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ABSTRACT
There is a mathematical analogy between the poroelastic and thermoelas-
tic behavior of the compressional P wave, whose dissipation is due to the
coupling between the elastic deformation and the phenomenon of pres-
sure and heat diffusion, represented by Darcy’s law and heat conduction,
respectively. This attenuation effect is more pronounced in heterogeneous
media, where conversion of the fast P wave to the slow (Biot) and thermal
diffusive modes occurs at material interfaces. Specifically, the problem is to
obtain the P-wave properties of a porous medium due to temperature gra-
dients between the solid and fluid phases. Then, we consider a simplified
one-dimensional porous medium and obtain the quality factor, Q, and
phase velocity as a a function of frequency, based on an isostress condi-
tion and using Gassmann equation and the Kramers Kronig relations.The
model allows for the incorporation of a relaxation time to simulate a
proper wave-like behavior at high frequencies, avoiding in this way infinite
velocities. Moreover, we perform a complete analysis varying the different
parameters, namely, the heat conduction, the specific heat, the thermal
expansion, the types of solid and fluid and the pore size.
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1. Introduction

Thermoelasticity generalizes the classical theory elasticity, which deals with the interaction
between deformation and temperature. In particular, the study of wave propagation considering
the temperature field is relevant in several disciplines such as high-pressure high-temperature
deep reservoirs in seismic exploration [1–3], geothermal studies [4] and seismology [5].

Although the work of Einar Kjartansson on seismic attenuation is mainly known because of
his seminal article on the constant-Q model [6], he introduced in his PhD thesis an interesting
and simple model of thermoelastic attenuation for a 1D poroelastic medium that can give phys-
ical insight into the effect of thermoelasticity on wave propagation [7]. To our knowledge, this
model has not been published as a peer-review article.

Thermoelasticity couples the fields of deformation and temperature. An elastic source gives
rise to a temperature field and wave attenuation, whereas a heat source induces anelastic defor-
mations. This theory is useful in a variety of applications such as seismic attenuation in rocks
and material science [1]. Zimmerman (2000) [8] stated that “the thermoelastic coupling param-
eter is usually very small, so that, although the temperature field influences the stresses and
strains, the stresses and strains do not appreciably influence the temperature field”. This means
that elastic sources produce temperature fields that could hardly be detected, but as shown here,
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the thermal effects have an influence on the properties of the P wave. Biot (1956) [9] derived the
classical parabolic-type differential equations for the Fourier law of heat conduction. However, this
theory has unphysical solutions, such as discontinuities and infinite velocities. Lord and Shulman
(1967) [10] formulated a more physical system of equations by introducing the Maxwell-Vernotte-
Cattaneo (MVC) relaxation time into the heat equation [11–13]. This theory leads to an attenuation
kernel in analogy with the Maxwell model of viscoelasticity and predicts a physical wave-like behav-
ior of the P wave [14,15].

The theory predicts two P waves and an S wave. The two P waves are an elastic wave and a
thermal (T) wave having similar characteristics to the fast and slow P waves of poroelasticity.
Rudgers (1990) [14] studied the propagation speeds and absorption coefficients of these waves as
a function of frequency and [16] generalized the equations to the poroelastic case and developed
a numerical algorithm for simulation of wave propagation based on the Lord-Shulman theory.

The T wave presents a diffusive behavior under certain conditions depending on viscosity, fre-
quency and the thermoelastic constants. Generally, it is diffusive at low frequencies. Zener (1938)
[1] explained the physics of thermoelastic attenuation in homogeneous media: “Stress inhomoge-
neities in a vibrating body give rise to fluctuations in temperature, and hence to local heat cur-
rents. These heat currents increase the entropy of the vibrating solid, and hence are a source of
internal friction.” Basically, the temperature variation caused by the passage of the P wave pro-
vides the gradient from which the thermal dissipation and attenuation occur.

P-wave dissipation has mainly been described first by phenomenological models represented
by mechanical models made of springs and dashpots, as the standard-linear-solid system, also
called Zener model. However Zener (1938) [1], obtained this model from thermoelasticity for
thin rods as an approximation and the model was already known as a combination of a spring
and the Kelvin-Voigt model. Similarly, the Biot relaxation peak in poroelasticity can also be
approximated by the standard-linear solid [17,18]. Zener work already contains the concept of
mode conversion (P wave to thermal mode), e.g., he explains P-wave dissipation due to the pres-
ence of “microscopic stress inhomogeneities arise from imperfections, such as cavities, and from
the elastic anisotropy of the individual crystallites”, in the same way as [19] explained attenuation
in porous media due to mesoscopic-scale inhomogeneities (as P wave converted to Biot slow
mode) (e.g Carcione (2014) [20],, Section 7.4).

