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Chapter 25

Wave Theory, Simulation, and Determination of
Gas-hydrate Content in Sediments
José M. Carcione1, Davide Gei1, Giuliana Rossi1, and Umberta Tinivella1

Abstract
The characterization and detection of gas hydrate in
sediments can be described by a Biot-type theory for wave
propagation at all frequency ranges, including the effects
of attenuation, partial saturation, and effective pressure.
Differential equations can be recast to compute synthetic
seismograms in heterogeneous media. Amplitude variations with angle (AVA) of the bottom-simulating reflector
(BSR) allow one to obtain information about the concentration of gas hydrates, gas saturation, and grain cementation.
Concentration and saturation can be estimated from log and
VSP data and traveltime tomography, based on the BiotGassmann seismic-velocity equation. Moreover, the P-wave
quality factor can be obtained by attenuation tomography,
which constitutes an additional technique to determine the
presence of hydrates, the type of fluids, and their distribution in the sediments.

Introduction
A sediment saturated with gas hydrates (clathrates) is
a partially frozen porous medium in which the presence
of freezing has an important effect on seismic velocities.
Hence, seismic methods are suitable techniques to quantify
the concentration of gas hydrates, water saturation (the unfrozen component), and gas saturation.
Leclaire et al. (1994) have proposed a theory for frozen
media with three material phases (grains, ice, and water).
The theory assumes no interaction between the grains and
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ice and predicts three compressional waves and two shear
waves. Carcione and Tinivella (2000) have included the
missing interaction and the effect of grain cementation as
a function of ice content. The original theory of Leclaire
et al. (1994) has been tested by Leclaire et al. (1995) in
comparison with results obtained from laboratory experiments. Gei and Carcione (2003) further generalize the theory to include pore-pressure effects, partial saturation, and
loss mechanisms of different kinds.
Carcione and Seriani (2001) develop a seismic-modeling
algorithm based on the previous theory, introducing realistic seismic attenuation by using memory variables, implying additional first order in time-differential equations.
The involved wave equation holds for uniform porosity.
The differential equations for variable porosity are given
in Biot (1962), recasting the system in terms of the matrix (or frame) displacements and variation of fluid content. Using this approach, Carcione et al. (2003) obtain
the stress-strain and momentum-conservation equations
of the three-phase frozen medium by using the analogy with
the two-phase equations of motion and the complementaryenergy theorem. On these lines, Carcione et al. (2005b)
generalize the Gassmann bulk modulus (Gassmann, 1951)
to model many grain minerals.
Using the above-mentioned theories, we obtain the
hydrate content at the Mallik research-well location and
at offshore Svalbard, Norway (Carcione and Gei, 2004;
Carcione et al., 2005a). The estimation is based on seismic velocities obtained from well logs and vertical seismic
profiles (VSP) in the first case and single-channel and OBS
(ocean-bottom seismograph) data in the second case. The
OBS data have been processed by using traveltime tomography of direct and reflected waves. The differences
between the tomographic velocities and a profile for marine sediments without hydrates are converted to concentration of clathrates and saturation of free gas.
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Differential Equations of Motion
Leclaire et al. (1994) and Carcione and Seriani (2001)
deal with the constant-porosity differential equations because they are based on the average solid displacements
as Lagrangian coordinates. That approach is used by Biot
(1956) when he introduces for the first time the theory to
model waves in a two-phase medium. Then Biot (1962)
generalizes the governing equations to variable porosity
using the matrix displacements and the variation of fluid
content. In this case, the fluid pressure is one of the generalized forces of the Lagrangian formulation. The resulting
differential equations are used to obtain synthetic seismograms in heterogeneous media. These equations are consistent with the law of Darcy and the conditions satisfied at
material interfaces in porous media.
The same approach has been used by Santos et al.
(1990a) and by Santos et al. (1990b) for partially saturated media. Details for a fully saturated porous medium
can be found in Biot (1962) and in Carcione (2007). In the
following, we describe the stress-strain relations and the
momentum-conservation equations of the frozen porous
medium (Carcione et al., 2003).
The notation denotes by 1, 2, and 3 the matrix, fluid,
and ice (gas hydrate), respectively. Moreover, subindices
s, f’, and h denote sand grains, fluids, and ice (or hydrate),
respectively, and subscripts i and j refer to the spatial variables. Let us consider an elementary volume of material
Ω, with Ωm the partial volumes. The quantity of ice per
unit volume of solid (grains plus ice) is denoted by I,
i.e., I 5 Ω3 /(Ω1 1 Ω3), whereas the fluid proportion is
ff 5 Ω2 /Ω 5 Ω2 /(Ω1 1 Ω2 1 Ω3).
The following relations hold:
fs 1 fh 1 ff 5 1,
f f 5 1 2 fs / 1 1 2 I 2 ,
fh 5 I 1 1 2 ff 2 ,
I 5 fh / 1 f s 1 fh 2 ,

fh 5 Ir 1 1 2 fs 2 ,

#

v 1i3 2 5 g21P i11 2 1 g22P i12 2 1 g23P i13 2,

$
wi 5 g31P i11 2 1 g32P i12 2 1 g33P i13 2,

(3)

where

#
112
112
132
P i112 5 sij,
j 2 1 b13 1 Ib12 2 1 vi 2 vi 2 1 1 b12 /ff 2 w i,

#

132
112
132
P i122 5 sij,
j 2 3 b13 1 1 1 2 I 2 b23 4 1 vi 2 vi 2 1 1 b23 /ff 2 wi,

#
Pi132 5 2pf, i 2 1 hw/k 2 3 w i 1 ff 1 I 2 k/ki 2 1 vi132 2 vi112 24 . (4)

A dot above a variable indicates time differentiation,
and a spatial derivative with respect to the variable xi is
denoted by subscript i. Moreover, gij are the components
of
r11 1 1 1 2 I 2 r12
° r13 1 1 1 2 I 2 r23
rw1

r13 1 Ir12
r33 1 Ir23
rw3

r12 /ff 21
r23 /ff ¢ ,
c

(5)

where c is given by equation A-18 of Appendix A.
The stress/particle-velocity relations are obtained
from equation A-36 of Appendix A and by using eij1m25
1 vi,1mj2 1 vi,1mj2 2 /2, m 5 1, 3. The velocity-stress formulation
in matrix form is

#

(6)

where
(1)

(2)

where 0 ≤ I9 ≤ 1. By porosity, we intend the fluid proportion ff and not the porosity when the rock has no ice, i.e.,
fh 1 ff 5 1 – fs.

