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We compare viscoelastic models to obtain the seismic properties of a partially molten rock as a function of
temperature, pressure and tectonic stress. Invoking the correspondence principle, the material of the inclusions
is represented by a Maxwell mechanical model, where the Arrhenius equation and the octahedral stress criterion
define the Maxwell viscosity. One of the most advanced models is the self-consistent or coherent-potential ap-
proximation (CPA), which considers oblate spheroidal inclusions of arbitrary aspect ratio and high concentra-
tion. The physical mechanism behind the Arrhenius equation is grain-boundary relaxation, and melt occurs
beyond a critical temperature. The seismic properties (stiffness, wave velocity and dissipation factor) are ob-
tained with the CPA, Hill, Hashin-Shtrikman, Walsh and Krief-Gassmann equations. The latter model and the
Hashin-Shtrikman average make no assumption on the shape of the inclusions. All the models show similar

trends, predicting relaxation peaks at seismic frequencies and at the brittle-ductile transition.

1. Introduction

Geophysical methodologies such as seismic surveys, processed with
traveltime tomography and waveform inversion, are extensively used to
map the structure of the Earth mantle and crust and understand their
complex tectonic history (e.g., Finetti, 2005). The presence of partial
melt gives information about this structure and the in-situ pressure-
temperature conditions of rocks. Then, modeling the effects of melting
on the seismic properties, particularly on anelasticity and wave at-
tenuation, is essential (McCarthy and Takei, 2011; Jackson, 2015;
Takei, 2017; Lee et al., 2017).

Partial melt occurs in the crust and mantle and plays a role to define
the brittle-ductile transition and the low velocity zone in the upper
mantle (Nur, 1971; Rimas Vay$nis, 1968; Anderson, 1970; Takeuchi,
1972; Jackson et al., 2006; Lee et al., 2017; Farina et al., 2019). Ex-
periments show that melting occurs as thin lenses with low aspect ratio
(ideally represented by penny shaped inclusions) and thin films wetting
the rock grains (Waff and Bulau, 1979; Schmeling, 1985). Molten rocks
show a high degree of attenuation, which is also relevant to char-
acterize the seismic response of volcanoes. The squirt-flow model has
been used to explain attenuation in the asthenosphere (Mavko and Nur,
1975). However, Hammond and Humphreys (2000) conclude that melt
squirt is not responsible for attenuation in the seismic band, on the basis
that no relaxation occurs due to fluid flow between inclusions due to
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pressure gradients. Thus, melt mobility has little effect on attenuation.
They state: “Some conceivable melt distributions, however, would re-
sult in detectable attenuation in the seismic band”.

Walsh (1968, 1969) developed a theory to obtain the seismic proper-
ties of a partial molten rock, where the stiffness of the inclusions (penny
shaped cracks, Fig. 1) are represented by a Maxwell mechanical model
(e.g., Karato and Spetzler, 1990; Pichler and Lackner, 2009; Carcione,
2014). Anderson (1970), Takeuchi (1972) and Schmeling (1985) have
used Walsh theory to describe the seismic properties of media with partial
melting. A more realistic model, not restricted to diluted inclusions, is the
coherent-potential approximation (CPA) proposed by Berryman (1980a,
1980b). This approach is a self-consistent approximation and can be
considered an extension of the Walsh theory and the well-known theory of
Kuster and Tokso6z (1974) to arbitrary volume fractions of the constituents
(Berryman, 1995). This model (and Walsh's) has a parameter with the
aspect ratio, a, of the inclusions, which here are assumed to be penny
shaped (Fig. 1). This theory has no restriction on the melt concentration,
while it takes into account the interaction between inclusions. Moreover,
triple grain junctions (or grain contacts), where melt occurs, can be seen as
three very thin cracks at random orientations (the three divergent
boundaries ideally meet at near 120°) (Hammond and Humphreys, 2000),
so that our models, based on inclusions, can be a good approximation,
since at the scale of the signal wavelength, they describe effective prop-
erties in an isotropic medium.
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Fig. 1. Randomly oriented spherical and oblate spheroidal inclusions. The as-
pect ratio of the spheroidal inclusions is a = r/R, where the two major semiaxes
of the ellipsoid are equal to R. The spheroids may represent thin films (disks),
penny shaped inclusions or compliant cracks filled with molten materials be-
tween grain contacts.