To our knowledge, there is no composite theory for fluid-saturated porous media to describe
the attenuation and phase velocity of P waves as a function of frequency in thermoelasticity,
where all the properties can vary arbitrarily. Savage (1966) [21] considered a solid with empty
voids (no fluid) and [2] a set of thin solid layers, and not all the thermoelasticity properties, since
their theories were restricted to particular cases. For instance, in Armstrong’s theory, only the
Gr€uneisen ratio vary, which is a combination of the specific heat and thermal expansion [22].
The theory of thermo-poroelasticity, as Biot’s poroelastic one, cannot describe realistic levels of
attenuation in the homogeneous case, since the boundary conditions between the solid and fluid
phases are not explicitly considered and the displacement field is that of a macroscopic volume,
where the microscopic fields are averaged [9].

Realistic values of Q can be obtained with the present theory and those of Savage and
Armstrong, where the heat flow (through the boundary conditions between the solid and fluid) is
included. Kjartansson’s original theory only predicts Q. Here, we modify and extend it to obtain
the quality factor and wave (phase) velocity, implementing the more general Lord-Shulman heat
equation, which includes a relaxation term. Moreover, we correct a mistake in his equation and
compute the phase velocity using the Gassmann equation and the Kramers Kronig relations.
Then, we perform a complete analysis varying the various thermoelasticity parameters, compare
results to the mechanical model given by the standard-linear solid or Zener and develop an alter-
native theory given by the isostrain condition, since Kjartansson’s theory is an isostress one. The
present theory is analogous to the wave-induced fluid flow attenuation observed at the
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mesoscopic scale in heterogeneous porous media , such as those described by the Biot theory
[19]. The difference is that in the present theory it is heat to flow instead of a fluid.

2. Thermoelasticity equations

Following [7], let us consider an idealized 1D medium porous medium with a flat pore (Figure
1), whose constitutive equation relates the stress r, the strain � and the temperature T above a
reference absolute temperature T0 for the state of zero stress and strain. A random set of uncorre-
lated pores should have a similar behavior as a single pore. In a linear 1D isotropic medium, the
equation of momentum conservation and stress-strain relations of thermoelasticity describing P
waves are [[9], Eq. (2.2)); [15]]

r, x ¼ q€u, and r ¼ KI�� bT (1)

where u is the displacement, � ¼ u, x is the strain, KI is the isothermal P-wave modulus, b is the
thermal expansion, q is the mass density and “, x” denotes the spatial derivative. This quantity is
usually expressed as b ¼ 3aKI , where a is the coefficient of linear thermal expansion (the volu-
metric one is 3a).

On the other hand, the law of generalized heat equation, or strain-temperature field equation,
is [15]

cT, xx ¼ cð _T þ s€TÞ þ bT0ð_� þ s€�Þ, (2)

where c is the coefficient of heat conduction (or thermal conductivity), c is the volumetric specific
heat, “, xx” denotes the second spatial derivative, and a dot above a variable denotes time deriva-
tive. This equation is a generalization of Eq. (32.2) in [23] and Eq. (4) in [22], by introducing a
MVC relaxation time s to avoid unphysical infinite velocities of the P wave at high frequencies
[10]. In ([24], Eq. 1.2.15), equation (2), with s ¼ 0, is called displacement-temperature field equa-
tion. Equation (2) is based on the theory of Lord-Shulman, where the two (thermal and strain-
rate) relaxation times are the same. In ([25], Eq. 5), we have also considered the theory of [26],
where these relaxation times differ. Clearly, the second theory may provide better fits to real data,
due to the additional parameters.

Appendix A and Figure 2 illustrate the physics, showing that there are two waves, i.e, the P
wave and the thermal or T wave, which is diffusive at low frequencies. The dashed lines corres-
pond to the classical theory of thermoelasticity with s ¼ 0. As can be seen, the P-wave velocity is
infinite and there are unphysical discontinuities, and it can be shown that the inverse quality fac-
tor tends to infinite at high frequencies, while it is a relaxation peak for s 6¼ 0:

The correspondence between the properties in Eqs. (5.2) and (5.3) in [7] and those of equa-
tions (1) and (2) given here [s ¼ 0 in [7]] are D � 1=ð1=D� bf=cÞ (see below), K � KI , b � �b

Figure 1. 1D porous medium. The numbers refer to the subindices related to the properties in the main text.
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(see below) and aK � 3aKI: Equation (2) holds for locally constant properties, while at interfaces,
continuity of temperature and heat flow must be satisfied.