Velocity-stress formulation
The numerical algorithm uses the velocity-stress
formulation of the equations of motion. These are firstorder differential equations in which the field variables
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#

v 1i1 2 5 g11P i11 2 1 g12P i12 2 1 g13P i13 2,

v 5 Mv 1 s,

For a fixed proportion fs, the range of I is 0 , I , 1 –
fs. The ice content can be expressed alternatively as I9 5
Ω3/(Ω2 1 Ω3), and
ff 5 1 1 2 Ir 21 1 2 fs 2 ,

are the particle velocities and the stress components (see
Appendix A). They can be obtained from equations A-1,
A-13, A-14, and A-16 of Appendix A.

#
v 5 3 vi112, vi132, wi, sij112, sij132, pf 4 T

(7)

has 22 variables in three dimensions and 13 variables in
two dimensions,
s 5 3 0, 0, 0, 0, 0, 0, 0, 0, 0, sij112, sij132, sij122 4 T

(8)

is the vector of sources, and matrix M is the propagation
matrix.
The theory predicts five wave modes. P1 and S1 are the
classic P- and S-waves, corresponding to motion in phase.
These modes are waves no matter the viscosity values and
frame permeabilities. Modes P2 and S2 are Biot slow P
and S modes, which are waves for nil fluid viscosity and
infinite permeability and quasi-static modes for finite values of viscosity and permeability. These modes propagate
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(as waves) mainly in the ice frame with increasing ice content. Finally, P3 is a quasi-static mode at zero and full water
saturation, which is difficult to detect in real rocks unless
viscosity is nil or permeability is very high. At very low
water saturations, we have the diffusion state in the case of
full freezing (the P3 and S2 velocities are zero).
In the freezing process, two main events are the formation of crystals of ice (or nucleation) and their progressive
growth. This phenomenon takes place first in larger pores because of surface tension, with the consequence that freezing
is not uniform. This process can be represented with fractal
water saturation and ice concentration (Carcione et al., 2003).
In this case, mesoscopic-loss mechanisms are important at
seismic frequencies (e.g., Carcione and Picotti, 2006). Numerical simulations based on this theory can be used to predict realistic wave attenuation at different frequency ranges.

Seismic Velocities
and Attenuation
Frequency-dependent velocity (velocity dispersion)
and wave attenuation can provide information about the
type of sediment, its fluid saturation, and the pressure and
temperature conditions. Therefore, it is essential to relate
those properties to hydrate content, rock porosity, pore and
lithostatic pressures, fluid saturation, and frequency.
Seismic velocity and attenuation depend on frequency
with varying fluid saturations. At seismic (low) frequencies
(relaxed regime), the fluid achieves pressure equilibration
in a seismic period. Under those conditions, we can use
Wood’s model (or the Reuss model) to obtain the composite fluid bulk modulus, which provides results in agreement
with experimental data. At high (ultrasonic) frequencies,
the fluid is unrelaxed, increasing the rock velocity (e.g.,
Cadoret et al., 1995). This occurs because the fluids are
present in patches and are mixed.
In this case, an empirical law developed by Brie
et al. (1995) can be used. It gives Reuss’ and Voigt’s bulk
moduli at seismic and ultrasonic frequencies, respectively,
constituting lower and upper bounds. Wave attenuation is
modeled with a constant-Q model assigned to the dry-rock
moduli (e.g., Carcione et al., 2002). To define the Q values,
we assume that stiff rock frames have lower attenuation
than soft rock frames. We first define the Q value of the
bulk modulus and then calculate the Q value of the shear
modulus using that assumption.

Seismic velocities
Seismic velocity is a key property which can provide
information about rock or sediment type, fluid saturation,
and related pressure-temperature conditions. Carcione and
Tinivella (2000) use a generalized version of the theory
developed by Leclaire et al. (1994, 1995) for ice-bearing
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sediments to obtain the velocities of sediments partially
saturated with water and gas hydrate. The solution of the
corresponding dispersion equation yields a generalization
of Gassmann bulk modulus (Carcione and Gei, 2004),
assuming that the clathrate fills the pores with interconnection. According to Collett et al. (1999) and Katsube et al.
(1999), that pattern is present in Mallik cores.
At seismic frequencies, all the phases are in the isostrain state, constituting a “closed system.” Denoting
with Khm (equation A-27 of Appendix A) and Ksm the stiffness moduli of the clathrate skeleton and rock frame, the
Gassmann modulus is
KG 5 Ksm 1 Khm 1 a1 2

where

M 5 c afs 2

Ksm
Khm 2
2
b M,
Ks
Kh

(9)

Ksm 1
f
Khm 1 21
1 afh 2
b 1
b d , (10)
Ks Ks
Kw
Kh Kh

where f 5 fh 1 fw is the real porosity and Ks, Kw, and Kh
are the bulk moduli of grains, water, and hydrate, respectively. The composite shear modulus is simply (see equations A-30 and A-31 of Appendix A)
mm 5 msm 1 mhm,

(11)

where m sm and m hm are the rock and ice frame moduli,
respectively.
The P and S velocities can be expressed as
VP 5
where

KG 1 4mm /3
r
Å

and VS 5

mm
,
Å r

r 5 f s r s 1 f wr w 1 f h r h

(12)

(13)

is the composite density, with rs, rh, and rw as the densities
of grains, hydrate, and water, respectively.

Comparison of the three-phase
Biot theory with other theories
The hydrate concentration can be estimated on the basis of P- and S-wave velocity and attenuation anomalies,
i.e., from the deviations of those properties compared with
the predictions of the theoretical models.
A comparison of four rock-physics models, including
that of Gei and Carcione (2003) (three-phase Biot theory),
is discussed by Chand et al. (2004). The other models have
been developed by Ecker et al. (1998, 2000) (three-phase
effective-medium theory), Lee et al. (1996) (empirical
weighted equation), and Jakobsen et al. (2000) (differential
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effective-medium theory). Chand et al. (2004) obtain the
velocities versus porosity, clay content, and hydrate concentration. The models predict similar velocity values,
although the variations with porosity, clay content, and hydrate content have different trends.
The TPB theory includes viscoelastic and viscodynamic effects to describe the observed wave loss from seismic to ultrasonic frequencies. In addition, it predicts the
velocity dispersion from low to high frequencies and the
velocity and Q-factor decrease with decreasing effective
pressure. The model predicts a peak dissipation factor at
approximately 40% water saturation; generally, velocity
increases and Q increases with increasing hydrate content.