Gassmann's equations are also considered (e.g., Carcione, 2014; Kim
et al., 2019), based on Krief dry-rock moduli and a solid infill (the in-
clusions, i.e., the molten material). In this case, there is no assumption
on the shape of the inclusions. Gassmann's equation generalized to the
case of a solid pore infill has been introduced by Ciz and Shapiro (2007)
and Carcione et al. (2011). Moreover, a composite medium has stiffness
bounds given by the Hashin-Shtrikmann-Walpole (HS) equations (e.g.,
Mavko et al., 2009), which provide a range of validity, since these
bounds hold by any geometrical configuration of the two-phase com-
posite. The averages of these bound generally provide a suitable esti-
mate of the stiffnesses.

The properties of the partially molten medium (frame and inclusion)
depend on stress and temperature through the Maxwell shear viscosity
(e.g., Walsh, 1969; Pichler and Lackner, 2009; Carcione and Poletto,
2013; Carcione et al., 2014; Carcione et al., 2017). We perform a
comparative analysis of the different models, namely, the simple and
heuristic Voigt-Reuss-Hill average, the HS average, Gassmann equa-
tions, Walsh model and the CPA model. All the models consider an
isotropic frame and the last two are based on oblate spheroidal inclu-
sions. We combine these models with the Arrhenius equation, based on
the octahedral stress criterion, including the effect of temperature (e.g.,
Carcione et al., 2006; Carcione and Poletto, 2013) to obtain the seismic
properties as a function of depth.

2. Models of effective stiffness moduli

We assume a background medium composed of n phases with ran-
domly oriented and ellipsoidal isolated inclusions of bulk and shear
moduli K; and y;, i = 1, ..., n, where 1 and 2, ..., n refer to the back-
ground (frame) and inclusions, respectively. We consider five models to
obtain the stiffnesses of the composite, where the inclusions have a
minor axis to major axis ratio (the aspect ratio) ranging from a = 1
(stiff pores) to a < 1 (cracks). The molten (or partially molten) phases
have the form of oblate spheroids (Fig. 1).
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2.1. Arrhenius viscosity related to grain-boundary relaxation

The shear modulus of the frame and inclusions are mechanically
represented by the Maxwell model, i.e.,

. -1
M = Gi(l - ﬁ)
w1); (@)

where G; is the rigidity at infinite frequency and infinite viscosity, #; is
the Maxwell viscosity, @ is the angular frequency, and i = V=1 (e.g.,
Carcione, 2014). For n; — 0, i; — 0 and the medium becomes a fluid.
The viscosity 7; can be expressed by the Arrhenius equation
(Carcione and Poletto, 2013) as
1-n;

g
=2 E/RT),
= o, exp(Ei/RT) @

where 0, is the octahedral stress,

6 = 3@ = ) + (@ — ) + (@ — ) .
(e.g., Carcione et al., 2006), where o is the stress component in the
principal system, corresponding to the vertical (v) lithostatic stress, and
the maximum (H) and minimum (h) horizontal tectonic stresses, A; and
n; are constants, E; is the activation energy, R = 8.3144 J/mol/°K is the
gas constant and T is the absolute temperature. The form of the relation
(2) is determined by performing experiments at different strain rates,
temperatures and/or stresses (e.g., Gangi, 1983). The physical me-
chanism behind the Arrhenius equation is grain-boundary relaxation.
Rocks can be viewed as composites of crystalline particles or “grains”
separated by thin amorphous grain boundaries. The disaggregation of
these boundaries induces anelasticity. This process takes places con-
tinuously before melting (e.g., Zhang et al., 2009; Takei, 2017). We
have applied this model from 2013 (Carcione et al., 2018b and refer-
ences therein), where we have combined viscoelasticity and por-
oelasticity with the Arrhenius equation. Fig. 5 in Carcione and Poletto
(2013, Eq. (24)) shows that the velocities and quality factors abruptly
decrease after a given viscosity dictated by a critical (transition) tem-
perature and the Arrhenius equation. This quantity is analogous to the
solidus temperature in Takei (2017).