Combining equations (1) and (2), we obtain

cT, xx ¼ f
_T þ s€T

b
þ _r

� �
, b ¼ f

cþ bf
, f ¼ bT0

KI
: (3)

Let us consider a time dependence exp ðixtÞ, where x is the real angular frequency and t is
time.

Equation (3) becomes

ixð1þ ixsÞT̂ ¼ DT̂ , xx � ixb, T̂ ¼ T
r
,D ¼ bc

f
¼ c

cþ b2T0=KI
, (4)

and we have assumed that r is spatially constant for a flat pore (isostress condition).
The characteristic equation of the homogeneous part of equation (4), for a general solution of

the form expðnxÞ, gives the roots

n ¼ 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ixð1þ ixsÞ

D

r
: (5)

For s ¼ 0, equation (5) becomes

nd ¼ 6
ffiffiffiffiffiffiffiffi
ixg

p
, g ¼ d2

D
, (6)

where g is the relaxation time defined by [7].
It is shown in Appendix B that the solution of equation (4), with proper boundary conditions

at the solid-fluid interface, is

T̂ ¼ A1cosh n1xð Þ � b1, jxj � d,
A2 exp �n2jxjð Þ � b2, jxj > d,

�
(7)

where

Figure 2. Phase velocities as a function of frequency, showing the low- and high-frequency velocities. The dashed blue lines cor-
respond to s ¼ 0 (the classical theory of thermoelasticity). cA and cI indicate the adiabatic and isothermal velocities. This is the
case cA >

ffiffiffi
2

p
cI in ( [14], Figure 2), where it is the P wave to have the singularity. For cA <

ffiffiffi
2

p
cI , the T wave has infinite velocity

and the P wave approaches the isothermal velocity at high frequencies.
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A1 ¼ b1 � b2
coshðn1dÞ þ rsinhðn1dÞ

, r ¼ c1
c2

ffiffiffiffiffiffi
D2

D1

r
(8)

and

A2 ¼ � rsinhðn1dÞ
exp ð�n2dÞ

� A1: (9)

Equation (7) is a generalization of Eqs. (5.12) and (5.13) of [7], but note that there is a typo (or a
mistake) in coefficient A1 in ([7], Eq. 5.16): factor sinhðn2dÞ in the denominator should
be sinhðn1dÞ:

Based on equation (7), the heat-diffusion length L is obtained by setting jnxj ¼ jnLj ¼ 1. It is
s ¼ 0, this gives

L ¼
ffiffiffiffi
D
x

r
: (10)

The temperature will be equilibrated if L is comparable or smaller than the pore size. For small
diffusion lengths (e.g. high frequencies) the temperature will not be equilibrated and this is the
cause of attenuation and velocity dispersion. The relaxation frequency, fR, is approximately
obtained if the diffusion length L is of the order of the pore size d, i.e., if [from (10)],

fR � D
8pd2

: (11)

The skin depth, L0, also quantifies the diffusion length. By definition, exp½�ImðnÞL0� ¼
exp ð�1Þ, which gives L0 ¼ L=

ffiffiffi
2

p
:

The complex compliance (inverse of stiffness M) can be obtained from equation (1) as

SðxÞ ¼ 1
MðxÞ ¼

1
KI

1þ bT̂ðxÞ
� �

: (12)

Let us introduce the porosity /: Then, the size of the grain is

X ¼ 2d
1
/
� 1

� �
¼ 2d

�
, � ¼ /

1� /
, (13)

where � is the so-called void ratio (e.g., if / ¼ 0.2, � ¼ 0.25, X¼ 8 d). Integrating equation (12)
over the pore and one grain gives the average compliance

�S ¼ 1
2d þ X

ðdþX

�d

Sdx ¼ /
2d

ðdþX

d

S2dx þ
ðd
�d

S1dx

0
B@

1
CA: (14)

After some calculations and replacing A1 and A2, we obtain

�S ¼ 1
�K
þ �b þ /ðb1 � b2Þ

d r þ cothðn1dÞ½ �
b1

n1KI1
þ b2
2n2KI2

� r exp ð�n2XÞ � 1½ �
� �

, (15)

where

1
�K
¼ /

KI1
þ 1� /

KI2
, �b ¼ /

b1b1
KI1

þ ð1� /Þ b2b2
KI2

: (16)

Then, the quality factor is given by [20]

