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ABSTRACT
Hydrocarbon depletion and fluid injection cause compaction and stretching of the
reservoir and overburden layers. 4D prestack seismic data can be used to detect these
changes because compaction/stretching causes changes in traveltimes and seismic ve-
locities. We show that, by using two different petro-elastic models at varying effective
pressures, a good approximation is to assume that the fractional changes in layer
thickness, �L/L, and seismic velocity, �v/v, are related by a linear function of �L/L.
The slope of this function (the dilation factor, α = (�v/v)/(�L/L)) is negative and its
absolute value generally decreases (shale, low porosity) or increases (sandstone, high
porosity) with increasing layer thickness and decreasing effective pressure. The anal-
ysis is mainly performed for isotropic deformations. The dilation factor for uniaxial
deformations is smaller in absolute value.

The dilation factor, which can be calculated from time-lapse data, can be used to
predict reservoir compaction/stretching as a function of depth and surface subsidence.

I N T R O D U C T I O N

Compaction due to production of hydrocarbons leads to varia-
tions in porosity and permeabilities and, therefore, to changes
in production performance. Compaction affects the seismic
properties of reservoir and overburden rocks. Guilbot and
Smith (2002) developed a method that relates differences in
the traveltime of a reflection due to compaction and subsi-
dence of the Ekofisk Field in the North Sea. They observed
time-shifts of 12–16 ms from 1989 to 1999, related to com-
paction values of up to 6 m for the reservoir. In some cases, the
overburden rocks, constituted mainly by shales, are stretched
because the subsidence at the surface is less than the reservoir
compaction. This is the case in the Vallhall Field in the North
Sea, where the reservoir depth is 2.5 km (Hatchell, Kawar and
Savitski 2005). Røste, Stovas and Landrø (2006) developed a
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method, based on prestack seismic data, to estimate changes
in layer thickness and velocity due to compaction. The main
uncertainty of the method is in distinguishing between the two
effects. To this purpose, they assumed a linear relationship be-
tween the fractional changes in the thickness and the velocity
changes. Let us denote the vertical traveltime by T, the layer
thickness by L and the P-wave velocity of the layer by v. Then,
we have, for T = L/v, to first order in �L and �v,

�T
T

= 1
T

�

(
L
v

)
≈ �L

L
− �v

v
. (1)

Røste et al. (2006) assumed the following linear relationship:

�v
v

= α
�L
L

, (2)

where α < 0 is the dilation factor (denoted as R by Hatchell
and Bourne (2005a)); i.e. they assumed α to be a constant
quantity.
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For an isotropic rock, the volume porosity φ is related to
the linear porosity φL by

φ = 1 − (1 − φL)3 ≈ 3φL (3)

for φL � 1, which is valid for three intersecting, mutually per-
pendicular, planar cracks. For φL � 1 and an empirical linear
relationship between velocity and volume porosity, namely v =
a − b φ, where a and b are regression parameters, we obtain
α ≈ 3b (φ − 1)/v, because the following relationships hold:
L/L′ = (1 − φ′

L)/(1 − φL), �v/v = (v′ − v)/v and �L/L =
(φ′

L − φL)/(1 − φ′
L), which are valid for isotropic expansion or

compaction (see equations (17) and (18)), where the prime in-
dicates the post-deformation properties. It can be shown that,
for uniaxial expansion or compaction, we have α ≈ b (φ −
1)/v. Because the velocity variations are more significant than
the porosity variations, we may infer that α is approximately
inversely proportional to the time-lapse seismic velocity, i.e.

α ∝ 1
v

. (4)

[Note that this dependence and equation (2) come directly
from the following analysis: We may write, for a limited range
of effective pressures about P0, v = v0 + βv(P − P0) and L =
L0 + βL(P − P0). Solving the second equation for P − P0 and
substituting it into the first equation gives equation (2) where
α = (βv/βL)(L/v), with βv > 0 and βL < 0.]