2.2. Voigt-Reuss-Hill average

The Reuss and Voigt bounds are the wider bounds possible. The
average is termed Voigt-Reuss-Hill (VRH) average. The Voigt (Ky) and
Reuss (Kg) averages are iso-strain and iso-stress approximations, re-
spectively (the stress and strain are unknown and are expected to be
non-uniform). Despite its simplicity, the VRH estimates were found in
most cases to have an accuracy comparable to those obtained by more
sophisticated techniques such as self-consistent schemes and are valid
for complex rheologies such as general anisotropy and arbitrary grain
topologies (e.g., Man and Huang, 2011; Picotti et al., 2018). For two
phases of proportions 1 — ¢ and ¢ (inclusions), the composite bulk
modulus is

1
K= E(KV + Kg), “

where
Ky =(1-¢)K + ¢Kand Kg' = (1 - $)Ki ' + ¢K; ", )
and a similar equation for y, replacing K; with y;, i = 1, 2.
2.3. Hashin-Shtrikman average
It is well known that an elastic two-phase composite, with no re-

striction on the shape of the two phases, has stiffness bounds given by
the Hashin and Shtrikman (1963) equations,
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Kis =K + ¢ !

& -K)'+Q- ¢)(K1 + gﬂg) 6)
and
uE o=+ ¢ e T

(,“2 - #1)71 + (1 - ¢) I::ul + ?( Kﬁ+2}tﬁ ):l (7)

where we obtain the upper bounds when K and yg are the maximum
bulk and shear moduli of the single components, and the lower bounds
when these quantities are the corresponding minimum moduli, i.e., if
B = 1 (stiffer medium), we have the upper bounds, and = 2 gives the
lower bounds (Mavko et al., 2009).

The averages of these bounds are

_ 1 s - S -
K= 2(KVHS"'I<HS), M= 2(#1{5 +#HS)‘ (8)

Then, the model parameters in this case are the melt proportion, ¢,
and the stiffnesses of the background and molten phase, where the
shear moduli can be complex.

2.4. Walsh model

In this model, the stiffness of the inclusions (penny shaped) are
represented by a Maxwell mechanical model. Walsh neglects the in-
teraction between the inclusions and this requires a dilute solution, i.e.,
the porosity must be less or equal to the aspect ratio of the inclusions
[Walsh removed the self-consistent assumption present in Wu (1966)].

The effective bulk modulus K and effective rigidity p are (Walsh,
1969),

5—1—45(1—&) 3K + 4,
K K )3K + 4u, + v 9
and
Mo 2(1 ~ &)[1 L8 206K, 2#1)}
M 5 My 4u, + ¥ 3Kr + 4u, + v (10)
where
_ 3map 3Ky + ) 3map, 3Ky + 2u,)
3K, + 4u, e 3Ky + 4u, ’ an

and ¢ is the concentration of the inclusions, which is assumed to be
very small in this model, i.e., ¢ < 1. Strictly, we obtain the Walsh
model for y; = 0 and G, = 0. The theory holds for a <« 1. In this case,
an additional parameter is the aspect ratio, a.

2.5. Gassmann model

The poroelasticity theory provides other expressions, based on
Gassmann equations. Since we are dealing with molten material, we use
the generalization of these equations to the case of a solid pore-infill,
obtained by Ciz and Shapiro (2007). In this way, we can model, partial
melting, i.e., melt and fluid in the pore space. The Gassmann moduli are

— Kl - Km + ¢Km(K1/K2 - 1) K, = Kl(l _ ¢)/\/(1,¢)
1-¢—Kn/Ki+ ¢K/E;, ~ " a2)

and

My = My + P, (g, — 1) _
s My =y (1 — )V,
1—¢ — w,/p + dpy/u, ! 13)

l,[:

where K, and p, denote the dry-rock moduli obtained with Krief
equation (Carcione et al., 2011), where A is a lithological parameter,
which is related to the degree of compaction versus depth. These
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equations are approximate and may violate the bounds when exceeding
a critical porosity value of 0.4 approximately. This happens because the
Gassmann moduli approach the Reuss bound and the isostress as-
sumption behind this bound does not apply for isotropic composites
made of solids, i.e., when each component has a finite shear modulus.
In this case, the model parameters are the melt proportion, ¢, the
stiffnesses of the background and molten phase, and A in Krief equa-
tions. Here, we consider A = 12.