Q ¼ � Reð�SÞ
Imð�SÞ : (17)

JOURNAL OF THERMAL STRESSES 5



The isostress condition yields a Reuss modulus �K (harmonic average) to describe the stiffness of
the medium, i.e., related to a suspension of particles in a fluid, with a frame modulus equal to zero.
This condition is a good approximation to obtain the thermoelastic loss, since the heat flux is not
affected as the stiffness and wave velocity by the effect of the grain contacts, which mainly determine
the frame properties. A specific approach to obtain the low-frequency velocity is the Gassmann the-
ory [20, 27], which includes the frame modulus. The Gassmann wet-rock modulus is

�KI ¼ KI2 � Km þ /Km KI2=KI1 � 1ð Þ
1� /� Km=KI2 þ /KI2=KI1

, (18)

where Km is the dry-rock modulus and index “I” indicates isothermal. In particular, �KI ¼ �K for
Km ¼ 0. We use the Krief equation [28],

Table 1. Kjartansson (1980) [7] thermal properties of rocks and fluids.

Rock T0 p q a KI c c d ¼ KA�KI
KI

D0
�K MPa [ � ] 10�6 [ � ] [ � ] [ � ] [ � ] 	 10�4 10�6 [ � ]

limestone 300 300 2710 1.13 76 2.28 3.85 1.15 1.7
quartzite 300 300 2640 0.37 42 1.98 8.16 0.078 4.1
granite 300 100 2650 2.6 46 1.56 – 5.38 –
water 293 0.1 990 67 2.2 4.15 0.6 62.8 0.14
water 554 10 773 733 0.55 3.89 0.59 3788 0.15
steam 373 0.1 0.6 967 10�4 0.001218 0.024 2577 20
nitrogen 300 0.1 1.2 1110 10�4 0.00086 0.026 3868 30

Table 2. Thermal properties of rocks and fluids.

Rock T0 q b KI c c D f b
�K [ � ] MPa/

�
K [ � ] [ � ] [ � ] 10�6 [ � ] �K/Pa

limestone 300 2710 0.258 76 2.28 3.85 1.7 0.001 4.46 � 10�10

quartzite 300 2640 0.047 42 1.98 8.16 4.1 0.00033 1.7 � 10�10

granite 300 2650 0.36 46 1.56 – – 0.0023 1.5 � 10�9

water 293 990 0.442 2.2 4.15 0.6 0.14 0.059 1.4 � 10�8

water 554 773 1.21 0.55 3.89 0.59 0.11 1.22 2.27 � 10�7

steam 373 0.6 0.00029 10�4 0.001218 0.024 15.5 1.08 7.06 � 10�4

nitrogen 300 1.2 0.00033 10�4 0.00086 0.026 21.7 1 8.38 � 10�4

Figure 3. Absolute value of T̂ as a function of distance at f¼ 10 Hz. The solid-black and dashed-blue lines correspond to water
and steam as pore-filling material, respectively.
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Km ¼ KI2ð1� /ÞA=ð1�/Þ, (19)

where A is a dimensionless parameter (a value A¼ 3 is assumed here).
As shown in Appendix A for a single-phase medium, the zero-frequency velocity is the adia-

batic velocity cA, not the isothermal velocity (Figure 2). From equations (A.3) and (A.4), we have

�cA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�c2I þ

�b
2
T0

�q�c

s
, (20)

where

�cI ¼
ffiffiffiffiffiffi
�KI

�q

s
, (21)

Figure 4. Phase velocity (solid line) and quality factor (dashed line) of a porous medium saturated with water.

Figure 5. Phase velocity (solid line) and quality factor (dashed line) of a porous medium saturated with steam.
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the Gassmann velocity,

�q ¼ /q1 þ ð1� /Þq2: (22)

and we assume

�b ¼ /b1 þ ð1� /Þb2, �c ¼ /c1 þ ð1� /Þc2: (23)

To obtain the phase velocity cp versus frequency, we use an approximation reported by [29],
based on the Kramers-Kronig relations [22, 30],

cA
cpðxÞ ¼ 1� 1

p

ðx
x0

Q�1ðx0Þ
x0 dx0, (24)

where x0 is very close to zero.
We can obtain the complex wave modulus, M, associated to this phase velocity and Q factor.

