wave decom-

position) of a reflection hyperbola in dissipative anisotropic ACKNOWLEDGMENTS
media can still be a good approximation to the slowness
surface of the upper medium (Hake, 1986). This work was supported in part by the Commission

However, we should remember that the analysis wasof European Communities under the GEOSCIENCE
carried out for homogeneous viscoelastic plane waves.project. The article benefited from discussions with Klaus
These types of waves represent a particular case where thelelbig.

(text continues on p. 656)
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Fic. 3. Physical velocities of thEHmode versus the propagation argyleeasured from the z-axis. The valuetsa0 degrees
and® = 90 degrees in Figure 3a correspon@,candQ, given in Table 1. Note that the envelope veloV,,, closely approaches
the energy velocitV,, even for strong dissipation. However, deviations from the elastic case (3b and 3c) are substantial.
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dissipative orthorhombic medium defined in Table 1. In direction of maximum attenuation (9 = O degrees). In elastic
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Fic. 7. Physical velocities of thgSVmode versus the propagation anglmeasured from the z-axis. The value® at 0
degrees anél = 90 degrees correspond@ andQ, as indicated in Figure 2. Comparison of Figures 6a and 6e shows that the
behavior of the velocities is strongly influenced by the choice of different quality factors in different directions.
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APPENDIX A
UMOV-POYNTING VECTOR AND ENERGY DENSITIES FOR SH-WAVES IN ORTHORHOMBIC MEDIA

Consider arSH-plane wave propagating in tige z)-plane
of symmetry Then, the displacement can bettgn as

U= Uoéyei(""_kxx_kzz). (A-l)
The associated strain components are

au

Se =5-= ~ik; Uge'@ ~k), (A-2)
ou .
Se == =ik Upe ™' ~E%. (A-3)
The stress components are
T4 = PaaSq = —ipagk, Uge @ ~ %0, (A-4)
Te = pesSs = —ikupesUoe™™ ~*' ¥, (A-5)

From equation (16) the Umov-Poynting vector is
l . % N A ) — ! 2 2 —2u'x1 é
== (Tq4e, + Tee,) = 5 |Ugl?e v (€:p4at,

+ exp 66 éx ) . (A‘6)

be seen that the imaginary part of the Umov-Poynting vector
is closely related to the dissipated energy. The peak kinetic
energy density is from equati«(20),

l cx T, ! 2 2, 2a-x
(EVbeaFE‘)u* 'll:Ep(.o |U0| e , (A7)

and the peak potential energy density is from equq19),

1
(espeak= 5 Re [PaalSal? + peslSsl’]

1 . .Re[V?%]
= E szonlze 20 x W’ (A-8)
where equations (12) and (35) have been used.
Similarly, the dissipated energy density is
1 Im [V?]
277 |2, 2"
(eq)av = '2'P‘” |Ug|?e ™5 T (A-9)

As can be seen from equations (A-7) #A-8), the two
energy densities are identical for elastic media swide

Note that for elastic media the Umov-Poynting vector is real. For dissipative media, the difference is given by the
real. On the other hand, from the energy balance (15) it canfactor Re[V?2)/|V|2.