2.6. Self-consistent scheme (CPA model)

In the self-consistent approximation, the interaction of inclusions is
approximated by replacing the background medium with an unknown
effective medium whose stiffnesses have to be found implicitly. The
CPA model has been used by Gurevich and Carcione (2000) to obtain
the stiffnesses of sand-clay mixtures, where the inclusions are spherical,
i.e., a = 1. In the CPA scheme, the effective bulk and shear moduli of a
composite medium (K and p), with n spheroidal inclusions, each with
aspect ratio @; and proportion ¢;, are obtained as the roots of the fol-
lowing system of equations

S 4.~ K)B = 0,
i=1

¢i[l"i - ﬂ)Qi =0,
1 (14)

for n phases, where

M:

K+§Mi .

P=——71——— i=1..n

Ki+ su + maip

2
8 Ki+ 3G +p)

Q==|1+ ad +2—— 2 ,

5 A, + ma; (u + 2) Ki + Si + maB

3K+ u
p=p b

3K + 4u (15)

for penny-shaped cracks (q; < 1) and

K+§,u
1= i=1,.,n

Ki"'g“,
_ kS
w+ <
M 9K + 8u

= Kv (16)

Qi

for spheres (Berryman, 1980a, 1980b, 1995; Mavko et al., 2009, p.
187),
For two phases, we have

1 -¢)&K - K)P + ¢(K — K)P, =0,
Q=P — w1+ ¢(u, —)Q2=0. a7

A limitation of this theory is that the inclusions are isolated, so that
pore pressures are not equilibrated. The expressions for penny-shaped
cracks hold for soft inclusions (compared to the background) and small
aspect ratios (Walsh, 1969; Berryman, 1980b). Actually, there are
(more complex) exact expressions for P and Q, which hold for any as-
pect ratio of the oblate spheroidal inclusions, including spherical in-
clusions and thin cracks: P = %’I}w and Q = %(Tijij — P), where T;; and
Tj; are given in Appendix A of Berryman (1980b) or in page 189 of
Mavko et al. (2009). The expressions P; and Q, for spherical inclusions
are exact, while the approximations P, and Q, slightly deviate from the
exact expressions at high aspect ratios of the cracks.
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3. Seismic properties

The phase velocity, attenuation factor and quality factor are

N
C":[Re{?}] ’ 18)

a= —mlm{l}

h c (19)
and

_ Re{c?}

~ Im{e?}’ (20)

respectively, where w = 2mxf is the angular frequency, ¢ denotes cp or c;,

being the complex and frequency-dependent P-wave and S-wave velo-
cities, respectively,

|K + 4u/3

= \’7

where p is the bulk mass density (Mainardi, 2010; Carcione, 2014).

and ¢ =

2D

4. Results

We first consider the CPA model and the well-known example given
in Mavko et al. (2009) in page 188 as a reference, and generalize it to
the viscoelastic case by considering a Maxwell viscosity associated to
the shear modulus of the inclusions (this viscosity is a free parameter).
The CPA model is considered to be the most advanced. The problem
consists in calculating the complex effective bulk and shear moduli of a
rock consisting of spherical quartz grains (a = 1) and total porosity 0.3.
The pore space consists of spherical inclusions (a = 1) and thin, penny-
shaped cracks (a = 0.01). The thin cracks have a porosity of 0.01, and
the remaining porosity (0.29) is made up of the spherical pores. The
inclusions are modeled as in Walsh (1968, 1969), i.e., with
u = iwn = 2mify, where f is the frequency. The number of phases is
n = 3 and the medium properties are shown in Table 1. To solve Eq.
(14), we use the algorithm developed by Goffe et al. (1994), based on
Corana et al. (1987). The Fortran code can be found in: https://
econwpa.ub.uni-muenchen.de/econ-wp/prog/papers/9406,/9406001.
txt. Fig. 2 shows the results. We can see two peaks with very low values
of @, at log1o (2 fy) = —0.5 and 1.5, corresponding to f = 0.05 5!
GPa, and f = 55~ ! GPa, respectively. For 5 = 10~ > GPa - s, we obtain
50 Hz and 5 kHz; and » = 10 GPa - s yields 0.005 Hz and 0.5 Hz, re-
spectively. At high values of wz the model predicts extremely high at-
tenuation values, proper of diffusion fields, not waves.