Bottom-simulating
Reflector — AVA Analysis
Amplitude-variation-with-angle (AVA) analysis determines the variation of the reflection amplitude of the
seismic signal as a function of reflection angle (or receiver
offset).
The analysis of bottom-simulating-reflector (BSR) amplitude variation with offset is a valid option for estimating
the amount of hydrate and gas. The BSR is assumed to be
the reflector produced by the transition between hydratebearing and free-gas-bearing sediments. Below the BSR,
another important reflector is the base of the free-gas layer,
the so-called BGR (e.g., Tinivella and Accaino, 2000).
In recent years, several authors have demonstrated that
AVA is a useful tool to characterize the sediments across
the BSR. From a theoretical point of view, Carcione and
Tinivella (2000) analyze the reflection and transmission
coefficients of the top and bottom of the free-gas zone,
whereas Ruan and Li (2006) calculate and analyze the individual contributions from velocity, density, and Poisson’s
Table 1. Properties of Berea sandstone and pore infill.
Grains

Bulk modulus (Ks)
Shear modulus (µs)
Density (rs)

38.6 GPa
39.5 GPa
2650 kg/m3

Gas hydrate

Bulk modulus (Kh)
Shear modulus (mh)
Density (rh)

8.26 GPa
3.4 GPa
920 kg/m3

Water

Bulk modulus (Kw)
Density (rw)

2.93 GPa
1030 kg/m3

Free gas

Bulk modulus (Kg)
Density (rg)

23.6 MPa
116 kg/m3

Rock frame

Bulk modulus (Ksm)
Shear modulus (µsm0)

1.095 GPa
1.19 GPa
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ratio to reflection coefficient of BSR through numerical
calculation.
Pertaining to application to real seismic data, Tinivella
and Accaino (2000) and Tinivella (2002) apply AVA analyses to seismic and ocean-bottom-seismometer (OBS) data
acquired offshore the Antarctic Peninsula. Ojha and Sain
(2007) perform AVA modeling of seismic-reflection data to
investigate seismic velocities for quantitative assessment of
gas hydrates and to understand the origin of the BSR in the
western continental margin of India.
We focus our attention on the study of Carcione and
Tinivella (2000) and the following application to real data
sets, reporting the theoretical reflection and transmission
coefficients at the BSR, by using the wave velocities from
the Biot-type three-phase theory (see Appendix A of this
chapter and Carcione and Tinivella, 2000) and then using a single-phase model that includes attenuation effects
(e.g., Carcione, 1997). The petrophysical parameters of the
sediments, hydrate, and free gas are reported in Table 1, in
agreement with Carcione and Tinivella (2000). The quality
factors are supposed to be equal to 30 in the hydrate layer
and 20 below the BSR.
Carcione and Tinivella (2000) emphasize that the
introduction of grain cementation in the Biot-type threephase theory is evidenced by significant AVA anomaly.
Figures 1 and 2 report the PP-wave theoretical reflection
curves at the BSR supposing that the high hydrate saturation influences the rigidity of the solid part (Figure 1) and
neglecting the cementation effects caused by hydrate presence (Figure 2). On the other hand, the free-gas presence
influences only the magnitude of the PP reflection coefficient (Figures 1 and 2). Moreover, as already evidenced by
several authors, the AVA curves cannot be used to estimate
the free-gas concentration.
Figure 3 shows PS reflection coefficients at 25 Hz,
supposing 10% of gas-hydrate saturation and various freegas saturation (Figure 3a) and 10% of free-gas saturation
and various hydrate saturations (Figure 3b). As pointed out
by Carcione and Tinivella (2000), PS reflection coefficient
is an indicator of large amounts of free gas and gas hydrate, even if the amplitude is lower than the PP reflection
coefficients.
For completeness, we report PP reflection coefficients,
phases, and interference coefficients corresponding to the
BGR, supposing frequency equal to 25 Hz and both quality
factors below the BGR equal to 30 (Figure 4). Also in this
case, the free-gas saturation cannot be determined by the
type of anomaly but only from amplitude strength, although
all saturations considered in this study are characterized by
the same type of anomaly. The interference between the
incident and reflected P-waves (i.e., loss of energy) is particularly high for all the saturations at far incidence angles,
which generally are not reached by conventional seismic
surveys.
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Figure 1. PP-wave viscoelastic reflection coefficient versus incidence angle and free-gas and gas-hydrate saturations
(Biot-type three-phase model with grain cementation). After Carcione and Tinivella, 2000. Used by permission.

Figure 2. PP-wave viscoelastic reflection coefficient versus incidence angle and free-gas and gas-hydrate saturations
(Biot-type three-phase model without grain cementation). After Carcione and Tinivella, 2000. Used by permission.
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Figure 3. PS-reflection
coefficients versus
incidence angle for
sediments with (a) 10%
hydrate content and
(b) 10% gas saturation
(b). After Carcione and
Tinivella, 2000. Used by
permission.
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Figure 4. PP-reflection coefficients, phases, and interference coefficients versus incidence angle for the bottom of the free-gas
zone. Different saturations of free gas are considered. After Carcione and Tinivella, 2000. Used by permission.

To show the application of AVA curves to real cases,
we report two examples of PP and PS reflection coefficients
(Tinivella and Accaino, 2000; Tinivella, 2002) extracted
by seismic data acquired offshore the Antarctic Peninsula,
where an important gas-hydrate reservoir is present (e.g.,
Tinivella et al., 2009). Several geophysical data were acquired in that area to characterize and quantify the presence of gas hydrate and free gas in the pore space: seismic
(e.g., Tinivella et al., 1998; Tinivella, 1999; Tinivella and
Accaino, 2000; Tinivella et al., 2002; Tinivella et al., 2009);
OBS (Tinivella and Accaino, 2000; Tinivella, 2002); and
chirp, gravity cores, and multibeam data (Tinivella et al.,
2008; Tinivella et al., 2011).
Here we report the AVA analysis performed at water
depth equal to 1780 m, where the BSR is 580 m below the
seafloor in correspondence to the OBS position acquired in
1996 (Tinivella and Accaino, 2000; Tinivella, 2002). The
BSR was determined by a drop in compressional velocity from 2100 m/s to 1200 m/s and a slight drop in shear
velocity from 780 m/s to 730 m/s, as obtained by seismic inversion (see details in Tinivella and Accaino, 2000)
(Figure 5a). In the absence of direct measurements, density was considered in agreement with Hamilton’s data set
(Hamilton, 1976) (Figure 5b), and compressional and shear
quality factors were equal to 200 and 100, respectively, in
agreement with Pecher et al. (1998).
Figure 5c indicates the PP reflection coefficients
(dots) extracted at the BSR by multichannel seismic data
in correspondence of the OBS position (Tinivella and
Accaino, 2000). The solid line represents the theoretical
curve that fits the data. As already observed by Tinivella
(2002), the AVA trend indicates that the sediments in
the gas-hydrate zone are not cemented. The PS reflection coefficient is reported in Figure 5d (Tinivella, 2002).
The amplitude extracted from horizontal geophones of
OBS data is depicted as triangles, and the best fit is indicated by a dotted line. The solid line indicates the PS
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theoretical curve evaluated by using the velocities and
densities reported in Figure 5a and 5b. Note that the PS
reflection coefficient indicates low amplitude, as expected
(Tinivella, 2002).

