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ABSTRACT

Elastic waves can, in principle, be classified according to their propagation velocity, e.g., using
the values of the slowness or the group velocity surfaces along a given direction. The investigation
is restricted to media with a distinct outer (P) sheet of the wave surface. We show that there are
media with the same velocity distribution but drastically different polarization behavior. Such me-
dia are kinematically identical but dynamically different. Therefore, classification according wave
velocity alone is not sufficient, and the identification of the wave type should be based on both
velocity and the polarization distribution,

For transversely isotropic symmetry there are at most two and, for orthorhombic symmetry, at
most four media that have the same velocity distribution. There is always one with a polarization
distribution topologically similar to that of isotropy, which is called “normal polarization.” All the
other media are said to possess “anomalous polarization,” Note that this does not imply that such
media can be found, but only that they are not forbidden by the laws of physics.

In orthorhombic media there is a different set of four media closely related to the above-men-
tioned set. The two sets share all velocities along the axes, but the velocity distribution off the axes
is different in the second set. All members of this set possess anomalous polarization,

INTRODUCTION

Wave propagation in orthorhombic media has been discussed, e.g., by Musgrave (1981), Helbig
(1994) and Schoenberg and Helbig (1997). Musgrave (1981) was concerned with the kinematic
classification of orthorhombic media by means of the intersection of the slowness surface with
planes of symmetry. Schoenberg and Helbig (1997) concentrated on the geometry of the entire
slowness surface and discuss some aspects of polarization, but mostly restrict the discussion to
media that are likely to occur in geological settings. In this chapter, we concentrate on polarization,
and extend the discussion to all orthorhombic media that conceivably could occur, i.e., that satisfy
the stability conditions.
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Slowness and polarization form together the “eigensystem” of the Kelvin-Christoffel matrix in
a given direction; thus, they are closely related. The question arises whether this makes the polariza-
tion a simple consequence of the slowness, in the sense that the polarization behavior could be
derived uniquely from the slowness surface alone. In other words, are there distinct elastic tensors
that give rise to different polarization behavior, but identical propagation behavior?

We consider media for which the fastest wave is quasi-compressional and the slower wave is
quasi-transverse. This occurs when the compressional stiffnesses (¢, , ¢,,, ¢} are larger than the
shear stiffnesses {c,,, €55 € }s this is strictly true along the axes of symmetry. With the term “anoma-
lous polarization,” we describe the strange feature predicted to exist in some transversely isotropic
and orthorhombic media for one and the same slowness surface. While the polarization along the
axes of symmetry agrees with the normal polarization, there exist two “zones™ where the polariza-
tion of the fast in-plane wavefront is (quasi-) transverse and that of the slow in-plane wavefront is
(quasi-) longitudinal,

Consider a transversely isotropic medium whose symmetry axis is in the x,-direction and as-
sume that the quantity A , = C,, + C,; (density normalized stiffnesses) is less than zero. Then, such
a medium has the same slowness (and group velocity) surface as the medium obtained by replacing
C,, with (A, + Cy,), but its polarization behavior is anomalous in the sense that there are some
propagation directions for which shear waves are faster than longitudinal waves. A normally polar-
ized, transversely isotropic medium (A , > 0) may have one stable anomalous companion, (i.e., Af,
=—A, < 0), with the symmetry axis bisecting the angle between the normal and the anomalous
polarization vector corresponding to the same propagation vector.

For media of the orthorhombic symmetry class, anomalous polarization without change of the
slowness surface is possible if it occurs simultaneously in two of the three planes of symmetry. A
“normal’ orthorhombic medium may have at most three anomalous companions, in such a way that
two of the quantities, A, = C,, + Ci,, A, = C,; + Ci, and A, = C,, + C,, are negative. Then, the
stiffness matrices of the members of the quadruplet share the same diagonal stiffnesses, but differ in
the off-diagonal stiffnesses. Anomalous polarization in the (x,, x,)-plane occurs for A, < 0. If two of
them, say A, and A, become negative, the x,-axis bisects the angle between the normal and the
anomalous polarization. In addition, there exists a second quadruplet, with a common slowness
surface, that has identical intersections with the planes of symmetry, but differs for propagation
directions outside the planes of symmetry. Three companions of this second quadruplet have anoma-
lous polarizations in one plane, and the other has anomalous polarizations in all three planes.

We take the discussion beyond the realm of ray geometry by calculating finite-band wavefields
(displayed as snapshots). This is important since it is not immediately obvious how kinematic and
dynamic features that are derived under the ray-geometric approximation show up in observational
data. Most of the material in the introductory part of the chapter can be found elsewhere. It is
repeated here since it is crucial to the arguments in later parts of the chapter.

Slowness surface and polarization

The propagation of elastic waves in anisotropic media in a given direction is governed by a
homogeneous system of three linear equations in the three unknown directions of the polarization
(or displacement) vector, The coefficients of these equations are combinations of the parameters of
the material—the elements of the elastic stiffness tensor and the density—and the direction cosines
of the propagation vector. The matrix of these coefficients is called the Kelvin-Christoffel matrix.
Nontrivial solutions require that the determinant of the Kelvin-Christoffel matrix vanish. The corre-
sponding equation is called the Kelvin-Christoffel equation. It can be formulated either in terms of
the velocity v or in terms of the slowness s = 1/v. Slowness times distance is the time needed to cover
that distance, and the projection of the slowness vector onto a line of receivers is the “apparent
slowness,” the time between two receivers with unit separation. Note that these concepts apply to
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plane waves (“propagation in a given direction™); thus, v is the velocity of plane waves. In
nondispersive media, v is the phase velocity.

For a given direction, the slowness is given by (the square root of the inverse of) the three
eigenvalues of the Kelvin-Christoffel equation, while the polarization vectors are the corresponding
eigenvectors. The Kelvin-Christoffel equation thus establishes a relation between the direction of
propagation and the directions of the three corresponding displacement vectors.

The set of end points of the slowness vectors in all directions is called the slowness surface,
which is a convenient embodiment of the propagation properties of the medium. Since three plane
waves can propagate with finite slowness in any direction, the slowness surface is a closed surface
that is intersected by a “ray” from the center generally in three distinet points. The slowness surface
is a convenient and concise representation of the “propagation properties” of plane waves, and we
shall sometimes use the term propagation properties as a synonym for “slowness surface™ or “field
of all propagation vectors.”

Directions in which the ray intersects the surface in fewer points—corresponding to multiple
roots of the Kelvin-Christoffel equation—are called singular directions, and the corresponding mul-
tiple point of the slowness surface, a singularity, With a single exception, occurring in transverse
isotropy, singularities are “point singularities.” These come in two types: for point singularities,
sensu strictu, the set of tangents through the singular point form a double cone. In the so-called
kissing singularities, there is at least one common tangent to the two touching sheets. In general,
kissing singularities can be seen as the coalescence of two point singularities under continuous
variation of the elastic stiffnesses. The common tangent is parallel to the connection between the
two point singularities just before coalescence.