We now consider a medium with cracks filled with a molten ma-
terial. Takei (2000) provides the properties of borneol-diphenylamine
at 50 °C, a binary eutectic system of the organic compounds, an ap-
propriate analogue of melting in the Earth's mantle (Table 3 in that
paper). The solid frame has K; = 3.11 GPa, y; = 0.877 GPa and
p1 = 1011 kg/m®, whereas the molten material has K, = 2.67 GPa,
Uy = iwn, p; = 1051 kg/m>, with # a free parameter. We consider
A = 12, ¢ = 5%, the aspect ratios a; = 1 and a, = 0.01, and
n = 0.001 GPa s = 10° Pa-s = 107 P. Nur (1971) inferred a range
10°-10"2 P for the viscosity of melt in the low-velocity zone under
North America.

Figs. 3 and 4 show the P- and S-wave phase velocity (a) and

Table 1
Rock properties.
Medium K (GPa) u (GPa) ¢ p (kg/m>)
1 37 44 0.7 2650
2 2.25 iwn 0.29 1040
3 2.25 iwn 0.01 1040
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Fig. 2. Phase velocity (a) and dissipation factor (b) as a function of log;o (wn)
corresponding to the CPA model and the generalization to the anelastic case of
a problem solved in Mavko et al. (2009, p. 188).

dissipation factor (b). All the models predict a peak of the dissipation
factor between 1 and 10 Hz, with similar strength (Qp = 13 and
Qs = 3), whereas the Walsh model predicts a second strong peak at the
sonic frequencies (10 KHz). The VRH, HS and CPA models predict a
diffusive behavior of the P wave at high frequencies (Qp is very low),
and the slopes follow that of the Walsh peak. Gassmann model, based
on a low-frequency assumption, gives a different high-frequency limit,
as well as the Walsh model, which shows a negative dispersion beha-
vior. However, in this case, all the models should be considered reliable
at seismological and seismic-technology frequencies, say, up to 1 KHz.
The imaginary part of the bulk modulus is negligible in all the cases, so
that there is no loss due to dilatational deformations of the medium.
The attenuation of the P wave is mainly due to shear deformations, such
that for all the models Qp = Qs + 0.75Re(K)/Im(u) > Qs. It is re-
markable that all the models predict a similar loss and velocity dis-
persion. This confirms the fact that even simple heuristic models, such
as the VRH model, are suitable from a practical point view. Fig. 5 shows
the variations of the P-wave velocity and attenuation with aspect ratio.
Velocities decrease with decreasing aspect ratio (Xu and Payne, 2009;
Yang et al., 2017), whereas the strength of the peaks and velocity dis-
persion increase for decreasing aspect ratio. The second peak of the
Walsh model at 10 KHz and the slope of the CPA model at high fre-
quencies do not depend on the aspect ratio.

The Walsh and CPA models are based on isolated inclusions and no


https://econwpa.ub.uni-muenchen.de/econ-wp/prog/papers/9406/9406001.txt
https://econwpa.ub.uni-muenchen.de/econ-wp/prog/papers/9406/9406001.txt
https://econwpa.ub.uni-muenchen.de/econ-wp/prog/papers/9406/9406001.txt

J.M. Carcione, et al.

2.3 ;
@ —— VRH i
---HS i

oo b Walsh :: I
—-—-- Gassmann ! !

P-wave phase velocity (km/s)

(b) 175
150 -
125 -
100 -

75 1

1000/Q,

50

25 4

log[Frequency (Hz)]

Fig. 3. P-wave phase velocity (a) and dissipation factor (b) as a function of
frequency.

flow takes place, so that there is no time for wave-induced pore-pres-
sure increments to flow and equilibrate. This behavior is appropriate to
ultrasonic laboratory conditions. However, both models predict re-
laxation peaks at the seismic band. Walsh (1969) states that there is a
low-frequency peak at f, = du1/n = 2.8 Hz (log f, = 0.45) [§ = y1/
(4111)], so that if a is small and 7 is large enough, the critical frequency
can occur in a range of geophysical interest.