Numerical Algorithm for
Wave Propagation
Equation 6 has the following formal solution for v(0)
5 v0:
v 1 t 2 5 exp 1 tM 2 v0 1

e0 exp 1 tM 2 s 1 t 2 t 2 dt.
t

(14)

The problem is “stiff” in mathematical terms because
M has eigenvalues which differ by orders of magnitude resulting from the presence of the viscosity terms. To solve
this problem, Carcione and Seriani (2001) introduce a
splitting method based on the partition
M 5 Mr 1 Ms,

(15)

where r and s denote the regular and stiff matrices, respectively. If time is t 5 ndt, where n is a natural number and dt
is the time step, then the partition
1
1
1
exp 1 Mdt 2 5 expa Ms dtbexpa Mr dtbexpa Ms dtb
2
2
2

(16)

can be used to solve the stiff part independently of the
regular part. If ⊗ denotes the product of two matrices,
we have
Ms 5 a

I2 z S
0

0
b,
0

(17)
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Figure 5. (a) Compressional (VP) and shear (VS) velocities extracted from seismic data (solid blue lines) and background
velocities (dotted green lines). The depth of the BSR, indicated by the dashed black line, is in meters below the seafloor.
After Tinivella and Accaino, 2000. Used by permission. (b) Density (r) versus meters below sea level evaluated
supposing 9% of gas hydrate above the BSR (indicated with a dashed black line) and 2% of free gas below it. After
Tinivella and Accaino, 2000. Used by permission. (c) PP reflection coefficient at the BSR. Dots represent amplitude
extracted from multichannel seismic data. The solid line represents a theoretical curve that fitted the data. After Tinivella,
2002. Used by permission. (d) PS reflection coefficient at the BSR. Triangles represent amplitude extracted from
OBS data. The dotted line represents a theoretical curve that fitted the real data. The solid line represents the theoretical
reflection coefficient obtained by using the results of seismic inversion. After Tinivella, 2002. Used by permission.

with I2 being the identity matrix of dimension 2 (here we
have assumed a 2D medium). We have to solve

#

wi 5 Swi

S22 5 2S21,
S23 5 bg21 1 dg22 2 3 1 b 1 d 2 /fw 4 g23,

(18)

S31 5 ag31 1 cg32 1 3 Ib 2 1 1 2 I 2 d 4 g 33,

for each spatial variable with subindex i, where
wi 5 3 vi112, vi132, wi 4 T

and

S11 5 ag11 1 cg12 1 3 Ib 2 1 1 2 I 2 d 4 g13,
S12 5 2S11,

S13 5 bg11 1 dg12 2 3 1 b 1 d 2 /fw 4 g13,

S21 5 ag21 1 cg22 1 3 Ib 2 1 1 2 I 2 d 4 g23,
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S32 5 2S31,

(19)

where

S33 5 bg31 1 dg32 2 3 1 b 1 d 2 /fw 4 g33,
a 5 2 1 b13 1 Ib12 2 , b 5 b12 /fw,

c 5 b13 1 1 1 2 I 2 b23, d 5 b23 /fw,

(20)

(21)

with bij being friction coefficients (see equations A-2 of
Appendix A).
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Figure 6. Snapshots of the vertical particle-velocity field
propagating in the rock frame at 37 μs. P1, P2, and P3 are
compressional waves, and S1 and S2 are shear waves. After
Carcione et al., 2003. Used by permission.

One eigenvalue of S is nil, and the other eigenvalues
are
1
3 tr 1 S 2 2 "4 1 S13 2 S23 2 S31 1 1 S21 1 S33 2 S11 2 2 4 ,
2
l2 5 tr 1 S 2 2 l1.
(22)

l1 5

We use a Runge-Kutta fourth-order time-stepping algorithm
and the Fourier method to calculate the spatial derivatives
(e.g., Carcione, 2007). Carcione and Helle (1999) have
solved the same problem for a two-phase medium.
Figure 6 shows snapshots in a sandstone where ice
distribution is fractal (the average diameter of the ice accumulations is 1 mm). We consider a mesh with 357 × 357
points, with the source located at (178, 178), and we assume an ideal fluid (zero viscosity). The slow modes P2,
P3, and S2 propagate mainly in the ice, with scattering and
conversion occurring at the heterogeneities.

Velocity and Attenuation
Tomographic Inversion
In the absence of direct measurements such as welllog data, seismic properties are essential for a quantitative
estimation of hydrate content and gas saturation. Seismic
tomography is a technique that provides a reliable velocity
field versus depth. In fact, traveltime seismic tomography,

compared with conventional seismic-velocity analysis
(stacking), can consider complex geometric models and
lateral velocity variations (Böhm et al., 1997). Another advantage compared with the traditional approach is the possibility of using all the events — reflected, refracted, and
direct waves (Vesnaver, 1996). Moreover, we can invert
P-, S-, and PS converted waves, creating a multiparameter
model (Rossi and Vesnaver, 2001; Böhm et al., 2002). If
the pulse frequency content is analyzed, other properties
such as attenuation can be obtained, adding new information for a more complete and correct interpretation.
Traveltime seismic tomography is based on a relation
between traveltime and seismic velocity through a line integral along the raypath. The tomographic inversion consists
of minimizing the difference (∆t) between the experimental
(observed) time (t obs) and the calculated time (t calc), using
seismic velocity as a parameter.
The main equation of the tomographic method is
equation 23, where the line integral has been substituted
by a summation over the j voxels because usually a discrete
blocky model is adopted: ∆s is therefore the ray segment in
the voxel, and ∆u is the slowness (u 5 1/V):
Dt 5 t obs 2 t calc 5 a Dsj Duj.

(23)

j

The velocity generally is assumed to be constant within
the voxels, and the voxels might be based on regular or irregular gridding. The latter has the advantage that it can be
denser where there is more information or when velocities
change rapidly, and it can be coarser where there are fewer
data or velocities are constant (Böhm et al., 1997). The
staggering procedure, which averages the tomographic field
obtained from coarse, slightly staggered grids, enables us to
achieve a higher resolution (Vesnaver and Böhm, 2000).
When dealing with reflected or refracted waves, the
shape and position of the reflecting/refracting surfaces
that constitute the base and top of the voxels are obtained
through an iterative process based on the principle of minimal dispersion and assuming continuity of the geologic
interfaces (Rossi et al., 2001). Because of the attenuation,
high frequencies are lost and pulse broadening occurs. Time
rise or the spectral frequency shift is used to quantify the
phenomenon (Zucca et al., 1994; Quan and Harris, 1997).
The frequency analysis seems to be more robust compared
with those of methods based on amplitude decay because
the frequency shift is not affected by geometric spreading and mode conversion at material interfaces. A test of
the robustness of this approach can be found in Picotti and
Carcione (2006).
In particular, a relationship similar to equation 23
relates the spectral frequency shift (j) and attenuation a.
It follows that
Dj 5 j obs 2 j calc 5 a Dsj Da0j,

(24)

j
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where ∆s is the ray segment and ∆a0 is the attenuation factor in the voxel. We note that a0 is a/f where f is frequency,
and
a0 5 3 p/ 1 QV 2 4 ,

(25)

approximately, where Q is the quality factor and V is the
seismic velocity.
The spectral frequency shift is given by equation 27
below, where fs and fr are the spectral centroids of the signal at the source and receiver, respectively. For instance,
fs 5 3

`

0

fAs 1 f 2 df
,
As 1 f 2 df

(26)

where As(f) is the amplitude spectrum of the wavelet at the
source. If s2s is the spectral variance of the signal at the
source (Quan and Harris, 1997),
fs 2 fr
j5
.
s2s

(27)

The technique is therefore relatively simple and fast
because the picked traveltimes can be used as a reference
for frequency analysis, to provide information on the attenuation of the same events analyzed to obtain seismic
velocities. For a more detailed description of the method
to estimate the spectral centroid shift and the attenuation
tomographic inversion, see Rossi et al. (2007).