It is shown in [22] that

MðxÞ � �qc2pðxÞ 1þ i
QðxÞ

� �
: (25)

Figure 6. Quality factor (a) and phase velocity (b) as a function of frequency for a porous medium saturated with steam, for dif-
ferent values of c given in m kg/(s3

�
K).
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Another approach other than the isostress condition to obtain the quality factor from the com-
plex modulus is to use the isostrain condition (for completeness it is given in Appendix C).
However, the contribution to the thermoelastic loss is minimal compared to the first case. It is
well known that in a composite material, the stiffness lies between the low-frequency limit given
by the Backus averaging ([20], Eq. 333) and the high-frequency-limit given by the time-average
equation ([20], Eqs. 1.188(2) and 8.415, respectively). If M1 and M2 are the moduli of two phases
of proportion / and 1� /, the respective moduli are

/
M1

þ 1�/
M2

� 	�1
and /ffiffiffiffiffi

M1
p þ 1�/ffiffiffiffiffi

M2
p

� 	�1
:

The former is compatible with the isostress condition (harmonic average of the single stiff-
nesses), while at high frequencies the second implies the harmonic average of the square root of
the stiffnesses, and the solution, if the first phase a fluid, is closer to the first one than to the iso-
strain modulus /M1 þ ð1� /ÞM2:

3. Examples

Typical acoustic and thermoelastic properties of rocks are given in Tables 1 and 2, taken from [7]
(see Appendix D). First, we choose quartzite as the solid material and water and steam as fluids

Figure 7. Quality factor (a) and phase velocity (b) as a function of frequency for a porous medium saturated with steam, for dif-
ferent values of c given in kg/(m s2

�
K).
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at 0.1MPa, with T0 ¼ 300 � K. Figure 3 shows the normalized field T̂ as a function of distance,
where it is clear that the thermoelastic effect of steam is several orders of magnitude higher than
that of water.

Figures 4 and 5 show the phase velocity and dissipation factors as a function of frequency.
The attenuation and velocity dispersion are much stronger in the porous medium saturated with
steam, with a minimum Q factor at the peak of approximately 18 and heat flows mainly in the
fluid due to its favorable thermal properties. In the case of water as pore fluid, the quality factor
at the peak is 590 and is located at much lower frequencies. Similar peaks have been obtained by
[21] and [2] for empty voids and layers, respectively.

Now, let us consider variations of the thermal properties of steam around the reference values
of Table 2. Figures 6–8 show the quality factor and phase velocity for different values of c1, c1
and b1, respectively. Increasing the thermal conductivity implies a shift of the relaxation peak to
the high frequencies, keeping the maximum value constant (Figure 6). This does not mean that
attenuation is the same. For instance, a plane wave exp½iðxt � jxÞ� expð�AxÞ that has traveled a
distance x, where j is the real wavenumber, has the attenuation factor

A ¼ px
2pQcp

/ x,

Figure 8. Quality factor (a) and phase velocity (b) as a function of frequency for a porous medium saturated with steam, for dif-
ferent values of b given in kg/(m s2

�
K).
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Figure 9. Quality factor (a) and phase velocity (b) as a function of frequency for a porous medium saturated with steam and
nitrogen. The solid is limestone.

Figure 10. Phase velocity as a function of frequency for a porous medium saturated with steam. The solid is quartzite or lime-
stone. The quality factor (not shown) is similar to that of Figure 5.

JOURNAL OF THERMAL STRESSES 11



([20], Eq. 2.123), since the product Qcp is not significantly affected. We can see that the higher
the frequency, the higher the damping the wave suffers for the same travel distance. On the other
hand, decreasing c1 or increasing b1 implies more attenuation, moving the peak to the low fre-
quencies in both cases (Figures 7 and 8).

The effect of the type of fluid with the same frame is shown in Figure 9, where the solid is
limestone and the fluids are steam and nitrogen. In the latter case, the peak is located at lower
frequencies. The effect of the type of solid is only significant in the phase velocity (Figure 10),
with higher velocities in the case of limestone, since it is a stiffer material.

Then, we consider three values of the pore size 2d. Figure 11 shows the quality factor (a) and
phase velocity (b) as a function of frequency for a medium composed of quartzite and steam.
The effect of varying d is to move the relaxation peak to the high frequencies, when d decreases,
in agreement with equation (11). A quite precise value of the peak frequency for this particular
model is

fpeak � 5D1

4pd2
,

Figure 11. Quality factor (a) and phase velocity (b) as a function of frequency for a porous medium saturated with steam. The
solid is quartzite and three values of the pore size, d, are considered.
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which is analogous to Eq. 7.449 in [20], regarding the location of the wave-induced fluid-flow
(mesoscopic) peak in poroelasticity.