We now consider the Arrhenius equation to define the shear mod-
ulus of the inclusions, with the aspect ratio varying with depth.
According to Sun and Goldberg (1997a,b), the aspect ratio can be ex-
pressed with an exponential dependence on the effective pressure.
Here, we consider a linear transition from ag to a.. < ao, the values at
the initial and final depths, respectively. The temperature is a function
of depth through the geothermal gradient G as T = 2G, where z is
depth. The lithostatic stress is 0, = —pgz, where g is the average density
and g = 9.81 m/s? is the gravity constant. To obtain the octahedral
stress (3) we consider a simple model based on the gravity contribution
at depth z. The horizontal stresses is estimated as oy = vo, and
on = éoy, with v = (3K; — 2G1)/[2(3K; + G;)] the Poisson ratio. The
parameter £ < 1 has been introduced to model additional effects due to
tectonic activity (anisotropic tectonic stress).

We consider the properties listed in Table 2 and a frequency of 3 Hz.
Moreover, a.. = 0.001, @, = 0.02, G = 60 °C/km, § = 2600 kg/m?>
and ¢ = 0.8. There are two activation energies, that of the background
(E1) and that of the inclusions (E5), the inclusions melting at a lower
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Fig. 4. S-wave phase velocity (a) and dissipation factor (b) as a function of
frequency.

temperature. The above degree of stress anisotropy is consistent with
values at prospective depths provided by Hegret (1987) for the Cana-
dian Shield, and in agreement with data reported in Engelder (1993, p.
91).

Fig. 6 shows the shear-wave velocity and dissipation factor of the
background and inclusions as a function of depth, where the viscosity
decreases from 18 GPa - s to approximately 4 x 10~ % GPa - s. At this
viscosity, the melt is almost a fluid, since the velocities approach zero
with increasing depth. This is the case of mid-ocean ridge basalt
(MORB) melts, that have viscosities between 10~ !° GPa - s and 10~°
GPa - s (Villeneuve et al., 2008). The transition from brittle to ductile of
the mineral and inclusions occurs at different depths, 9 and 11 km,
respectively, due to the different activation energies of the two phases.
This is a specific example where the transitions are very shallow and
there may be cases where these transitions are deeper. As an average,
the brittle-ductile boundary occurs between 13 and 18 km. Fig. 7 shows
the velocities and dissipation factors of all the models, whose results are
very similar. Similar velocity curves are reported in Lee et al. (2017,
Fig. 4), but as a function of the fraction of melt. The P-wave dissipation
factor has quasi-symmetric peak similar to a relaxation peak. Its loca-
tion depends on the value of the activation energies, where lower ac-
tivation energies imply shallower peak depths. Similar peaks at a given
depth have previously been predicted by Carcione and Poletto (2013)
and Carcione et al. (2018a,b) with the Burgers model. Since the prop-
erties depend on wry; and wy,, the peaks move to shallow depths for
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Fig. 5. P-wave phase velocity (a) and dissipation factor (b) as a function of
frequency, corresponding to the Walsh and CPA models. The numbers indicate
the aspect ratio.

Table 2

Rock properties.
Medium K (GPa) G (GPa) ¢ p(kg/m®>) n A (MPa) "s”' EkJ/mol
1 60 3K/5 0.95 2800 2 100 140
2 40 3K/5 0.05 2600 2 100 120

decreasing frequency. If we take E; = 90 kJ/mol, the inclusions melt at
shallower depths. Fig. 8 shows that all the models clearly predict two
peaks, whose locations are determined by the activation energies.
Finally, we compare the theoretical results to experimental data,
although there is a lack of data in the literature regarding attenuation as
a function of temperature of partial molten media. Sato et al. (1988)
provides ultrasonic P-wave velocity and Q factor of peridotite versus
temperature. Most of the input parameters needed for the theory are
absent in this work. However, we attempt a qualitative comparison,
trying to honour the conditions of the experiment as better as possible.
Fig. 9 shows the experimental data, although the velocity and Q have
been measured at different pressure conditions. We consider the prop-
erties given in Table 3, and f = 300 kHz, ¢y = a.. = 0.01,
0, = 200 MPa, and ¢ = 0.25. The theoretical results are shown in
Fig. 10, corresponding to the P-wave phase velocity (a) and quality
factor (b) of peridotite as a function of temperature obtained with four
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Fig. 6. S-wave phase velocity and dissipation factor of the background medium
(frame) (a) and inclusion (b) as a function of depth.

different models. As can be seen, the behavior of the model predictions
is qualitatively similar to the experimental data in Fig. 9.