Estimation of Gas-hydrate
Concentration
The differences between the velocity profile obtained
from data and the theoretical velocity in the absence of hydrates are used to quantify the hydrate and free-gas content. Positive anomalies indicate the presence of hydrates
and negative anomalies the presence of free gas.

Mallik well at the Mackenzie Delta
The Mallik research borehole in the Canadian Arctic
has been drilled to detect gas hydrates in permafrost. Figure 7 shows its location in the Mackenzie Delta. The stratigraphic column consists of 1150 m of sandstones containing
silt/clay layers. The permafrost is located in the upper part
(640 m). The study includes permafrost and gas-hydrate
coring, downhole well logging, and an electromagnetic
survey. The data are a VSP survey using multicomponent
receivers and multipolarized vibrator sources (Walia et al.,
1999). The gas hydrates are located between depths of 897
m and 1110 m. The sediments below the gas-hydrate zone
are saturated with water (Miyairi et al., 1999).
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Figure 7. Location of the Mallik research well. After
Miyairi et al., 1999. Used by permission.
Table 2. Material properties of permafrost at Mallik 2L-38
research well.
Quartz2

Bulk modulus (Kq)
Shear modulus (µp)
Density (rq)

36 GPa
45 GPa
2650 kg/m3

Clay2

Bulk modulus (Kc)
Shear modulus (µc)
Density (rc)

20.9 GPa
6.8 GPa
2580 kg/m3

Gas hydrate2

Bulk modulus (Kh)
Shear modulus (µh)
Density (rh)

7.7 GPa
3.2 GPa
900 kg/m3

Water

Bulk modulus (Kw)
Density (rw)

2.3 GPa
1030 kg/m3

2

Helgerud et al. (1999).

Here we consider the seismic (low-frequency) limit
of the three-phase theory and neglect seismic loss. Table 2
shows the properties of the single constituents (porosity is
derived from the density log from regions fully saturated
with water). The well logs are averaged using a 15-m window for comparison with velocities obtained from the VSP.
Figure 8 shows the various log profiles along with
P- and S-wave VSP velocities and estimated hydrate content. Shear velocities are not realistic between 900 m and
950 m, where the discrepancies with log velocities are large
(this difference cannot be described with anelasticity [velocity dispersion]). We obtain average hydrate-content values of 37% and 60% from the VSP and 21% and 57% from
the log velocities (from P- and S-waves, respectively). The
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Figure 8. Log profiles and compressional- and shear-wave velocities obtained from VSP data (Mallik borehole). In the velocity
panels, sonic-log measurements are shown by black curves and VSP measurements by gray curves. Velocities for full-water
saturation obtained from logs are depicted by dashed lines. In column H, black intervals indicate sediments saturated with gas
hydrates. Column L gives a lithologic characterization of the study depth interval, with sandstone shown in gray and shaley
sandstones in black. Triangles correspond to values estimated from dissociation modeling. After Carcione and Gei, 2004. Used
by permission.

plot also shows discrete concentrations obtained by Wright
et al. (1999) from dissociation methods (triangles), which
are higher than our results. However, the latter agree with
values calculated from the Archie equation (Guerin and
Goldberg, 2002). More details can be found in Carcione
and Gei (2004).

Norwegian-Svalbard continental margin
The study area is the Knipovich Ridge (Lundin and
Doré, 2002) (Figure 9). Upward gas flow explains the presence of hydrates and a BSR at approximately 150 m below the ocean bottom (Vanneste et al., 2002). According
to Brown (1990), the combined action of geopressured gas
and tectonism is the possible cause of mud diapirs.
The data consist of single-channel seismic and OBS
data. The BSR reflection event has the typical characteristics of the presence of free gas, i.e., polarity reversal, high
amplitude, and low frequencies (Figure 10). The profiles

02181_SEG_GH_C25.indd 358

in Figure 10 are shown as thick lines in Figure 9. A BSR is
evident at approximately 200 m below the seafloor.
The OBS data have been processed with traveltime reflection tomography to obtain the P-wave velocity (Westbrook et al., 2005; Westbrook et al., 2008). Ten
P-wave reflections events were considered, four above the
BSR and six below. In addition, PS-converted wave events
were picked and are clearly visible in the horizontal components. Because of the different raypaths, the S-wave velocity cube coincides with the central part of the P-wave cube
(Rossi et al., 2005; Westbrook et al., 2005; Westbrook et al.,
2008). We can see the anomalies caused by the presence of
hydrate. On the other hand, S-wave velocity increases with
depth with no marked anomalies. Figure 11 shows two vertical sections of compressional velocity (see Figure 10).
As before, to estimate the gas-hydrate content, we
consider the Biot-type three-phase theory. We use ODP
well 986 to calibrate the model (Figure 9) (Jansen et al.,
1996). The temperature gradient is 100°C/km (Vanneste
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Figure 9. Bathymetry of the study area. Thick perpendicular
lines correspond to the seismic profiles used in this work.
After Vanneste et al., 2002. Used by permission.
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Figure 10. Seismic profiles (a) 1 and (b) 2 shown in
Figure 9. Black arrows indicate the BSR. Beneath this
reflection, seismic data are characterized by a lowerfrequency content. The white vertical lines evidence the
parts analyzed in Figures 11, 13, and 14. After Carcione et
al., 2005a. Used by permission.
Figure 11. P-wave
velocity sections
obtained from
seismic tomography,
corresponding to
the seismic sections
shown in Figure 10.
After Carcione et
al., 2005a. Used by
permission.
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et al., 2005), used to obtain the properties of free gas from
the equation of state (Gei and Carcione, 2003). Using core
information, we consider that the grains are a mixture of
quartz, calcite, and clay. Table 3 shows the properties of
the single constituents. The porosity value of 45% has been
obtained from Jansen et al. (1996), Figure 25.
In Figure 12, we compare the P-wave velocity computed
from seismic tomography (solid line), the velocity profile at
100% water saturation (dashed line), and an empirical reference velocity (Hamilton, 1979) (dotted line), at the crossing
between seismic lines 1 and 2 of Figure 9. The dashed line is
obtained by inversion in an area where there is no BSR. The