Transient wavefields are effectively computed in the space-time domain, where the Zener
model (see Appendix E) is usually used to describe the velocity dispersion and attenuation [31].
Figure 12 compares the dissipation factor (a) and phase velocity (b) of the Zener (or standard-lin-
ear-solid) model with those of the present theory, corresponding to the case of Figure 5. i.e., a
porous medium saturated with steam, where f0 ¼ 7Hz, the minimum quality factor is Q0 ¼
17.75 and Z0 ¼ �qc2A: The fit has been achieved by assuming the same low-frequency velocity. As
can be seen, the agreement is acceptable in the seismic band (from 5 to 100Hz), indicating that
the Zener model can be a good approximation for numerical simulations. A better approximation
can be achieved with the Cole-Cole model, but its implementation in numerical modeling
requires the computation with fractional time derivatives [32].

The strain-displacement equation (2) used here is the classical one introduced by [10]. We
consider the formulation with a complex wavenumber and a real temporal frequency, because we
are interested in traveling waves [see Section 2.3 in [20]]. An alternative formulation is to con-
sider a complex frequency and a real wavenumber to describe stationary waves [Section 2.3.1 in
[20]]. Traveling waves are of main interest in seismology and electromagnetic geophysical meth-
ods, and usually the differential equations governing the field propagation are based on a source
and initial conditions [33].

Figure 12. Quality factor (a) and phase velocity (b) as a function of frequency for a porous medium saturated with steam.
Comparison between the present theory and the Zener (standard-linear-solid) model. The properties correspond to Figure 5.
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4. Conclusions

We present a simple, though general, model of thermoelastic attenuation in porous media. The
loss mechanism is that of conversion of mechanical energy in the form of deformations and/or
waves to the slow thermal mode, similar to wave-induced fluid-flow attenuation in poroelasticity.
The model provides the quality factor as a function of frequency and the phase velocity, based on
the Kramers-Kronig relations and can be used to obtain physical insight to analyze the effect of
the elastic and thermoelastic properties. The dissipation factor (reciprocal of Q) resemble peaks
obtained with the standard-linear-solid (Zener) mechanical model, although there are some differ-
ences, mainly at high frequencies. Strictly, the Lord-Shulman theory is used, although the relax-
ation peaks are located at low frequencies, where the thermal mode is diffusive.

The type of pore infill is highly dominant, since gases imply a higher contrast with the grain
properties. It is clear that the thermoelastic effect of steam on the spatial temperature profile is
several orders of magnitude higher than that of water and that attenuation and velocity dispersion
are much stronger. Similar peaks have been obtained in the past for empty voids and layering.

We found that increasing the thermal conductivity of the fluid implies a shift of the relaxation
peak to the high frequencies, keeping the maximum value of Q constant, although the higher the
frequency, more damping the wave suffers for the same travel distance. Moreover, decreasing the
specific heat or increasing the thermal expansion implies more attenuation, moving the peak to
the low frequencies in both cases.

The effect of the type of fluid (same skeleton) is to shift the location of the relaxation peak
and maximum attenuation, whereas the effect of the solid is only significant in the phase velocity,
with higher velocities in the case of a stiffer grain material, as expected. The relaxation peak
moves to the high frequencies when the pore size decreases, in agreement with the mesoscopic-
loss behavior in poroelasticity.

Numerical simulations can be achieved in the space-time domain by using the Zener model as
an approximation of the relaxation peak and velocity dispersion, but the the Zener parameters
have to be calibrated with the theory. The model can be extended to 2D and 3D space, in par-
ticular, the first step will be to consider a set of thin layers (compared to the wavelength) of infin-
ite lateral extent, as the White mesoscopic-loss model.

Appendix A. Dispersion equation. Classical and Lord-Shulman theories

The difference between the classical theory of thermoelasticity [9] and that of [10] is the introduction of a relax-
ation time s in the heat equation that transform this equation from parabolic to hyperbolic in the mathematical
terminology (e.g., ( [34], Chapter 4), i.e., from diffusive-like to wave-like. The idea dates back to James Clerk
Maxwell when he dealt with wave propagation in gases [11]. This avoids unphysical velocities of the P wave. To
show this, let us consider a space-time dependence exp ðixt � ikxÞ, where x is the real angular frequency,

k ¼ x
v
, (A.1)

is the complex wavenumber, v is the complex velocity and t is the time.
If the elasticity and heat equations (1) and (2) are uncoupled, the velocity of the P wave is simply v ¼ ffiffiffiffiffiffiffiffiffiffi