In view of reciprocity, the traveltime between two points is independent of direction. Thus,
slowness in a given direction is the same as in the opposite direction. Thus, the slowness surface is
point symmetric, and, according to Neumann's principle (see, e.g., Nye, 1987), its symmeltry is at
least as high as that of the tensor of elastic stiffnesses, i.e., the slowness surface of an orthorhombic
medium has three mutually perpendicular planes of symmetry. The properties of wave propagation
in an orthorhombic medium are completely described by those in one octant. The symmetry is such
that any feature on an axis (the line of intersection of two symmetry planes) occurs twice, once for
each direction of the axis. Any feature in precisely one symmetry plane occurs four times, once in
each quadrant of the plane; and any feature occurring away from the three symmetry planes occurs
eight times, once in each octant. Such features can be singularities, but there are several other fea-
tures discussed below.

Transverse isotropy is a subclass of the orthorhombic symmetry class, characterized by an axis
of rotational invariance. In view of the reciprocity of elastic wave propagation, this implies that
every plane that contains the axis of rotational invariance is a plane of symmetry, and that the plane
perpendicular to the axis is an individual plane of symmetry. Rotational invariance means, for ex-
ample, that any feature not on the axis is drawn out to a “circle of latitude,” and reflected in the
individual plane of symmetry. For example, a point singularity not on the axis is drawn out to a line
singularity, In the terminology of Crampin (1981), this is called an “intersection singularity.” Com-
monly there is a kissing singularity on the axis, Since it can be seen as the coalescence of a line
singularity into itself, there is a common tangent perpendicular to the axis in all sagittal planes (i.e.,
in all azimuths).

Though the slowness surface is met by a ray from the center in three points, it generally does
not have three distinct sheets, but is multiply interconnected in the singularities. There is a wide
variety of topologically different types of slowness surfaces constrained only by the symmeltry re-
quirements and the fact that every elastic slowness surface is of degree six (the Kelvin-Christoffel
equation is of degree six in the components of the slowness vector). One consequence of this was
pointed out by Musgrave (1981): A distinct innermost sheet must be convex (see Helbig, 1994). Any
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line intersects a surface of degree six in at most six points. To intersect a distinct inner sheet, the line
must have four intersections with the outer system of sheets (connected or distinet) and thus can
meet the inner sheet in at most two points—precisely the definition of convexity, With the stiffness
ranking (¢,,, €ay €331 > (€440 €50 €46}, @ medium of orthorhombic symmetry has a distinct inner sheet
and two interconnected outer sheets. This ranking is common, but many orthorhombic materials
with different rankings are known, e.g., spruce (Musgrave, 1981; figure 10 on page 423 shows the
slowness surface for spruce). In this study the standard ranking, i.e., all compressional stiffnesses
larger than all shear stiffnesses, is assumed.

For transverse isotropy, stability requires that ¢, > ¢, but puts no constraint on ¢,. Thus, there
might be media without a distinct inner sheet of the slowness surface. Isotropic media are a subclass
of transversely isotropic media, where the stiffness ranking is required by stability. Thus there is
always a distinct inner sheet. In isotropic media, the two outer sheets degenerate to a single sheet. In
the terminology introduced above, one could call every direction a singular direction. This is gener-
ally avoided because of the apparent self-contradiction.

The three polarization vectors for a given propagation direction are, as eigenvectors of a sym-
metric matrix, mutually perpendicular. A few general statements about the polarization directions
can be made on the basis of the symmetry of the elastic tensor.

* If the propagation direction coincides with an axis of symmetry, one of the three polarization
directions coincides with the propagation direction (it is purely longitudinal), and the other two
are constrained to the transverse plane perpendicular to the axis (and thus the propagation direc-
tion), i.e., they are “purely transverse.” Any direction for which this arrangement of polarizations

holds is called a “longitudinal direction.” If a longitudinal direction coincides with an element of

symmetry, i.e., if its occurrence is determined by the symmetry of the stiffness tensor, it is called
a “generic” longitudinal direction. In addition, there can be “free” longitudinal directions, Their
occurrence and direction are determined by the relations between the elements of the stiffness
tensor. For the condition of occurrence and the maximum number, see Helbig (1993, 1994).

« If the propagation direction lies in a plane of symmetry, one purely transverse polarization direc-

tion is perpendicular to this plane, while the other two polarization directions lie in the plane of

symmetry. One consequence of this is that, for propagation directions in a plane of symmetry, the
system of three equations in three unknown direction cosines decouples into a single equation and
a system of two equations in two unknown direction cosines,

From the points listed above follow the well-known “polarization properties” of media of higher
proj 14

symmetry. We use the term “polarization properties” somewhat loosely but unambiguously for the
overall polarization behavior embodied in the field of all polarization vectors. One has, for instance,

s In isotropic media any direction is an axis of symmetry, thus all directions are longitudinal direc-
tions. Since, also, all planes are planes of symmetry, the polarization direction of the transverse
waves in the transverse plane is arbitrary and can be characterized with respect to geometric
features extraneous to the medium (direction of gravity, free surface, direction of borehole, ete.).

 Transversely isotropic media have one axis of rotational invariance, which is a longitudinal direc-
tion, Any plane containing this axis is a plane of symmetry; thus for any direction of propagation
one polarization is always purely transverse, perpendicular to the plane containing the propaga-
tion direction and the axis of rotational invariance (the sagittal plane). This polarization is referred
to as “‘cross-plane™ or “anti-plane™ polarization. It is often called “SH polarization,” since, for a
vertical axis of rotational invariance, all sagittal planes are vertical. The other two polarizations lie
in the sagittal plane (in-plane polarization). The plane perpendicular to the axis of rotational in-
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variance is a plane of symmetry; thus, there is a second purely transverse polarization (parallel to
the axis) if the propagation vector lies in the individual plane of symmetry, and all directions
perpendicular to the axis are longitudinal directions. Thus, for all directions other than along the
axis, the polarization vectors are fixed. Along the axis of symmetry the two shear displacements
are constrained to the transverse plane, but are otherwise indeterminate,

e Orthorhombic media have three mutually perpendicular planes of symmetry and three two-fold
axes, Thus there are three (generic longitudinal) directions where all three polarization vectors are
determined by the symmetry properties of the stiffness tensor; and three planes where, to each
propagation direction, correspond one purely transverse (cross-plane) polarization and two in-
plane polarizations.