BSR is located at a depth of approximately 1.6 km, where
compressional seismic velocity has an abrupt decrease.
Figure 13 displays vertical sections of hydrate content (blue) and gas saturation (red). The maximum values

Table 3. Material properties of the sediments at the
Norwegian-Svalbard continental margin.
Grains

Bulk modulus (Ks)
Shear modulus (µs)
Density (rs)

29.8 GPa
18.0 GPa
2623 kg/m3

Gas hydrate

Bulk modulus (Kh)
Shear modulus (mh)
Density (rh)

7.7 GPa
3.2 GPa
910 kg/m3

Water

Bulk modulus (Kw)
Density (rw)

2.24 GPa
1030 kg/m3

Free gas

Bulk modulus (Kg)
Density (rg)

21 MPa
130 kg/m3

Figure 12. Solid lines represent tomographic velocity,
the dashed curve references velocity, and the dotted curve
represents the Hamilton velocity profile (Hamilton, 1979) at
the crossing between the seismic sections shown in Figure 9.
After Carcione et al., 2005a. Used by permission.

Figure 13. Vertical sections of hydrate content (blue) and gas saturation (red) (see Figure 11). Solid lines
represent the seafloor. After Carcione et al., 2005a. Used by permission.
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of hydrate content and gas saturation are 25% and 0.42%,
with average values of 7.2% and 0.16%, respectively. The
highest hydrate concentration occurs near the BSR. Bünz
and Mienert (2004) obtain similar results. The results in
Figure 13 correspond to the Reuss model; while using
Hill’s model (patchy saturation), we obtain a maximum gas
saturation of 10%.
Figure 14 shows the QP section, and Figure 15 displays vertical profiles taken from the QP and QS cubes. The
QP decreases below the BSR, where there is free gas, and
shows high values above the BSR, where hydrate is present.
On the other hand, QS has no significant variations. The QP
and VP variations agree qualitatively, indicating that both
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inverted values are consistent. The QP values agree with the
data in Wood et al. (2000) and are consistent with grain
cementation (Gei and Carcione, 2003).
However, there is a controversy about the relation between gas-hydrate content and wave attenuation (see, e.g.,
Lee, 2006). An increase in attenuation in gas-hydratebearing sediments is supported by sonic waveforms (Guerin
and Goldberg, 2002, 2005; Matsushima, 2006) and by
laboratory experiments (Priest et al., 2006), whereas the
VSP and OBS data (e.g., Wood et al., 2000; Matsushima,
2006; Lee, 2006) show opposite results. More details can
be found in Carcione et al. (2005a), Rossi et al. (2005),
and Rossi et al. (2007).
Figure 14. Sections of P-wave quality
factor. Solid lines indicate the seafloor.

Figure 15. Vertical Q profiles extracted from P-wave (blue)
and S-wave (red) cubes, respectively, at the intersection of
seismic lines 1 and 2 in Figure 9.
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Conclusions

Conservation of momentum

The methodology to detect gas hydrates is based on
seismic waves. The rock-physics model is used for a petrophysical characterization of the seismic velocities obtained
from well logs and surface data and provides the equation
of motion for computing seismograms in heterogeneous
media at all frequency ranges. It includes the effects of attenuation, partial saturation, and effective pressure. The
model is compatible with the Biot/Gassmann theory and
predicts additional (slow) modes, which can be the cause
of mesoscopic loss, i.e., the P-wave attenuation at seismic
frequencies.
We report the main conclusion that Carcione and
Tinivella (2000) drew from the AVA analysis. First of all,
it is important to recall that grain cementation, simulated
with a percolation model, is important for high concentrations of hydrate. As is well known, small quantities of gas
in the pore space cause a dramatic drop of the compressional wave and consequently an increase in magnitude
of the near-offset reflection coefficient. The AVA trend
is not affected by free-gas saturation, and for low gashydrate concentrations, the AVA anomaly is positive. On
the contrary, for high gas-hydrate concentrations, the AVA
anomaly is negative.
In general, it is possible to evaluate the amount of gas
hydrate or free gas by the reflection amplitude, and cementation can be determined from the trend of AVA curves.
Moreover, the PS-wave amplitude increases with increasing free-gas and gas-hydrate saturations.
The gas-hydrate concentration at the Mallik research
well yields average hydrate-content values of 37% and
60% from VSP and 21% and 57% from log velocities (from
P-and S-waves, respectively). In the absence of log and
VSP data, seismic velocity can be obtained by reflection tomography of reflected P-waves and converted
PS-waves. At the western Svalbard margin, maximum
hydrate contents and gas saturations of 25% and 0.42%
(the Reuss model) were estimated. A value of 9% gas
saturation has been obtained from Hill’s model. Moreover, the P-wave quality factor obtained by attenuation
tomography indicates that the presence of hydrates implies higher- quality factors compared with full water
saturation.

Lagrange’s equations provide the momentum-conservation equations,

Appendix A
Equations of Motion
The theory is given in detail in Carcione et al. (2003),
Carcione and Seriani (2001), and Gei and Carcione
(2003). Here we present a comprehensive summary for completeness.
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#

#

#

11 2
11 2
12 2
13 2
12 2
11 2
s ij,
j 5 r 11v i 1 r 12v i 1 r 13v i 2 b 12 1 vi 2 vi 2

2 b13 1 vi132 2 vi112 2 ,

#

1 b23 1 vi122 2 vi132 2 ,

#

#

#

122
112
122
132
122
112
sij,
j 5 r12v i 1 r22v i 1 r23v i 1 b12 1 vi 2 vi 2

#

#

132
112
122
132
122
132
sij,
j 5 r13v i 1 r23v i 1 r33v i 2 b23 1 vi 2 vi 2

1 b13 1 vi132 2 vi112 2

(A-1)

(Leclaire et al., 1994), where subscripts i, j 5 1 (x), 2 (y),
3 (z) denote spatial coordinates, s are the component of the
stress tensor, v are the components of the particle-velocity
vector, r are density coefficients, and b are loss parameters.
Superscripts 1, 2, 3 indicate grains, fluid, and ice, respectively, and a dot above a variable indicates a time derivate,
whereas subscript i denotes a spatial derivative with respect
to xi. The loss parameters are given by
b12 5 hf ff2 /ks,
b23 5 hf ff2 /kh,
b13 5 0,