Combining equations (1) and (2), we obtain the thickness
change as a function of the relative change in traveltime:

�L
L

=
(

1
1 − α

)
�T
T

. (5)

The purpose of this work is to estimate the dilation factor
α from rock-physics models. The expression of the dilation
factor in terms of the rock and fluid properties allows us to
obtain the velocity and thickness changes in the reservoir and
overburden rocks in terms of the observed time-lapse varia-
tions in traveltime. Hatchell and Bourne (2005a,b) also used
time-lapse time shifts to investigate reservoir compaction. The
advantage of using petro-elastic models, apart from the added
physical insight, is the possibility of an accurate calibration
with laboratory (core data) and well-log data at the micro-
structural level.

We consider two models: the asperity-deformation model
developed by Gangi (1978, 1981) and Gangi and Carlson
(1996), and the Hertz–Mindlin model due to Hertz (1895)
and later modified by Mindlin (1949), which was further mod-
ified by Gangi (1978, 1981). The first model describes cracked
media and foliated media with various degrees of contact.

The second model is based on a random packing of spherical
grains. Both models allow us to obtain the seismic properties
as a function of the effective pressure (the differential pressure
in the Hertz–Mindlin model).

T H E O RY

We consider the asperity-deformation and the Hertz–Mindlin
models in order to relate changes in layer (rock) thickness to
changes in wave velocity.

The asperity-deformation model

The model developed by Gangi (1978, 1981) and Gangi and
Carlson (1996) predicts the wave velocity of a cracked medium
as a function of effective pressure. The model is based on the
calculation of the fractional area of contact of the asperities
between the shale platelets, which is a key physical quantity
affecting the stiffness moduli of the rock. At low pressures,
the mechanical properties of the rock are dominated by the
behaviour of cracks and pores, in particular by the area of
contact of the asperities on the surface of the platelets consti-
tuting the shale. As the cracks close, the asperities are com-
pressed, more asperities come into contact, making the rock
stiffer, the load is supported by the asperities and the area of
contact increases.

The undrained P- and S-wave compliances of a porous
cracked rock can be expressed as

1
M

= φL(Pc, Pa)
(1 − Pp A′

f)Ma(Pa) + [1 − Af(Pa)]Kf(Pp)

+ 1 − φL(Pc, Pa)
Mg(Pc)

= 1
ρv2

P

(6)

and

1
µ

= φL(Pc, Pa)
(1 − Pp A′

f)µa(Pa)
+ 1 − φL(Pc, Pa)

µg(Pc)
= 1

ρv2
S

(7)

(Gangi and Carlson 1996), where vP and vS are the wave ve-
locities, ρ is the bulk density, Pc is the confining pressure, Pp

is the pore pressure, Kf is the pore-fluid modulus, Mg is the
P-wave modulus of the grains, φL is the linear porosity, µg is
the shear modulus of the grains,

Pa = Pc − (1 − Af)Pp = Pc − nPp (8)

is the effective pressure (or asperity pressure), Af is the frac-
tional area of contact of the asperities in the crack, n is the
effective-stress coefficient, A′

f = dAf/dPa, and Ma and µa

are the P- and S-wave moduli due to the asperities alone.
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Equation (8) provides a physical explanation of the effective-
stress coefficient. It is the fraction of crack which is not in con-
tact. Note that Biot’s effective-stress coefficient is 1 − Km/Kg,
where Km is the dry-rock bulk modulus and Kg is the bulk
modulus of the grains (e.g. Carcione 2001). No contact be-
tween grains means that Km = 0 (a suspension of grains in the
fluid), which is consistent with Af = 0.

The bulk density is given by

ρ = (1 − φ)ρg(Pc) + φρf(Pp), (9)

where ρg is the grain density, ρf is the fluid density, and φ is
the volume porosity given by equation (3).