In isotropic media, the two (or, rather, three) sheets of the slowness surface are identified ac-
cording to the polarization of P for the inner sheet and S for the outer sheet. The names were origi-
nally based on the order of the slownesses (the time of arrival of the corresponding wave) with P for
the first (primary) and § for the second. Today, the indicators P and § are often connected with
polarization, i.e., P with compression (or longitudinal) and S with shear (or transverse), with the
specification SH and SV for waves with transverse displacements in the horizontal and vertical
planes, respectively. For isotropic media this shift of meaning causes no difficulty. For transversely
isotropic media with a vertical axis, one often uses this terminology, sometimes with the qualifier
“quasi-", i.e., qP, qSV, and 5H, since the first two of these waves are generally not purely longitudi-
nal and transverse, respectively. For a nonvertical axis, the terminology “in-plane polarization™ and
“cross-plane polarization™ is to be preferred. For orthorhombic media, even this breaks down, be-
cause one cannot classify in this way the three arrivals outside the planes of symmetry. Moreover,
polarization is connected to the sheets of the slowness surface in a much more complicated way.
Thus, one has to go back to the names based on the ranking of the three slownesses. It would have
been simple to go back to P, § and T (for tertiary), but the shift of meaning for P and § makes this
potentially confusing. One speaks thus of the inner, central, and outer sheet or, if the slowness
surface is of the standard topological type, and the connection with the polarization simple, of P-
waves, fast - and slow S-waves.

Wave surface, rays and synthetic wave fields

The wavefront at time 7, due to a point source, can be regarded as the envelope of plane waves
in all directions that leave the origin at t = 0. A vector connecting the origin with a point on the
envelope is called a ray of length gr, with g the “wave velocity,” and a vector of the same direction
and length g is called the *wave velocity vector.” The set of end points of all wave velocity vectors
is called the “wave surface.” It is geometrically identical to the wavefront at t = 1, but the coordi-
nates of the wave surface are velocities, while those of the wavefront are of dimension length from
origin.

The slowness surface and wave surface are related to each other as polar reciprocals, i.e., the
normal of one surface is parallel to the corresponding radius vector of the other surface. An element
of inflection on one surface, where the sense of rotation of the normal changes with respect to that of
the radius vector, thus corresponds to a cuspoidal element in the other surface. The slowness surface
has no cuspoidal elements, but it can have elements of inflection of different types. The wave sur-
face can have no elements of inflection, but can have cuspoidal elements and can be much more
complicated than the slowness surface,

The elastodynamic equations are solved by a direct grid method. In this approach, the model
space is discretized and the three components of the displacement vector are computed at each grid
paint of the numerical mesh,
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SLOWNESS, POLARIZATION, AND RAY VELOCITY
OF AN ORTHORHOMBIC MEDIUM

The Kelvin-Christoffel equations for orthorhombic media can be written in terms of the slow-
ness s as (e.g., Helbig, 1994)

Tlla'l +A|2|3|ﬁ2(12-I-AHB'[j?'(}‘._‘:()‘ (N
A|2B|Bz(x| + Ty, + AntBﬂJ =0, (2)
AIJBIBJU'I + Azaﬁzﬁaaz i T:i:'ra':x =0, (3)

where 3, are the direction cosines of the propagation vector, o, are the direction cosines of the
displacement vector,

Ap=Cyu+Cy Ay=Cph+Cg, Ap,=Ch+ G 4)

Ty = C, B+ CyePy + Coti - 1#
Ty= Cac,B:E + szl?’% + C44B§ - l‘z (5)
Ty = CosPi+ CoB3 + CBi - _1-2

with C,, I, J = 1,..., 6 the density normalized stiffnesses, the square roots of which are wave veloci-
ties. The six diagonal elements are related to the velocities along the coordinate axes.

The Kelvin-Christoffel equation is obtained by setting the determinant of the system (1)-=(3)
equal to zero. This yields an equation of third degree in v? = 1/s? (or sixth degree in s) (e.g., see

Helbig, 1994, p. 172):
Lz 1 3% 1
-(7) +1(3) -5 (5)r5=0 ®

with the coefficients

!l = B%(CH + C‘(»(a + Cﬁ) +B§(C"6f\ + CQJ + C-’"-I-l.) + B%(C“ s CM g Cﬁ.‘i)' (7)

= [3“1‘[(:‘”(*?% + C.sf-) * C(\GCES]
+ PIC,H(Cyy + C) + €, C)
+ BilCu(Cys + € + €€
+ PIBAC,C + CpyCis + CyyC + Cu(Cyy + Cis + Cg) — A3 (8)
+ BB3C, Cpy + CpyCis + €, ,Cpy + Cos(C)y + Cy s + C ) ~ A

+ BBIC, Cyy + €\ Cpy + CpyCo + Co(Cy + Cg + Cy) — AT
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L = PIC Culu # PG CC0w + PSCuCy
+ PRI C, (BiC..C,, + B2C,,C,)
+ (BiCq + BiCs)(CCy + €3y = AT
+ BRI C,(B3C,,Cs + PIC, C,)
+ (B2C,, + BIC)C,,C,s + Cs = AY)] (9)

3y
+ BIBC(BIC, Cyy + BIC,,C5)

+ ([E?C‘ﬁﬁ + Bgc‘dﬂ)(CHCZZ + Ciﬁ . A‘i’z)]
+ Bip2RA(C,,C,,Cy5 + 2C,,CsC

+24,A A, + C(C3, = A3) + Cy(Cl = Ay + Cy(Ch = AR

Note that multiplication of equation (6) by s® changes the equation of order three in one unknown §?
into an equation of order three for the squares of the components of the of the slowness vector.

There are several (equivalent) expressions for the polarization. For instance, the three direction
cosines of the polarization vector corresponding to the solution s and a given propagation direction
B, are proportional to the corresponding minors of the matrix defined by the linear system (1)-(3).
For instance, in terms of the colactors of the last row, we have

o, /o,/o, =
(AlenB% -A .3722313,[3;/01 uA |3B$ T AzaTn)Bzﬁa I(Tl I T:zzB'f = A,;ﬁ?ﬁﬁ)' (10)

which can be brought into the form

o /o,/o, =
ﬁl / 181 / ﬁ:i , I ])
(A1241307 — ApsTh1)’ (A12A2s05 — A1sToa) ' (A1aAafff — AraTs) (

We assume the normalization criterion o0, = |. Again, multiplication by s° changes these expres-

sions into a relation between the coordinates of the slowness surface and the polarization vector,
Let us define = F([3,, B,, B,) to be the determinant of the system (1)-(3). Then, I =0 is the

equation of the slowness surface, and the group ray or wave velocity vector is given by (Helbig,

1994)

_ YF
Yg—(VF'@), (12)

where [ is the propagation unit vector and the dot denotes scalar product, Alternatively, the group
velocity can be obtained from the energy velocity, since in elastic media they coincide, Its evalua-
tion involves the calculation of the direction cosines of the displacement vector also (Helbig, 1994,

p.163).
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ANOMALOUS POLARIZATIONS IN TRANSVERSELY ISOTROPIC MEDIA

The analysis will be carried out for the sagittal (s,, s,)-plane of transversely isotropic media,
but is equally valid for the three planes of symmetry of orthorhombic media. Moreover, the results
apply to any plane containing the symmetry axis of a transversely isotropic medium.