(A-2)

where hf is fluid viscosity, ff is fluid proportion, and ks and
kh are permeabilities of the sediment and hydrate matrices,
whose expressions are
ks 5 ks0 ff3 1 1 2 fs 2 3,

kh 5 kh 0 3 1 1 2 fs 2 /fi 4 2 1 ff /fs 2 3,

(A-3)

where ks0 and kh0 are reference values. In equation A-2, b13
is zero because we assume no friction between the rock
and ice frame.
High-frequency viscodynamic effects are described by
hf f2f
bjj 5 c
d Fj 1 v 2 ,
kj

j 5 1, 3,

(A-4)

where F1 and F3 describe the inelastic interaction between
the fluid and the sediment and hydrate frames, k1 5 ks, and
k3 5 kh (Biot, 1962). It is (Johnson et al., 1987; Carcione,
2007)
Fj 1 v 2 5

Å

12

4iTj2kj
h f ff
2 , xj 5 vk r ,
xjLj ff
j f

j 5 1, 3,

(A-5)
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where 2/Lj is the ratio between the surface and volume of the
pores; T1 and T3 are the tortuosities of the sediment and hydrate frames, respectively; v is the angular frequency; and
rf is the density of the fluid. The following relation holds:
jjTj kj /ff L2j 5 1,

and

# 112
# 132
132
sij,
j 5 3 r13 1 1 1 2 I 2 r23 4 vi 1 1 r33 1 Ir23 2 v i
$
1 1 r23 /ff 2 wi 1 1 b13 1 Ib23 2 1 vi112 2 vi132 2

(A-6)

#
2 1 b23 /ff 2 wi.

where jj 5 12 and 8 for canted slabs and nonintersecting
canted tubes, respectively.
The density components are
r11 5 fs rs a13 1 1 a21 2 1 2 ff rf 1 1 a31 2 1 2 fh rh,
r12 5 2 1 a21 2 1 2 ff rf,

(A-14)

The second equation (A-1) is equivalent to
hf #
hf #
$
#
#
2pf, i 5 rw1v 1i12 1 rw3v i132 1 cwi 1 a bw1i12 1 a bw i132,
ks
ki

(A-15)

r13 5 2 1 a13 2 1 2 fsrs 2 1 a31 2 1 2 fh rh,
r22 5 1 a21 1 a23 2 1 2 ff rf,

where pf is fluid pressure. Equation A-15 can be rewritten
as

r33 5 fh rh a31 1 1 a23 2 1 2 ff rf 1 1 a13 2 1 2 fs rs,

$
#
#
2pf, i 5 rw1v i112 1 rw3v i132 1 cwi

r23 5 2 1 a23 2 1 2 ff rf,

(A-7)

where rs and rh are grain and ice densities, respectively.
Leclaire et al. (1994) found that
fs r
fs rr
br21 1 1, a23 5 a
br 1 1,
ff r f
ff rf 23

a21 5 a

where

r5

f f r f 1 fh r h
ff r f 1 fs r s
, rr 5
,
ff 1 fh
ff 1 fs

(A-8)

1a

s122 5 2ff pf ,

(A-10)

where
rs 5

f h r h 1 fs r s
.
fh 1 fs

(A-11)

rw3 5 rf 2 rw1,

wi 5 ff 3 ui122 2 1 1 2 I 2 ui112 2 Iui132 4 ,

(A-12)

#

where u denotes displacements 1 v 5 u 2 and I is ice content. Substituting equation A-12 into A-1, we obtain
112
112
132
sij,
j 5 3 r11 1 1 1 2 I 2 r12 4 vi 1 1 r13 1 Ir12 2 vi
$
1 1 r12 /ff 2 wi 1 1 b13 1 Ib12 2 1 vi112 2 vi132 2

#
2 1 b12 /ff 2 wi
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c
and

5 rf 1 a21 1 a23 2 1 2 /fw,
k5

ks kh
ks 1 kh

(A-13)

(A-18)

(A-19)

is the average permeability.
Let us define the stress of the composite as
sij 5 sij112 1 sij132 2 ff pf dij .

The fluid displacement relative to the frames is

(A-17)

rw1 5 rf 3 I 1 1 2 a21 2 1 a23 1 1 2 I 2 4 ,

(A-9)

fsrs
fs rs
br13 1 1, a31 5 a
br31 1 1,
fs r s
fh r h

(A-16)

where

and r 21 and r 23 are 0.5 for spheres (Berryman, 1980).
Equivalently, we assume
a13 5 a

hf #
k
1 2
1 2
b cwi 1 ff aI 2 b 1 vi 3 2 vi 1 2 d ,
k
ki

(A-20)

Its divergence can be obtained from equations A-13, A-14,
A-16, and A-17, giving

#
sij, j 5 1 1 2 I 2 3 1 1 2 ff 2 rs 1 rf ff 4 v i112
$
#
1 I 3 1 1 2 ff 2 rh 1 rf ff 4 v i132 1 rf wi. (A-21)

If the rock and ice matrices move in phase and have similar
properties, vi132 5 v i112, and equations A-16 and A-21 reduce
to Biot’s equations.
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Stress-strain relations

and
m11 5 3 1 1 2 g1 2 fs 4 2mav 1 msm,
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Assuming spatially constant porosity, the constitutive
equations are
sij112

5 1 K1u 1 1 C12u 2 1 C13u 3 2 dij 1

2m1dij112

1

s122 5 C12u 1 1 K2u 2 1 C23u 3,

where

sij132 5 1 K3u 3 1 C23u 2 1 C13u 1 2 dij 1 2m3d ij132 1 m13d ij112,

(A-22)

m33 5 3 1 1 2 g3 2 fh 4 2mav 1 mhm,

(A-29)

msm 5 3 msmKT 2 msm0 4 3 fh / 1 1 2 fs 2 4 3.8 1 msm0, (A-30)

(Arbabi and Sahimi, 1988) is the S-wave modulus of the
rock matrix, with msmKT the Kuster-Toksöz modulus and
msm0 the modulus at full water saturation.

where
u m 5 eii1m2,

1
dij1m2 5 eij1m2 2 dij u m,
3
1 1m2
1m2
1
eii 5 ui, j 1 uj,1mi2 2 , m 5 1, 3.
2

(A-23)

The coupling moduli are

C13 5 1 1 2 c1 2 1 1 2 c3 2 fsfhKav,
C23 5 1 1 2 c3 2 fhff Kav,

(A-31)

is the modulus of the ice matrix, where mmax is KusterToksöz’s modulus of the ice matrix, and

(A-32)

(A-24)

is an average modulus.
The corresponding consolidation coefficients are
g1 5 msm /fs ms,

Kav 5 31 1 2 c1 2 fs /Ks 1 ff /Kf 1 1 1 2 c3 2 fh /Kh 4 21

(A-25)

and Ks, Kh, and Kf are the moduli of grains, hydrate, and
fluid, respectively.
Moreover,

g3 5 mhm /fh mh.