The determination of the area of contact is based on the bed-
of-nails model, which assumes rod-like asperities whose height
distribution has a power-law (or fractal) behaviour (Gangi
1978, 1981; see Fig. 1). The crack width w is given by

w
w0

= 1 −
(

Pi + Pa

P1

)m

, (10)

Figure 1 (a) A natural crack and (b) mechanically and hydraulically
equivalent ‘bed-of-nails’ crack. The geometry of a real crack is approx-
imated by a mechanically equivalent distribution of cylindrical rods
of different length (after Gangi 1978, 1981). The random packing of
spheres corresponding to the Hertz–Mindlin model is shown in (c),
where the contact area between the grains depends on the differential
pressure.

where Pi is the equivalent initial effective pressure, which gives
the initial area of contact, P1 is a constant approximately equal
to the bulk modulus or Young’s modulus of the rock mate-
rial, m characterizes the power-law asperity-height distribu-
tion, and w0 is the width when Pa = − Pi. That is, to obtain
w0, it is necessary to put the rock under tension (or have the
pore pressure greater than the confining pressure) for a finite
equivalent initial pressure. The tension is necessary to break
the bonds of the asperities that do not have zero contact area
when the effective pressure is zero.

The initial crack width w0 is also the maximum possible
length of any asperity. When pressure is applied to the rock,
the walls of the crack move together and more rods come into
contact, while those already in contact are compressed. Since
the rods act as springs, the stiffness of the system increases
with increasing pressure. The distribution of rod lengths can
be approximated by a power-law distribution function, such
that the crack width can be expressed in terms of the effective
pressure as in equation (10). This equation corresponds to a
non-through-going crack, where some asperities are in contact
when no pressure is applied because of interlocking grains
and/or cementation (w = w0 when Pa = − Pi).

The fractional area of contact is given by

Af = P1

mE

(
Pi + Pa

P1

)1−m

(11)

and

A′
f = dAf

dPa
= 1 − m

mE

(
Pi + Pa

P1

)−m

, (12)

where E is Young’s modulus. These equations hold for (Pi +
Pa)/P1 < 0.1, which, in general, holds for effective pressures
as large as 200 MPa, corresponding to normally pressured and
over-pressured sediments to about 10 km depth.

Since Ma = − w (dPa/dw) and using equations (10) and
(11), we obtain

Ma ≈ P1

m

(
Pi + Pa

P1

)1−m

= EAf. (13)

Similarly, µa has the form,

µa ≈ µ0

(
Pi + Pa

P1

)1−m

. (14)

Because the fractional area of contact is a function of the ef-
fective pressure itself (see equations (8) and (11)), we use the
following approximation of the effective-stress coefficient:

n ≈ 1 − P1

mE

(
Pi + Pd

P1

)1−m

, (15)
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where we have replaced the effective pressure Pa by the differ-
ential pressure Pd = Pc − Pp in equation (11).

The linear porosity φL is given by

φL = w
L

= φL0

[
1 −

(
Pi + Pa

P1

)m]
, (16)

where L is the length of the rock and φL0 is the porosity at Pa =
−Pi.

Experiments on samples at zero pore pressure and varying
confining pressure allow the determination of E, Pi, P1, m and
φL0. The parameters E and φL0 have to be measured directly
(or estimated), while Pi, P1 and m are fitting parameters when
a data set is fitted with the theoretical equations for mechani-
cal and/or transport-property variations with pressure (and/or
temperature) (see e.g. Carlson and Gangi 1985; Gangi and
Carlson 1996).

Let us assume two different states of the rock, with lengths L

and L′, porosities φL and φ′
L, and P-wave velocities vP and v′

P.
Then, the following relationship between length and porosity
holds:

L
L′ = 1 − φ′

L

1 − φL
, (17)

and

�L
L

= φ′
L − φL

1 − φ′
L

� �φL

1 − φL
, (18)

where �L = L′ − L and � φL = φ′
L − φL.