KI=q
p

,
but if these equations are coupled, the P-wave velocity is affected as follows. Equations (1) and (2) give the follow-
ing dispersion relation [15, 32]

v4 � ðc2A þMÞv2 þMc2I ¼ 0, M ¼ ixa2

1þ ixs
, (A.2)

where

cI ¼
ffiffiffiffiffi
KI

q

r
and cA ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2I þ c2T
p

(A.3)

are the isothermal and adiabatic velocities, respectively,
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cT ¼ cI

ffiffiffiffiffi
fb
c

r
, a ¼

ffiffiffi
c
c

r
, f ¼ bT0

KI
: (A.4)

Equation (A.2) has the solutions:

2v2 ¼ c2A þM6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc2A þMÞ2 � 4Mc2I

q
: (A.5)

There are two P-wave solutions, an elastic P wave (plus sign) and a thermal T wave (minus sign). At x ¼ 0 we
have two real solutions: v¼ 0 (T wave) and v ¼ cA (P wave). At infinite frequency, it is v ¼ 1 (P wave) and v ¼
cI (T wave).

[14] considers

s ¼ a2

c2I
(A.6)

for his lattice model [see his eqs. (34), (37) and (58)]. For x ! 1, we have M ! a2=s ¼ c2I and the solution is

2v2 ¼ c2A þ c2I6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc2A þ c2I Þ2 � 4c4I

q
, (A.7)

where the plus and minus signs correspond to the P and T waves, respectively. Denoting the velocities by c1 and
cT1, respectively, we have cT1 < cI < cA < c1: The relaxed and unrelaxed P-wave moduli of the model – with
the choice (A.6) – are

KA ¼ qc2A and K1 ¼ q
2

c2A þ c2I þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc2A þ c2I Þ2 � 4c4I

q
 �
, (A.8)

respectively.

Appendix B. Isostress conditions

The solution for the system shown in Figure 1 must be bounded at x ¼ 61: Then, a general solution must be

T̂ ¼ A1 exp þn2xð Þ � b2, x < �d,
T̂ ¼ A2 exp n1xð Þ þ A3 exp �n1xð Þ � b1, jxj � d,
T̂ ¼ A4 exp �n2xð Þ � b2, x > d,

(B.1)

where the subindices 1 and 2 indicate the fluid and grain, respectively. To obtain A1-A4, we impose boundary con-
ditions at x ¼ �d and x ¼ d, i.e., continuity of temperature and thermal current

T̂1 ¼ T̂2 and c1T1, x ¼ c2T2, x, (B.2)

respectively (e.g., ( [24], Eq. 2.1.5). We obtain

A1 exp �n2dð Þ � b2 ¼ A2 exp �n1dð Þ þ A3 exp n1dð Þ � b1,
n2c2A1 exp �n2dð Þ ¼ n2c2A2 exp �n1dð Þ � n1c1A3 exp n1dð Þ,
A2 exp n1dð Þ þ A3 exp �n1dð Þ � b1 ¼ A4 exp �n2dð Þ � b2,
n1c1A2 exp n1dð Þ � n1c1A3 exp �n1dð Þ ¼ �n2c2A4 exp �n2dð Þ:

(B.3)

Replacing A1 and A4 from the first and fourth equations into the second and third equations, respectively, we
obtain

a11 a12
a21 a22

� �
� A2

A3

� �
¼ q

�q

� �
, (B.4)

where

a11 ¼ þ exp ð�n1dÞðn2c2 � n1c1Þ,
a12 ¼ þ exp ðþn1dÞðn2c2 þ n1c1Þ,
a21 ¼ � exp ðþn1dÞðn2c2 þ n1c1Þ,
a22 ¼ � exp ð�n1dÞðn2c2 � n1c1Þ,
q ¼ �n2c2ðb2 � b1Þ,

(B.5)

Solving for A2 and A3 and calculating A1 and A4 from the first and fourth equations (B.3), we obtain the
coefficients
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A1 ¼ A4 ¼ A2 exp �n1dð Þ þ A3 exp n1dð Þ þ b2 � b1
� �

exp n2dð Þ,

A2 ¼ A3 ¼ q
det

ða22 þ a12Þ,

det ¼ a11a22 � a12a21,

(B.6)