A useful expression for studying the relationship between slowness surface and polarization
behavior in the planes of symmetry is obtained by multiplying the ith row of equations (1)~(3) by ¢,
and then taking the difference, For instance, (row 1) x o, = (row 3) X ¢, yields

T08 = Tyyol = (4,850, — A B, @ )B, 01, (13)
The right-hand side vanishes for propagation in the (x,, .x,)-plane (B, = 0) and one simply has
f & = 6553? + 03333 -1
Ty Cusi+ Csssi— 1

(44

= (14)

o

where 5, and s, are the components of the slowness vector, The system (1)-(3) reduces in the (i)
plane to

(C\ 53+ C52— Do, + A ,5,5,0,=0, (15)
(Cost +C 82 = 1o =0, (16)
A 85,0, + (Cost + Co82 = D, =0, (17)

and the Kelvin-Christoffel equation decouples into

Cﬁb‘ﬁ + Cd-:""i -1=0, o,=1, (18)
and
(C“.'f? + C'ﬁsﬁ - l)(C’”x? + C':‘_‘.s‘% e Afj.s‘f.s‘% =0, o,=0, (19)

with o, and o, determined from equations (15) or (17).

In the (s,, s,)-plane the two equations (18) and (19) describe an ellipse and a quartic, respec-
tively. However, in the (S, S,)-plane (the “squared slowness” plane) with S, = 52 they describe a
straight line and a quadric, respectively. The set of all quadrics goes through the “anchor points”
(I/C'”, M, (0, I/CH). (0, 1/C,,), and (I/Cﬁ, 0), with the shape controlled by Aw If we regard Aasa
set parameter, then a limiting member of the set is obtained for A, =0, i.e., the two straight lines

C\5,+C.S, =1 and CiS, + C,,8, = 1. (20)

For A, = (C|, = C,)) (C,, = C,,) the quadric degenerates into the two straight lines through
(1€, 0), (0,1/C,), and (0, 1/C)), (1/C, 0), respectively, and corresponding to an ellipse and a
circle, respectively, in the slowness plane. The fact that for A, = (C, - C,) (C,, — C.,) the slowness
surface (and the wave surface) of P and S waves in transversely isotropic media are ellipsoids and
spheres, respectively, was mentioned by Rudzki (1911). For A, <HC [ —C e Cia = C.,) the quadric
is a hyperbola passing through the anchor points, and the two lines lie in the first quadrant “outside”
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the hyperbola. For A2, > (C,, - C.,) (C,, — C.,) the quadric is an ellipse through the anchor points,
and the two lines lie in the first quadrant “inside” the squared slowness ellipse.

The numerator and denominator of equation (14) are expressions of the scaled distance of the
point (S,, S,) from the straight lines in equation (20), respectively. This establishes a graphical
relationship between the (squared) tangent of the propagation angle, the squared slowness surface,
and the (squared) tangent of the in-plane polarization angle (see Helbig, 1994). An example is
shown in Figure I. Lines of constant tan® [} pass through the origin, and lines of constant tan? o.
through the point P ,, the intersection of the two limiting members [equation (20)].We can read off
tan’ 3 and cot® 3 on the sides of the square in the lower left. For instance, B = ©/6 (= 30°) and
B =m/3 (= 60°) correspond to tan® = 1/3 and tan® 3 = 3, respectively, f = n/4 (= 45°) to tan? = [;
tan® 0 (and cot* o) can be read off similarly on the parallelogram between the origin and P,,.

A direct connection between polarization and propagation directions for the planes of symme-
try can be established in the following way: rearrange the coupled equations (15) and (17) to read

81 83 1 Q4
Gy g = —— = —fig—, (21
Sa3 S1 5183 23]
and
81 S3 1 o
Cos— +Cag— — — = —Ap—. (22)
53 81 8153 Q3
Subtraction of the two equation gives
81 83 o oy
Ci — Chs)— = Gsa—css—=A13(———)- 3
(Cu = Cos) - = 5 sakaks (23)

This can be written as a quadratic equation in ¢ /o, = tan o in terms of s,/s, = tan f:

1 Caz — Clss
t&nza—A— (C”—Cas)tanﬁ——i—ﬁé— tana—1=0, (24)
13

Note that since the last term is —1, the two solutions differ by n/2 (i.e., the two directions are
orthogonal). Note further that with a change in the sign of A , the polarization angle changes sign,
but not magnitude.

The fact that there can be two different polarization distributions and the same transversely
isotropic slowness surface was first pointed out by Helbig and Schoenberg (1987), who called this
phenomenon "anomalous polarization”. Two transversely isotropic stiffness tensors C and C*, that
have all elements identical except

T | x| ] *
Clh=—(C,+2C,), e, Al,=-A,,, (25)
give rise to the same slowness surface,
For an “anomalous companion medium” to a transversely isotropic medium to exist, it must be

stable. For an anomalous transversely isotropic medium, stability is guaranteed if

CM(CH - C{)ﬁ) = Cﬁ (26)
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(Helbig, 1994). Substituting equation (25) into equation (26) gives the constraint on C , correspond-
ing to the “normal” medium:

—Cis < Cy3 < \/Caa(cn — Ceg) — 2Cs, (27)

since C,,>0and C, + C > 0.

With the definition in equation (24), the polarization angle o is measured against the x -axis,
and a change in sign can be interpreted as a change in sign in the x -component. The x.-axis bisects
the angle between the two polarization directions.

Alternatively, equation (24) can be written as a quadratic equation in tan 3 in terms of tan o

2.:413 cot 2a Gg;; = G5=,
tan? f + ———tanf - ——= =0 (28)
Cll = 055 Gll o 055 ,
where the property tan o — (tan )" = =2(tan 201)™" has been used.

ANOMALOUS POLARIZATION IN ORTHORHOMBIC MEDIA

Anomalous polarization exists both inside and outside the planes of symmetry of orthorhombic
media. The formal existence is discussed in the following section entitled Existence of Anomalous
Media. The relations between the polarization direction and the propagation direction are more
complicated than in the planes of symmetry, since to each propagation direction there must be three
mutually perpendicular polarization directions. However, anomalous polarization outside the planes
of symmetry operates in the same manner as in the planes of symmetry.