On the other hand,

�vP

vP
=

√
M′

M
ρ

ρ ′ − 1, (19)

where �vP = v′
P − vP.

The parameter α (equation (2)) is given by

α = �vP

vP

(
�L
L

)−1

, (20)

which, using equations (18) and (19), becomes

α = 1 − φ′
L

φ′
L − φL




√
v′

P

vP
− 1


 = 1 − φ′

L

φ′
L − φL

(√
M′

M
ρ

ρ ′ − 1

)
. (21)

The preceding equations hold for isotropic deformations
(expansion or compaction). For uniaxial deformations the
linear porosity has to be replaced by the volume porosity.
The demonstration of equation (18) for the two cases (see
Appendix A) is shown in two dimensions, due to its simplicity,
but the equations hold for the three-dimensional case as well.

The Hertz–Mindlin model

In the absence of calibration data, the classical model to obtain
the dry-rock moduli as a function of the effective (differential)
pressure is the Hertz–Mindlin contact theory, which considers
spherical grains (Fig. 1c). The stresses are calculated in terms
of the strains by considering the random packing of spheres
as an effective medium that exerts a mean-field force (as given
by contact Hertzian theory) on a single representative grain.
This calculation gives the effective stiffness moduli.

We modify the Hertz–Mindlin model by replacing the dif-
ferential pressure, Pd, by the augmented differential pressure,
Pd + Pi, following Gangi (1978, 1981). Then, the dry-rock
bulk and shear moduli at the critical porosity are given by

Kmc =
[

C2(1 − φc)2µ2
g(Pd + Pi)

18π2(1 − νg)2

]1/3

(22)

and

µmc = 3(5 − 4νg)
5(2 − νg)

Kmc, (23)

where µg is the shear modulus of the grains, νg is Poisson’s ra-
tio of the grains, φc is the critical porosity and C is the average
number of contacts per spherical grain. The critical porosity
is the porosity above which the moduli are very small, i.e.
the rock becomes a liquid suspension (φc = 0.36 for a ran-
dom dense pack of identical spherical grains). An approxi-
mate equation for C, based on Murphy’s (1982) data, is C =
3.05/φc.

Walton (1987) and Mavko, Mukerji and Dvorkin (1998)
obtained a model for infinitely rough spheres and ideally
smooth spheres. The first is identical to the Hertz–Mindlin
model described above, and the second has the same bulk
modulus as the Hertz–Mindlin model but a different shear
modulus, namely,

µmc = 3
5

Kmc (24)

(note that this relationship corresponds to a Poisson’s solid).
To obtain the dry-rock moduli, we may use different models

depending on whether the rock is consolidated or unconsoli-
dated. In the first case, we use a Hill average, i.e. an arithmetic
average of the Voigt and Wood moduli:

Km = 1
2

(KV + KW) and µm = 1
2

(µV + µW), (25)

where

KV = (1 − φ/φc)Kg + (φ/φc)Kmc,

1
KW

= 1 − φ/φc

Kg
+ φ/φc

Kmc
,

(26)
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µV = (1 − φ/φc)µg + (φ/φc)µmc and

1
µW

= 1 − φ/φc

µg
+ φ/φc

µmc
,

(27)

where Kg is the bulk modulus of the grains. Note that φ is the
volume porosity, which is related to the linear porosity φL by
equation (3).

For unconsolidated rocks, we use the modified Hashin–
Shtrikman lower bound introduced by Dvorkin and Nur
(1996). In this case,

Km = �(µmc) (28)

and

µm = �[ξ (Kmc, µmc)], (29)

where

�(µ±) =
〈

1

K + 4
3 µ±

〉−1

− 4
3

µ±, (30)

�(ξ ) =
〈

1
µ + ξ

〉−1

− ξ, (31)

ξ (K±, µ±) = µ±
6

(
9K± + 8µ±
K± + 2µ±

)
(32)

(see e.g. Mavko et al. 1998), and the subscripts + and −
denote the maximum and minimum moduli of the single con-
stituents. The brackets 〈·〉 indicate an average over the con-
stituents weighted by their volume fractions. As above, the
composite moduli are those of the mineral grains, defined by
Kg and µg, when φ = 0.