(A-33)

The variation of fluid content is
z 5 2div w 5 2 5 ff 3 ui122 2 1 1 2 I 2 ui112 2 Iui132 4 6 i

(A-34)

which, for constant porosity, is

c1 5 Ksm /fs Ks,
c3 5 Khm /fhKh,

mhm 5 mmax 3 fh / 1 1 2 fs 2 4 3.8

mav 5 3 1 1 2 g1 2 fs /ms 1 ff /ivhf 1 1 1 2 g3 2 fh /mh 4 21

C12 5 1 1 2 c1 2 fsff Kav,

where

m13 5 1 1 2 g1 2 1 1 2 g3 2 fsfh mav,

m13dij132,

(A-26)

z 5 2ff 3 u 2 2 1 1 2 I 2 u 1 2 Iu 3 4 .

(A-35)

where Ksm and Khm are the bulk moduli of the rock and ice
frames. It is

Substituting f2 by 1 1 2 I 2 u 1 1 Iu 3 2 z/ff into equation A-22 gives

Khm 5 Kmax 3 fh / 1 1 2 fs 2 4 3.8,

sij112 5 3 1 KG1 2 a1M 1 1 2 I 2 ff 2 u 1 1 M 1 a1 2 1 1 2 I 2 ff 2

(A-27)

where K max is the Kuster-Toksöz’s modulus of the ice
frame. Moreover,
K1 5 3 1 1 2 c1 2 fs 4 Kav 1 Ksm,
2

K2 5 f2f Kav,
K3 5 3 1 1 2 c3 2 fh 4 2Kav 1 Khm
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(A-28)

1 a3u 3 2 z 24 dij 1 2m11dij112 1 m13d ij132,
pf 5 M 1 z 2 a1u 1 2 a3u 3 2 ,

sij132 5 3 1 KG3 2 a3MIff 2 u 3 1 M 1 a3 2 Iff 2

3 1 a1u 1 2 z 2 4 dij 1 2m 33dij13 2 1 m 13d ij11 2, (A-36)
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where

The coefficients are
A 5 R11R22 R33 2 R223 R11 2 R212R33 2 R213 R22
1 2R12 R23R13,

KG1 5 Ksm 1 a12M,
KG3 5 Khm 1 a23 M,
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2
B 5 R22R33 2 R23
,

M 5 K2 /f2f 5 Kav,

C 5 R11R33 2 R213,

a1 5 1 2 Ksm /Ks 2 I,
a3 5 1 2 Khm /Kh 2 1 1 2 I 2 .

(A-37)

The total stress (equation A-20) then is given by
sij 5 3 1 KG1 1 a1a3M 2 u 1 1 1 KG3 1 a1a3M 2 u 3
2 M 1 a1 1 a3 2 z 4 dij 1 1 2m11 1
1

m13 2 dij112.

m13 2 dij132

1 1 2m33

(A-38)

At the isostrain state, u1 5 u2 5 u3, implying that z 5 0,
and the Gassmann modulus is
2

KG 5 Ksm 1 Khm 1 a M,

(A-39)

where
a 5 a1 1 a3 5 1 2 Ksm /Ks 2 Khm /Kh.
(A-40)
Equations A-13, A-14, A-16, and A-36 are valid for variable porosity (Carcione et al., 2003).

F 5 R12R13 r23 1 R23R12 r13 1 R23R13r12,
a

5 r11r22 r33 2 r223 r11 2 r212 r33 2 r213r22,

b

5 r22r33 2 r223,

c

5 r11r33 2 r213,

d

5 r11r22 2 r212,

e

5 r11r23R23 1 r33r12R12 1 r13r22R13,

f

5 r12 r13 R23 1 r23r12 R13 1 r13r23 R12,

4
R11 5 K1 1 m11,
3
R12 5 C12,
R22 5 f2f Kav,
2
R23 5 C13 1 m13,
3

(A-41)

where Re indicates the real part and Li are eigenvalues,
solutions of
AL3 2 3 r11B 1 r22C 1 r33D 2 2E 1 2F 4 L2

1 3 bR11 1 cR22 1 dR33 2 2e 1 2f 4 L 2 a 5 0.
(A-42)

The velocities of the two S-waves are
(A-43)

Attenuation
According to experimental data, seismic attenuation is
approximately linear as a function of frequency (Q is constant). Scott Blair (1949) introduces this model, and Bland
(1960) and Kjartansson (1979) provide a more detailed
mathematical framework. The kernel is
iv
1
1
b, l 5 tan21 a b, (A-46)
p
v0
Q
where v0 is a reference frequency. To introduce attenuation, we perform the following replacement:
M 1 v, Q 2 5 a

where Ωi are solutions of

V2r22 1 m11m33 2 m13 2 2 V 1 m11b 1 m33d 2 2m13r13r22
1 2m13r12r23 2 1 a 5 0.
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We use the theory of Santos et al. (1990a) and Santos
et al. (1990b) to obtain the wave velocities of sediments
partially saturated with gas and water.

The three P-wave velocities are

VSi 5 3 Re 1 "Vi 2 4 21, i 5 1, 2,

E 5 R11R23 r23 1 R33 R12 r12 1 R22 R13 r13,

4
R33 5 K3 1 m33.
3

Seismic velocities

VPi 5 3 Re 1 "Li 2 4 21, i 5 1, 2, 3,

D 5 R11R22 2 R212,

(A-44)

where

Ksm S Ksm M 1 v, QK 2 ,
QK 5

Ksm 1 z, p 2
Q,
Ksm 1 z 2 0

(A-47)

(A-48)
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where Q0 is a loss parameter, and Ksm(z) is the modulus at
100% water saturation and normal fluid pressure. On the
other hand, for shear waves,
Qm 5
and

msm 1 z, p 2
QK,
msm 1 z 2

msm S msm M 1 v, Qm 2 .

(A-49)

(A-50)

Alternative models for suspensions are given in Urick
(1948) and in McCann (1970). Our theory predicts that
wave loss decreases as hydrate content increases. However,
other models predict an increase of attenuation in the presence of gas hydrates (Dvorkin and Uden, 2004; Guerin and
Goldberg, 2005).
Figures A-1, A-2, and A-3 show examples of 3D plots
of the P- and S-wave properties as a function of saturation,
effective pressure, and frequency.

Figure A-1. (a) Compressional-wave velocity and (b) inverse quality factor versus effective pressure and water saturation.
Hydrate content is 0.3, and f 5 30 Hz. After Gei and Carcione, 2003. Used by permission.

Figure A-2. (a) Compressional-wave velocity and (b) inverse quality factor versus water saturation and frequency. Hydrate
content is 0.3, and differential pressure is 0.6 MPa. After Gei and Carcione, 2003. Used by permission.
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Figure A-3. (a) Shear-wave velocity and (b) inverse quality factor versus water saturation and frequency. Hydrate content is
0.3, and differential pressure is 0.6 MPa. After Gei and Carcione, 2003. Used by permission.
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