Existence of anomalous media
The slowness surface, and thus the wave surface, is completely determined by the Kelvin-

Christoffel equation (6), i.e., by its coefficients. The dependence of the three coefficients /, /,, and

I, on the nine elastic stiffnesses of an orthorhombic medium can be described as follows:

I. The “diagonal” stiffnesses C,, C,,, C,,, C,,, C, and C, determine via equation (7) the three
intersections of the slowness surface with each of the three axes of symmetry. The slowness
surfaces of all media with the same diagonal stiffnesses form a set of bi-cubic surfaces that pass
through these nine points.

2. The absolute value of the combinations A,, = C,, + C,, A, =C,+ C,and A, = C, + Cg
determine the shape of the curves of intersection of the slowness surface with the planes of
symmetry. The slowness surfaces of all media with the same diagonal stiffnesses and the same
A?, form a set of bi-cubic surfaces that have identical curves of intersection with the planes of
symmetry. This follows directly from the observation that the coefficients contain A, in squared
form only if one of the three direction cosines 3, of the propagation vectors vanishes, i.e., if it is
one of the planes of symmetry [see equation (9)].

3. The slowness surfaces of all media with the same diagonal stiffnesses and the same A, taking
the algebraic sign into account, form two sets of bi-cubic surfaces. Within each set there are four
identical slowness surfaces. This follows directly from the observation that only the third coeffi-
cient in equation (9) contains a term A, A A, that can change its sign with a change in sign of a
single A, The members of the first set are those where an even number (including 0) of A, are
negative, and the members of the other set are those with an odd number of minus signs.
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Polarization behavior

It follows from equations (8) and (9) that the slowness surface (and the wave surface) are not
affected by a simultaneous sign change of precisely two of the three off-diagonal factors A, How-
ever, this change affects the polarization behavior. It follows from the symmetric form of equation
(10) that a change in the algebraic sign of precisely two of the A, results in a change in algebraic
sign of precisely the two corresponding components o ([ # J # K # I) of the polarization vector. If
A, and A change sign simultaneously, the x-axis bisects the two polarization directions. The
different polarization arrangements that are possible without a change in the slowness surface are

A, # - + -
13 + - . +
n o+ + - -

. (29)
o, s - + -
o, I -~ - +
. + o+ - -

For transverse isotropy, anomalous polarization means that the slowness surface is divided into
zones: In the normal zones near the x;-axes (the poles) and near the (x|, x,)- plane (the equator), the
polarization of the inner (fastest) sheet is close to longitudinal, while for intermediate angles (the
anomalous zones), the polarization of this sheet is close to “in-plane transverse.” For orthorhombie
media the same global distribution of polarizations exists, except that the anomalous polarization is
superimposed on the nonrotationally symmetric topology of the orthorhombic slowness surface.
Moreover, each of the three symmetry planes can take the role of “equator,” so that a given orthor-
hombic slowness surface may be associated with four different polarizations: A “normal™ polariza-
tion and three types of “anomalous™ polarizations, in the above scheme with the equator the (x, x,)-
plane, the (x,, x,)-plane, and the (x,, x,)-plane and the corresponding anomalous zones, respectively.

The four polarization distributions corresponding to the “normal” slowness surface, with the
sign combinations from equation (29), are shown in Figure 2. It shows the intersections of the
slowness surface with the three planes of symmetry, and the polarization vector for the fastest (in-
nermost) sheet wherever it makes an angle 8 > n/4 with the propagation vector. The “zones™ of
anomalous polarization are clearly visible in Figure 2,

The four sign combinations not listed in equation (29) correspond to another quadruplet of
polarization distributions with a common slowness surface. This slowness surface has the same
intersections with the planes of symmetry as the quadruplet equation (29). In the region centered
about the spatial diagonal the two slowness surfaces differ (see Figure 3). Polarization distributions
for the second type of slowness surface are shown in Figure 4. Note that the stability of all four
versions of the first slowness surface does not guarantee the stability of the media shown in Figure 4,
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z
Anomalous polarization of the first group:
upper left— A >0in all three planes
% y upper right = A >0 in 23-plane only
lower left— A >0in 13-plane only

lower right — A =0 in 12-plane only

Fic. 2. Distribution of anomalous polarization of the fastest sheet of the slowness surface for
A A, A, > 0. Polarization vectors are plotted if they make an angle 6 > 1/4 with the propaga-
tion direction. Top left: all three A, = 0; top right: only A,, > 0, bottom left: only A, > 03
bottom right: only A , > 0.
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FiG. 3. Two slowness surfaces with the same curves of intersection with the planes of symme-
try. Top: with an odd number of negative A, ; bottom: with an even number of negative A,
including the “normal” medium. To show the deviation of the two slowness surfaces in the
region surrounding the spatial (1,1,1) diagonal, the curve of intersection with the plane bisect-
ing the (x, x,)-plane and (x,, x )-plane of the upper figure is copied into the lower figure (heavy
curves).
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z Anomalous polarization of the second group:
upper left— A =0 in all three planes
upper right = A > 0 in 23-plane only

y lower left— A =0 in [3-plane only
X lower right — A > 0 in |2-plane only

Fic. 4. Distribution of anomalous polarization of the fastest sheet of the slowness surface for
A A, A |, <0. Polarization vectors are plotted if they make an angle 6 > 7/4 with the propaga-
tion direction. Top left: all three A, < 05 top right: only A,, < 0, bottom left: only A, < 0;
bottom right: only A , < 0.
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Stability constraints on the elastic stiffnesses
An orthorhombic medium is stable if
C,>0,Cp,>0,Cy3>0,C > 0,C >0, C >0,
C,,Cin— C3, =0, C,Cyh=Coy>0, C,Cy;=C% >0, (30)
C,,Cy,Cyy +2C,5CiCy - CLC, = CCy — CHCy >0

(see, e.g., Helbig, 1994, p. 192).
In the terms of the dimensionless parameters

¢ = Cs P = Cl, = Ch
Cy2C33’ C11Cs3 CnCa’
(31)
:;'__':‘2 - Cfd 2 - 0525 ZZ a, Cﬁzﬁ
CCli3’ C11Cas’ CnCos’

the last four inequalities take the form

Bicl, mel, @<l

E2en2+ 2 -2Enl< 1. (32)

The three inequalities in the first row of equation (32) constrain the point (&, n,£) to lie inside the
cube with corners at (£1, £ 1, £ 1). The second inequality further constrains the point to lie inside the
closed part of the surface one obtains by replacing the “less than” sign by an equality sign (Musgrave,
1990; Helbig, 1994). This is a surface of third degree with four singularities at (+1, +1, +1),
(1, =1, +1), (=1, +1,=1),and (+1,~1, =1). The six lines through these four points lie entirely on the
surface [e.g., equation (33)].