The bulk modulus of the wet rock is given by the Gassmann
modulus,

K = Km + γ 2 M, (33)

where

γ = 1 − Km

Kg
and M =

(
γ − φ

Kg
+ φ

Kf

)−1

(34)

(e.g. Carcione 2001, p. 225). The shear modulus of the wet
rock is simply the modulus of the dry rock, µ = µm. The P-
and S-wave velocities are then

vP =
√

K + 4µ/3
ρ

and vS =
√

µ

ρ
, (35)

where ρ is the bulk density, given by

ρ = (1 − φ)ρg + φρf. (36)

The porosity variation with differential pressure of the
Hertzian rock is given by

φ = φ0 A
1 + φ0(A− 1)

, with

A =
[

1 − 1

1 − √
2/3

(
Pd + Pi

P0

)2/3
]3 (37)

(Gangi 1981), where φ0 is the porosity of the pack of spheres
at ‘zero loading’ (i.e. for Pd = − Pi or A = 1), P0 = 4 E/[3π (1 −
ν2

g)], E = 2 µg(1 + νg), and νg is Poisson’s ratio of the grains.
The augmenting pressure, Pi, or equivalent initial pressure, for
a low-porosity rock can be determined using equations (37)
with Pd = 0:

Pi

P0
=

(
1 −

√
2/3

)3/2
{

1 −
[

φi(1 − φ0)
φ0(1 − φi)

]1/3
}3/2

(38)

where φi is the ‘cemented’-rock’s porosity at zero differential
pressure.

As in the previous section, we define the parameter α as

α = 1 − φ′
L

φ′
L − φL




√
v′

P

vP
− 1


 , (39)

where

φL = 1 − (1 − φ)1/3 (40)

(see equation (3)), and the prime denotes a different pressure
regime.

E X A M P L E S

We model changes in the overburden rock (shale) by varying
the confining pressure Pc while keeping the pore pressure Pp

constant. We consider a water-saturated layer at a confining
pressure of 70 MPa and a pore pressure of 30 MPa, which
corresponds to a layer at approximately 2.5 to 3 km depth.
We vary Pc from 70 MPa to 35 MPa and compute the velocity
of the rock, the value of α and the traveltime changes.

The parameters for the asperity-deformation model are: m =
0.2, P1 = 23 GPa, E = 25 GPa, φ0 = 0.1 (volume poros-
ity), Mg = 25 GPa, ρg = 2650 kg/m3, Kf = 2.25 GPa and
ρf = 1030 kg/m3. Figure 2 shows the P-wave velocity as a
function of porosity (a); and α (b) and (e), the P-wave veloc-
ity variations (c), and the traveltime variations (d) and (f) as
a function of thickness changes. Curves (a), (b), (c) and (d)
correspond to an isotropic (‘hydrostatic’) deformation, while
curves (e) and (f) correspond to a uniaxial deformation. The
curves correspond to initial effective pressures Pi = 2.5 MPa

C© 2007 European Association of Geoscientists & Engineers, Geophysical Prospecting, 55, 793–804