Appendix C. Isostrain conditions

The equivalent to equation (4) for isostrain conditions is

ixð1þ ixsÞ�T ¼ D0�T , xx � ixb0, �T ¼ T
�
, D0 ¼ c

c
, b0 ¼ ð1þ ixsÞbT0

c
(C.1)

and we have assumed that the strain � is spatially constant. The roots have the same form of equation (5)

n0 ¼ 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ixð1þ ixsÞ

D0

r
, (C.2)

as well as the solution that of equation (7),

T̂ ¼ A0
1cosh n01x

� 
� b01, jxj � d,
A0
2 exp �n02jxj

� 
� b02, jxj > d,

(
(C.3)

where

A0
1 ¼

b01 � b02
coshðn01dÞ þ r0sinhðn01dÞ

, r0 ¼ c1
c2

ffiffiffiffiffiffi
D0

2

D0
1

s
(C.4)

and

A0
2 ¼ � r0sinhðn01dÞ

exp ð�n02dÞ
� A0

1: (C.5)

The complex stiffness can be obtained from equation (1) as

M0ðxÞ ¼ KI � b�TðxÞ: (C.6)

Integrating equation (C.6) over pore and grain gives the average stiffness

�M 0 ¼ 1
2dþ X

ðdþX

�d

M0dx ¼ /
2d

ðdþX

d

M0
2dxþ

ðd
�d

M0
1dx

0
B@

1
CA: (C.7)

After some calculations and replacing A0
1 and A0

2, we obtain

�M 0 ¼ �K 0 � �b
0 � /ðb01 � b02Þ

d r0 þ cothðn01dÞ
� � b1

n01
þ b2
2n02

� r0 exp ð�n02XÞ � 1
� �� �

, (C.8)

where

�K 0 ¼ /KI1 þ ð1� /ÞKI2, �b
0 ¼ / b01b1 þ ð1� /Þb02b2 (C.9)

are arithmetic (Voigt) averages.

Appendix D. Acoustic and thermal properties

These data is taken and modified from ( [7], p. 67, Table 5.2), based on the notation of [15]. The units are given
in the MKS system:
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absolute temperature,T0 :
�
K,

pressure, p : MPa : 106 kg=ðm s2Þ,
density, q : kg=m3

linear coefficient of thermal expansion, a :
�
K�1

isothermal bulk modulus,KI : GPa : 109 kg=ðm s2Þ
adiabatic bulk modulus,KA : GPa
specific heat, c : MPa=

�
K : 106 kg=ðm s2

�
KÞ

thermal conductivity, c : m kg=ðs3�KÞ
thermal diffusivityD0 ¼ c=c : m2=s,

(D.1)

where c and a here are qc and a=3 of Kjartansson, respectively, i.e., Kjartansson a is the volumetric thermal
expansion.

Since [15]

KA ¼ KI þ b2T0

c
, and b ¼ 3KIa,

we have

KA ¼ KI 1þ 9KIa2T0

c

� �
¼ KIð1þ dÞ: (D.2)

Eq. (5.36) of Kjartansson is

KA ¼ KI 1� 9KIa2T0
c

� 	�1
� KI 1þ 9KIa2T0

c

� �
,

since the 2nd term is small, unless for gas (steam and nitrogen). However, the values of d [obtained with equation
(D.2)] are slightly different from those of Table 5.2 of [7]. For steam and nitrogen, the values differ significantly.

From Table 1, we re-built another Table based on the parameters of the present paper.

Appendix E. Zener mechanical model

The Zener or standard-linear-solid model can be used to approximate the quality factor and phase velocity as a
function of frequency. The complex modulus of the Zener model is

Zðf Þ ¼ Q0 þ iðf=f0ÞðRþ 1Þ
Q0 þ iðf=f0ÞðR� 1Þ � Z0, R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Q2

0

q
, (E.1)

where f0 is the relaxation frequency, Q0 is the minimum quality factor at f0, Z0 is the zero-frequency modulus, f is
the frequency and i ¼ ffiffiffiffiffiffiffi�1

p
: The unrelaxed modulus (f ! 1) is Z1 ¼ ½ðRþ 1Þ=ðR� 1Þ�Z0, and the following

relations holds, Q0 ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffi
Z1Z0

p
=ðZ1 � Z0Þ, so that the modulus dispersion Z1 � Z0 can approximately be

obtained from Q0: Equation (E.1) has been obtained by [35] for a rod of arbitrary cross section vibrating trans-
versely, where Z0 and Z1 correspond to the isothermal and adiabatic moduli [ [1, 36], Eq. (3.41)].

The Zener Q factor is [20]

Q ¼ ReðZÞ
ImðZÞ ¼

Q0

2
� 1þ ðf=f0Þ2

f=f0
, (E.2)

and the phase velocity is

cp ¼ Re 1
v

� �� ��1, v ¼
ffiffiffi
Z
q

r
, (E.3)

where v is the complex velocity and q is the mass density [20].
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