The equation

B+ - 2EnG~1=0 (33)

is satisfied, for example, by all points on the pair of straight lines 1 =£,{=1,and N =-E,{=—1
and the two other pairs obtained through exchange of &, 1,and .

Rewriting equation (33) and setting {=C yields an ellipse for |€,| < 1 and a hyperbola for I§,|>1:

2 2

Y
1+G  1-G

1,

| ] g (34)
with z = ﬁ(f +n), y= 75(& -1).
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A plane containing the C-axis and bisecting the other two axes intersects in a parabola:
N=E=x=V26y=0=2=1+{. (35)

A plane parallel to a face of the cube intersects the surface in an ellipse if the plane passes
through the cube, otherwise in a hyperbola; and the axes of the intersection quadrics are parallel to
the diagonal of the face of the cube [e.g., equation (34)]. A plane perpendicular to an edge of the
tetrahedron passing through the opposite edge, i.e., through two parallel face diagonals of the cube,
intersect the surface in a parabola [e.g., equation (35)]. It follows that the surface consists of four
open parts extending to infinity, and one closed part connected with the open parts in the four
singularities. The closed part of the surface is entirely contained inside the cube; thus it is the “con-
straint surface” (32), the hull of the constraint volume (see Figure 5).

The resulting relationship between (§, n,§) and (2, H, Z) is shown in Figures 6 and 7. At least
one anomalous companion medium, with two negative A, exists if one of the points Pt ={(E,H, L),
P, =Emn2orP,= (€, H, Z) lies inside the constraint volume. In the example in Figure 6, both
points P, = (0.5, 0,032, 0.7) and Py = (=0.5,-0.032, 0.7) lie inside the constraint ellipse (intersec-
tion of the plane { = 0.7 with the constraint volume). Anomalous polarization exists if the point
P =(&,n,0) lies inside the intersection of the ellipse with its own image shifted by =2(Z, H, 0). Since
the intersection has center P;, a second point P* inside the intersection can be found such that
PE = (P + P*) /2. The example shows that media with the same P; = (=, H, {), only with either a
negative A}, or a negative A}, would not be stable, since the points (=2, H, §) and (Z, —H, §) both lie
outside the constraint ellipse. Thus, no pairs of stable points exist such that these points are their
average. Figure 7 shows the situation for simultaneous sign changes in A,,, A ,, and A ,: Now the
point (=2, =H, —Z) must lie in the intersection of the constraint volume with the constraint volume
shifted by 2(=E, —=H, —=Z). Again this puts a stronger constraint on the admissible points (£, H, Z)
—the constraint volume becomes smaller—than the sign change in only two of the A,

Note that the condition

{Cijs G €3 2 (€ G €} > 0 implies 1 > (E, H, Z} > 0, (36)

i.e., for the media we consider here, the point (Z, H, Z) lies in the first octant of the constraint cube
[equation (32)]. Figure 8 shows that the constraint surface occupies a sizable part of this unit cube in
the first octant. Thus, the possible existence of companion media with anomalous polarization should
not be rare, This does, of course, not mean that such companion media should be observed fre-
quently, only that they are rarely ruled out by stability considerations.
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FiG. 5. Constraint volume of orthorhombic media. Stability holds if the diagonal stiffnesses
are positive and the point &, 1, lies inside the constraint volume. This volume is contained in
the cube and comprises the tetrahedron. Left: planes parallel to the sides of the cube intersect
in ellipses (outside the cube in hyperbolae). Right: planes through opposite face diagonals and
opposite edges intersect in parabolas.

I

FiG. 6. Left: constraint volume viewed along the {-axis. Right: condition for the existence of
anomalous polarization in the (x, x )- and (x,, x)-planes for a given £=0.7.The points P = (§, 1,
0.7) and P = (£', n*, 0.7) must both lie inside the constraint ellipse for { = 0.7 and (-Z, -H, 0.7)
must bisect PP, This is possible with stable stiffnesses if both P and P° lie inside the intersection
of the ellipse and its image after a shift by —2(=, H, 0). The intersection is nonempty if (=, H, 0.7)
satisfies the constraint condition in equation (32), i.e., it lies inside the constraint ellipse.
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B e 1]

A B

F1G. 7. The constraint volume for the existence of anomalous polarization in all three planes of
symmetry is the intersection of the constraint body of Figure 6 with its own image shifted by
—2(Z, H, 7). Each level of this body is the intersection of the two ellipses (indicated at right).
A. Intersection of two constraint bodies for = = 0.5, H = (.32, and Z = 0.1. B. Intersection
(lighter shade) of two ellipses (Z = 0). Each “level” of the intersection of the two bodies at right
corresponds to an intersection of two ellipses.

Fic. 8. The first octant of the constraint body (indicated by partial ellipses) occupies a sizable
part of the unit cube to which (Z, H, Z) is constrained. Thus, many of the media considered
here might have anomalously polarized companions.
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SIMULATIONS

In this section, the theoretical results are further verified by means of full wave numerical
modeling. First, we consider the examples given by Helbig and Schoenberg (1987) in a plane con-
taining the symmetry axis of a transversely isotropic medium. Since this is an axis of rotational

invariance, a 2-D simulation is enough to analyze the polarization behavior. On the other hand, for

orthorhombic media we use a 3-D modeling technique in order to analyze the polarization features
out of the symmetry planes.

The forward modeling codes are based on the Fourier pseudospectral method for computing
the spatial derivatives and Chebychev expansions of the evolution operator as the time-integration
technique. The details on the 2-D and 3-D algorithms can be found in Carcione et al. (1988, 1992),
respectively. These algorithms possess spectral accuracy for band-limited signals and are not af-
fected by temporal or spatial numerical dispersion.

2-D wave modeling in transversely isotropic media

Equation (6) gives the slowness equation for a transversely isotropic medium if €, =C,,, C|, =
C,, C,,=Cy and C, = C|, = 2C,,. Then, the polarization behavior is governed by A ,, with equa-
tion (24) giving the polarization angle. For the simulation of the examples illustrated by Helbig and
Schoenberg (1987) in their Figures 2 and 3 (case 1), 4 (case 2), 5 (case 3) and 6 (case 4), respec-
tively, we adopt their convention for defining the material properties:

C"l3
A=ZB 11 B
G’E&

_ Cn _ Gy
o k. and G_Gﬁﬁ 1. (37)

Table 1 shows the values of these constants for normal polarization behavior. Case 3 does not satisfy
our basic assumption {C, |, C,,, C,,} = {C,,, C,,, C..}, and is included only for the sake of compari-
son, The parameters of the medium with anomalous polarization are the same except for a change in
sign for A,

Although irrelevant for the present analysis, we choose C,, = 2.25 x 10° Pa in mks units, The
size of the numerical mesh is Ny=N,=225, and the motion is initiated by a directional force making
an angle /4 with the symmetry axis. In all cases, the central frequency f, of the source function is
the same, and is related to the grid size D = D, by the Nyquist criterion 4D f = +/Cés.