798 J.M. Carcione et al.

(solid line), 5 MPa (dotted line), 10 MPa (dashed line) and
20 MPa (dashed-dotted line). The wave-velocity curves in (a)
are shifted for a better display (the correct location is given
by the solid line). For increasing initial effective pressure (ini-
tial area of contact), the velocity increases and the porosity
decreases, while the absolute value of α increases. As the dif-
ferential pressure decreases, α decreases in absolute value. For
example, consider Fig. 2(d): if L = 1000 m, T = 1.5 s and
�L/L = 0.2%, we have �T/T = 1.2%, and therefore �L =
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Figure 2 Asperity-deformation model for shale, where Pi = 2.5 MPa
(solid line), 5 MPa (dotted line), 10 MPa (dashed line) and 20 MPa
(dashed-dotted line); (a) P-wave velocity as a function of porosity; (b),
(e) α, (c) P-wave velocity variations, and (d), (f) traveltime variations as
a function of thickness change. Curves (a), (b), (c) and (d) correspond
to an isotropic (‘hydrostatic’) deformation, while curves (e) and (f)
correspond to an uniaxial deformation. The wave-velocity curves in
(a) are shifted for a better display (the correct location is given by the
solid line). The value of the differential pressure is indicated by dots
in one of the curves; Pd = 40 MPa and 5 MPa at the left-hand and
right-hand ends, respectively, of all the curves.

2 m and �T = 18 ms. The values of α for uniaxial defor-
mations are smaller (in absolute value) than the values for
isotropic deformations, much more in agreement with the re-
gressions studied by Hatchell and Bourne (2005a,b). More-
over, the length and traveltime variations are almost three
times larger. However, note that the uniaxial stress condition
requires the use of anisotropic constitutive relationships to be
more accurate.

Next, we consider the Hertz–Mindlin model for consoli-
dated (shale) rocks, with Kg = 20 GPa, µg = 10 GPa, ρg =
2600 kg/m3, Kf = 2.25 GPa, ρf = 1030 kg/m3, φc = 0.39 and
φ0 = 0.33. Figure 3 shows the P-wave velocity as a function
of porosity (a); and α (b), the P-wave velocity variations (c),
and the traveltime variations (d) as a function of thickness
changes. The curves correspond to Pi = 100 MPa (solid line),
150 MPa (dotted line), 200 MPa (dashed line) and 250 MPa
(dashed-dotted line). The behaviour of these curves is qualita-
tively similar to those of the asperity-deformation model. The
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Figure 2 Continued.
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Figure 2 Continued.

Hertz–Mindlin model requires higher initial effective pressures
to model the initial shale porosities, and the thickness changes
are larger. For example, if L = 1000 m, T = 1.5 s and �L/L =
1%, we have �T/T = 3%, �L = 10 m and �T = 45 ms.

The results of the Hertz–Mindlin model applied to a reser-
voir rock (sandstones) are shown in Fig. 4, where Kg =
40 GPa, µg = 35 GPa, Pi = 10 MPa, and the other properties
are the same as those in the previous example. In this case,
the absolute values of α are larger compared with those of
shale, and they increase as a function of the thickness change.
The velocity and traveltime variations are larger than those of
shale for the same thickness changes. The dilation factor can
be highly affected for reservoirs rocks, compared with shales,
due to pressure depletion causing gas coming out of solution,
since this process has a large effect on seismic velocities (Car-
cione and Gangi 2000).

Let us consider the following linear empirical law relating
velocity and porosity: v [km/s] = 5.81 − 9.42 φ − 2.21 Vcl
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Figure 3 Hertz–Mindlin model for shale, where Pi = 100 MPa (solid
line), 150 MPa (dotted line), 200 MPa (dashed line) and 250 MPa
(dashed-dotted line); (a) P-wave velocity as a function of porosity; (b)
α, (c) P-wave velocity variations, and (d) traveltime variations as a
function of thickness change. The value of the differential pressure is
indicated by dots in one of the curves; Pd = 40 MPa and 5 MPa at
the left-hand and right-hand ends, respectively, of all the curves.
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Figure 3 Continued.