4.1. Further research

Other models that can be applied to calculate the quality factor of
molten rocks are given in Rimas Vaysnis (1968), Kerner (1956), Hill
(1963, 1965) and Richard (1975), that have to be generalized to the
viscoelastic case. The model by Mavko (1980) is based on pores with
the geometry of tubes. Mavko found that increasing attenuation is ex-
pected when melt is in the form of films; the least where in the tube
geometry; and almost any intermediate values when mixtures of tubes
and films. This effect can further be studied in the context of this work.

Takei (2017) stated that geochemical studies show that the melt
fraction during partial melting is small (=0.1%), and it is difficult to
explain upper-mantle low-velocity regions by the effects of melt. Takei
indicates grain-boundary relaxation to induce significant polycrystal
anelasticity before partial melting in the absence of melt, to be the
cause of the observed attenuation.

To improve the model, pressure effects on the viscosity can be in-
troduced, where

n =explk(1 + kyp)/T], (22)

where p is pressure and k; and k, are constants (Nur, 1971). This
equation is a generalization of the Arrhenius Eq. (2). At shallow depths,
the temperature effect is dominant and viscosity decreases significantly
with depth. At greater depth, pressure causes the viscosity to increase.

Heat flow, neglected in this case, can be another cause of
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Fig. 7. P- and S-wave phase velocity (a and c) and dissipation factor (b and d) as a function of depth for activation energies of 140 and 120 kJ/mol (frame and
inclusions, respectively) and a frequency of 3 Hz.

Fig. 8. P- and S-wave phase velocity (a and c) and dissipation factor (b and d) as a function of depth for activation energies of 140 and 90 kJ/mol (frame and
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Fig. 9. Experimental data. P-wave phase velocity (a) and quality factor (b) of
peridotite as a function of temperature at various pressures (after Sato et al.,
1988). Here, we consider the data corresponding to the full circles.

Table 3

Properties of peridotite.
Medium K (GPa) G (GPa) p(kg/m®) n A (MPa) "s™' E kJ/mol
1 97 54 3000 2 10° 210
2 97 54 3000 2 10° 180

attenuation (e.g., Carcione et al., 2018c). Adiabatic temperatures are
induced, different in the solid and melt phases because of their different
thermodynamic constants. One mechanism occurs when these local
adiabatic temperature gradients are relaxed. A second relaxed state
occurs when the induced solid-melt phase change is complete and the
local temperature gradients resulting from the release or absorption of
latent heat of fusion are relaxed (Mavko, 1980).

The analysis presented here can also have applications to model the
properties of carbonate rocks, where the pore infill is a fluid and cracks
of different aspect ratios are present. Xu and Payne (2009) considered
the lossless case based on equant and soft pores. A generalization to the
anisotropic case can be based on Henriques et al. (2017), with suitable
anelastic properties.

5. Conclusions

We have compared viscoelastic models to obtain the seismic
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Fig. 10. P-wave phase velocity (a) and quality factor (b) of peridotite as a
function of temperature obtained with four different models.

properties of partially molten rocks as a function of temperature, depth
and pressure. The inclusions are represented by a Maxwell mechanical
model, where the Arrhenius equation and the octahedral stress criterion
define the Maxwell viscosity, which describes the brittle and ductile
behavior of the partially molten material. All the models show similar
trends, predicting relaxations peaks at seismic frequencies and as a
function of depth, at the brittle-ductile transition. The self-consistent or
coherent-potential approximation, which considers oblate spheroidal
inclusions of arbitrary aspect ratio, can be useful to obtain information
about the geometrical characteristics of the pore space. Applications
range from global seismology to geothermal studies. The models can be
used to improve our knowledge of partial melt in the crust and mantle.
In this case, the presence of supercritical fluids can easily be im-
plemented into the theory.
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