The snapshots corresponding to the four cases are represented in Figures 9,10,11 and 12, re-
spectively, where only one quadrant of the 2-D model is represented. Figures (a) and (b) represent
the ray velocity section for normal and anomalous polarizations, respectively, with the "tadpoles”
indicating the polarization directions. Figures (¢) and (d) are the respective snapshots with the seg-
ments representing the displacement vector every third grid point of the mesh. The ray velocities are
normalized with respect to the shear velocity /Css.

As predicted by the theory [e.g., equation (15) or (17)], the x,-axis bisects the angle between
the normal and the anomalous polarizations. In general, the anomaly is more pronounced around
B = n/4, where the faster wave is transversely polarized and the slower wave is longitudinally polar-
ized. This 1s particularly evident in case 2, which shows an example of a nearly isotropic wavefront
with nonisotropic particle motion directions. Moreover, note that the fastest branch of the triplica-
tion event in case | (see Figures 9b and 9d) has longitudinal polarization. In case 3, both media
display anomalous polarizations. This is caused by the choice C;, < | < C|, i.e., the shear velocity
in the x,-direction is faster than the compressional velocity in that direction. The fast sheet is purely
transverse in the x;-direction and becomes purely longitudinal in the x -direction, while the opposite
behavior occurs for the inner sheet (see Figures | la and 11¢). The medium with A <0 (Figures 11b
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and 11d) follows the same rules but is even more anomalous. When A is close to zero in case 4
(Figure 12), the fastest branch of the cusp combines with the outer g wavefront, and the two sheets
degenerate into two intersecting ellipses, one with fixed particle motion in the x,-direction and the
other with fixed particle motion along the x,-direction. In this case, the anomalous polarized me-
dium (A < 0) does not differ greatly from the “normally” polarized medium (A > 0), as can be
appreciated in Figure 12

2.0-HH-— 20+
(@) (b)

0.0 1

0.0 0.5 1.5 2.0 0.0 0.5 1.0 15 2.0

Fic. 9. Normalized ray velocity sections and snapshots for the transversely isotropic media
defined by case 1 in Table 1. Figures (b) and (d) correspond to the anomalous medium.
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0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

Fi. 10. Normalized ray velocity sections and snapshots for the transversely isotropic media
defined by case 2 in Table 1. Figures (b) and (d) correspond to the anomalous medium,
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Fii. 11. Normalized ray velocity sections and snapshots for the transversely isotropic media
defined by case 3 in Table 1. Figures (b) and (d) correspond to the anomalous medium.
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FiG. 12. Normalized ray velocity sections and snapshots for the transversely isotropic media
defined by case 4 in Table 1. Figures (b) and (d) correspond to the anomalous medium.
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Figure 13 represents the u -component for a spherical explosive source, where (a) corresponds
to the normal medium, and (b) to the anomalous medium (Case | in Table 1). As can be seen, the
phase behavior of the compressional wave in the horizontal direction is the same in both cases (the
same happens for the vertical displacements). The change in sign when crossing the diagonal direc-
tions (Figure 13b), and the fact that the displacement vanishes along those directions, indicate that,
at the vertical and horizontal symmetry axes, the wave has the same phase as in the normally polar-
ized medium, i.e., the displacement is directed outwards (or inwards) along the whole wavefront.

Finally, Figure 14 illustrates two « -component seismograms corresponding to a single inter-
face. The upper layer is the quasi-isotropic medium indicated with case 2 in Table 1 [(a) normal
polarization and (b) anomalous polarization] and the lower medium is isotropic with compressional
and shear velocities of 3500 m/s and 2000 m/s, respectively. The source (a vertical force) is located
at 1040 m above the interface and has a central frequency of 19 Hz. As expected (see Figure 10), the
differences between the two seismograms are important. Note that the events in (b) cannot be rigor-
ously identified as gP or g5, as in Figure 14a.

Table 1. Material properties of the transversely isotropic media.

Case A B C
I 1.2 2.24 2.61
2 2.6 2.61 2.61
3 0.75 096 | -0.36
4 0.1 2.61 1.56

3-D wave modeling in orthorhombic media
The normalized stiffness matrix of the chosen orthorhombic medium with normal polarization is

(CuCnCs 0 0 0] [10215000]
Ciu CaiC 0 0 0 291000
5 o Cis Cs Gy 0 0 0 | _ 1.513000,
) 0 0 0 Cu 0 0 000300 s
0 0 0 0 Cs O 000020
(0 0 0 0 0 Ce| [000001

where, in order to obtain “realistic” mks units, the numbers should be multiplied by 10°, In the
following example we assume a simultaneous change in sign of A, and A . Then, C|, = —4 and
C}, = =5.5. Figure 15 shows the slowness surfaces of the normal and anomalous media with the
corresponding polarization directions, Note that the anomalous surface is identical to the normal
one because both A , and A, have changed sign.
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(b)

Fic. 13. Snapshots of the u_-component for (a) normally polarized transversely isotropic me-
dium and (b) anomalously polarized transversely isotropic medium. The source is purely dila-
tational and the medium corresponds to case 1 of Table 1.
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Fic. 14. Seismograms of the u_-component corresponding to a single interface. The upper
layer is the quasi-isotropic medium indicated with case 2 in Table 1 [(a) normal polarization
and (b) anomalous polarization] and the lower medium is isotropic with compressional and

shear velocities of 3500 m/s and 2000 m/s, respectively.
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FiG. 15. The three sheets of the slowness surface with normal (left) and anomalous (right)
polarization. Axis of anomalous polarization is the x-direction. The off-plane singular direc-
tion is shown by a short line.
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The size of the numerical mesh is N, = N, = N, = 165, the grid spacing is uniform and the
criterion 4D, f = /Chg is used to avoid wavefield aliasing. The source is a directional force making
an angle of n/4 with the coordinate axes.

Figures 16 shows the ray velocities and corresponding snapshots in the three symmetry planes
of the normal and anomalous media. The polarization is indicated on the curves; when it is not
plotted, the particle motion is perpendicular to the respective plane (anti-plane shear waves). Only
one octant is shown from symmetry considerations. As can be seen, asign change in A, and A, only
affects the (x,, x,)- and (x,, x,)-planes, leaving unaltered the polarizations in the (,t'z, .A:J)—plune. Asin
the transversely isotropic case, the anomaly is more pronounced at about 45° where the polarization
of the fastest wave is quasi-transverse and the cusp lid is essentially longitudinal. Moreover, the
cross-plane shear wave with polarization perpendicular to the respective symmetry plane can be
clearly seen in Figures 16¢ and d.