(Castagna, Batzle and Eastwood 1985), where the clay volume
fraction is Vcl = 0.95. The value of α (for isotropic deforma-
tions) is given by 9.42(φ − 3)/v ≈ − 9.2, i.e. nearly constant
(for uniaxial deformations the corresponding value is −3.1)
(see Introduction). In fact, this α is not comparable with those
of Figs 2(b) and 3(b), because they correspond to the same
rock that is subject to variation of the effective pressure, while
the value α = − 9.2 corresponds to different rocks at the same
effective pressure.

Observing the curves in Figs 2, 3 and 4, we may infer that
the trends are approximately linear, especially for the asperity-
deformation model. In particular α = A + B x, where x = �L/L
and A and B are constants, with A < 0. Hence, the velocity
variations are given by A x + B x2 (see equation (2)), and
the thickness changes, in terms of the traveltime variations,
can be obtained by solving the following second-order
equation: B x2 − (1 − A) x + �T/T = 0 (see equation (5)).
However, the quadratic term is not significant, because the re-
lationship between �T/T and �L/L is approximately linear,
as can be seen in Figs 2(d) and 3(d).

The last example considers real logs (see Fig. 5a). We dis-
tinguish two cases:

1 the variations in the log velocities are due to the grain mod-
uli (Fig. 5b);

2 the variations are due to changes in augmented differential
pressure (Fig. 8).

Case 1 The augmented differential pressure is held constant
at Pd + Pi = 20 MPa, the bulk density is ρ = 2210 kg/m3 and
the porosity is φ = 0.1, with φc = 0.41. The layers constituting
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Figure 4 Hertz–Mindlin model for sandstone, where Pi = 10 MPa; (a)
P-wave velocity as a function of porosity; (b) α, (c) P-wave velocity
variations, and (d) traveltime variations as a function of thickness
change. The value of the differential pressure is indicated by dots in
one of the curves; pd = 40 MPa and 5 MPa at the left-hand and
right-hand ends, respectively, of all the curves.
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Figure 5 Well logs of P- and S-wave velocities (a), and different moduli
(b) as a function of depth for a shale sequence in the North Sea. The
Hertz–Mindlin model was used to obtain the moduli from the velocity
logs. The augmented differential pressure is held constant at Pd + Pi =
20 MPa.

the sequence are filled with brine, with Kf = 2.25 GPa and
ρf = 1030 kg/m3. All the above quantities are assumed to be
constant along the sequence. The Hertz–Mindlin model is used
to model the seismic properties (elastic moduli and parameter
α) of the sequence, assuming that the variations observed in
the velocity logs are due to changes in the grain elastic moduli
only. The calculation proceeds as follows:

1 The grain density is obtained from the composite density
(equation (9)).

2 The second equation (35) is used to obtain the dry-rock
shear modulus µm = µ.

3 Gassmann’s modulus is obtained from the first equation
(35).

4 Because Poisson’s ratio of the grain and the dry-rock moduli
is

νg = 3Kg − 2µg

2(3Kg + µg)

and, from equations (33)–(35),

Km = (φKg/Kf + 1 − φ)K − Kg

φKg/Kf + K/Kg − 1 − φ

(e.g. Carcione 2001, p. 225) then Kg and µg can be obtained
from equations (25)–(27), using equations (22) and (23).

5 An α log can be obtained from equations (39) and (40)
by varying the differential pressure, using the grain moduli
computed previously, and assuming Pi = 20 MPa.

Two α logs are shown in Fig. 6, where φ0 = 0.11, and the
initial and final differential pressures are 1 and 11 MPa (lower
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Figure 6 Parameter α as a function of depth corresponding to the
layer sequence shown in Fig. 5. The initial and final differential pres-
sures are 1 and 11 MPa (lower log), and 1 and 21 MPa (upper log),
respectively.
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log), and 1 and 21 MPa (upper log), respectively. As can be
seen, α decreases (in absolute value) with depth and increasing
differential pressure. These logs give an estimate of realistic
values of α for a shale sequence.