The response of the medium to a purely dilatational source is shown in Figure 17. In Figure
17a, the medium is characterized by a change in sign of A, only. This anomalous medium has the
same slowness surface as the normal orthorhombic medium along the planes of symmetry. The
results are in agreement with Figure 4, indicating anomalous polarization in the (x,, x,)-plane only.
In Figure 17b, the medium is characterized by a simultancous change in sign of A , and A ;. It can be
shown that the phase behavior of the compressional wave along the x -axis is the same in both cases.
As in the two-dimensional case, the wave has the same phase as the normally polarized medium,
i.e., the displacement is directed outwards (or inwards) along the whole wavefront.

Figure 18 shows a snapshot of the polarization vector in a plane tilted 45° (v, = x,) and perpen-
dicular to the (x,, x,)-plane. The snapshot corresponds to the normal medium. That for the anoma-
lous medium is represented in Figure 19. Several features can be clearly observed despite the diffi-
culty in interpreting the 3-D polarizations. Referring to Figure 17, the outer wavefront is the qP
wave, and the g5, and g5, can be identified from the vertical and horizontal polarization vectors. The
polarization directions are, in general, out of the plane (in particular the displacements in the cusps).

In Figure 19, the zone of anomalous polarization can be clearly distinguished in the outer
wavefront. According to the theory [see the polarization arrangement diagram in equatoin (29)], a
simultaneous sign change of A , and A , implies that the x,- and x,-components of the polarization
vector change sign. As mentioned before, this is equivalent to saying that the x -axis bisects the
angle between the normal and the anomalous polarization vectors. This behavior can be observed by
the outer wavefront in Figure 18 and 19,
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16. Ray velocity sections and snapshots at the symmetry planes of the orthorhombic me-
dium. Figures (b) and (d) correspond to the anomalous medium. Only one octant of the model

space is displayed for symmetry considerations,
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(a)

G N
it 1 NSNS

Fic. 17. Snapshots for an explosive source at the symmetry planes of the orthorhombic me-
dium. In (a) the medium corresponds to a change in sign of A, only, and in (b) the medium
corresponds to a simultaneous change in sign of A , and A . The axis orientations are the same

as those of Figure 15,
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polarized medium. The plane is tilted 45° (x, = x,) and is perpendicular to the (x,, x )-plane.

FiG. 18. Snapshot corresponding to the first quadrant of the model space for the normally
The orientations of the axes are similar to those of Figure 10. ;

FiG. 19. Snapshot corresponding to the first quadrant of the model space for the anomalous
medium. The plane is tilted 45° (x, = x,) and is perpendicular to the (x,, x,)-plane. The orienta-
tions of the axes are similar to those of Figure 10,
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CONCLUSIONS

The Kelvin-Christoffel matrix establishes a link between every stable matrix ¢, € © and a
slowness-end polarization distribution, i.e., a slowness surface together with the attached polariza-
tion. For the inverse problem, the derivation of the elastic matrix from slowness and polarization
distribution, it is important to know whether the polarization distribution follows uniquely from the
slowness surface. We have shown that this is not the case, even in the subset of © with members ¢,
where {c,,, €5, €33} = { €440 €550 Cos)-

Consider the set @_of all stable orthorhombic stiffness tensors (for the sake of simplicity re-
ferred to as a “natural” coordinate system) with all compressional stiffnesses exceeding all shear
stiffnesses, i.e., the set ¢, with [, J € {1,..,6},¢,=¢,, ¢, =0V U>3AJ2DV (>3 AJ]),
2,0 Tw ] 60, <&, >0and e b . #0008, = 600~ 0l — 500 30, e >e, forke [,
2,3}, J e {4, 5, 6). The entire slowness and displacement distribution in a member of this set is
determined completely and uniquely by the corresponding distributions in (a quadrant of each of)
the three planes of symmetry, without further explicit reference to the stiffnesses.

Knowledge of the slowness distributions only in the symmetry planes is sufficient for this
determination only for members of the subset @ +, withA, =¢c,, + oy > 0 (no summation), where
K, Le {1,2,3}; K#L; Q=9— K- L. Upto eight members of © can share the same slowness
distribution in the symmetry planes (the precise number is determined by stability considerations),
but will have different polarization distributions. The eight “companion media” fall into two groups,
each with its own (distinct) slowness distribution over all directions. The first group — which in-
cludes the member of © + — has anomalous polarizations in an even number (zero or two) of
symmetry planes, the second has anomalous polarization in an odd number (one or three) of sym-
metry planes.

Anomalous companion media are characterized by strongly negative off-diagonal stiffnesses.
The existence of anomalous companion media is controlled by the diagonal stiffnesses, viz., by the
magnitude of the three terms c‘fm/((:wc”,) < | (no summation). The smaller these terms are, the
larger the corresponding subset of media that have companion media. The subset of the companion
media in the second group is always a subset of the companion media of the first group.

In a symmetry plane, normal polarization means that the polarization angle o increases on
average with increasing propagation angle 3. If a stable medium ¢, with the same slowness distribu-
tion in this symmetry plane exists, its polarization angle o decreases on average with increasing
propagation angle. Along the symmetry axes, the two polarizations are identical; off the symmetry
axes, 00" = —o, with the symmetry axis bisecting the two polarization directions.

Off the symmetry planes, for media of the first group, the bisecting axis is defined by the two
planes with anomalous polarization. If anomalous polarization exists in the (x, x)- and in the
(x, x)-planes (i # k # 1), the x-axis lies in the plane of the two polarization vectors, and bisects
the angle between these vectors. Correspondingly, the regions of anomalous polarization
( | o, — Bl = 1t/4) in this group are restricted to “zones” centered on the axis, where ¢, is the polar-
ization angle of the P wave. For media of the second group with anomalous polarization in only one
plane, the regions of anomalous polarization are not zones, but “islands™ centered about the region
of anomalous polarization in the single plane of symmetry. If there is anomalous polarization in all
three planes, the three islands are connected in the region about the spatial diagonal.

Anomalous polarization is a phenomenon that does not exist only in the high-frequency limit.
It can be simulated by modeling codes and thus should be observable if a medium with a corre-
sponding stiffness tensor can be found (or “constructed”). That such media can be found is unlikely.
However, a synthetic study of slowness and polarization distributions in orthorhombic media cannot
be complete without taking this possibility into account.
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