Case 2 In Case 1, we assumed that the augmented differen-
tial pressure remains constant throughout the vertical profile,
while here we compute it under the assumption that Poisson’s
ratio of the grain is the same as that of the saturated rock. This
assumption appears to be reasonably justified, as these ratios
are indeed only slightly different in Case 1 (see Fig. 7). The
resulting vertical profile of augmented differential pressure is
shown in Fig. 8. In addition, Fig. 9 shows a comparison be-
tween the elastic moduli estimated in Case 1 (continuous lines)
and in Case 2 (dashed lines): we note that the estimate of the
bulk modulus is very robust, while the difference between the
two estimates of the shear modulus is noticeable.
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Figure 7 Poisson’s ratios of saturated rock (thin continuous line) and
of grain (dashed line) considered in Case 1, plotted versus depth (in
m). The difference between the two ratios (thick continuous line) is
also shown.
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Figure 8 Augmented differential pressure (in GPa) estimated in Case
2, plotted versus depth (in m).
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Figure 9 Comparison of grain moduli (in GPa) estimated in Case 1
(thin continuous line) and in Case 2 (dashed line), plotted versus depth
(in m). The two upper lines (almost coincident) represent bulk moduli,
while the two central lines represent shear moduli. The augmented
differential pressure (in GPa) estimated in Case 2 (see Fig. 8) is also
shown (thick continuous line).

C O N C L U S I O N S

We have derived expressions for the dilation factor represent-
ing the relative changes in seismic velocity with respect to the
fractional changes in layer thickness. The factor has been de-
rived for two petro-elastic models, describing a wide range
of rock types. The dilation factor is negative, and its absolute
value generally decreases for shale and increases for sandstone
when the layer thickness increases and the effective pressure
decreases. The thickness changes in the reservoir or overbur-
den rocks can be obtained by solving a second-order polyno-
mial equation in terms of the observed time-lapse traveltime
variations. Nevertheless, for practical purposes, the dilation
factor can be assumed to be constant; i.e. fractional changes
in thickness and velocity are linearly related. However, before
reaching a definite conclusion, other effects in reservoir rocks
need to be investigated, such as the asymmetry of the dilation
factor with respect to expansion and compaction, and the ef-
fects of gas coming out of solution after pressure depletion,
since this process affects the pore-fluid properties and there-
fore the seismic velocities.

Knowledge of the dilation factor is essential for distinguish-
ing between velocity and layer changes when processing 4D
time-lapse data in order to determine reservoir and overbur-
den compaction/stretching and surface subsidence due to the
production of hydrocarbons. Most 4D techniques aimed at
determining the dilation factor are associated with significant
uncertainties. In this context, we believe that the equations
derived here might be used to constrain 4D inversion for si-
multaneous estimation of thickness and velocity changes.
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A P P E N D I X A

The difference between isotropic and uniaxial expansions

Equation (18) holds for isotropic deformations. This equation
is demonstrated here, and the equivalent equation for uniaxial
deformations is obtained.

For simplicity, we consider the 2D case. Let us assume a
square sample of rock of length L, having two orthogonal
cracks of width w. After an isotropic expansion by an amount
�L, the length of the sample is L + �L and the crack width
is w + �L. We obtain

L2φ = 2wL − w2,

(L + �L)2φ′ = 2(w + �L)(L + �L) − (w + �L)2.
(A1)

Since the linear porosity is φL = w/L, we have φ = 2 φL − φ2
L.

Subtracting the two equations (A1), we obtain

�φ

1 − φ′ = 2�L
L

+
(

�L
L

)2

, (A2)

where � φ = φ′ − φ. Neglecting the second term on the right-
hand side and assuming φ ≈ 2 φL, it can be shown that equa-
tion (A2) is a good approximation to equation (18) for φ �
1.

On the other hand, for an uniaxial expansion, the second
equation (A1) has to be replaced by

L(L + �L)φ′ = 2wL + L�L − w2. (A3)

Subtracting this equation from the first equation (A1) gives

�L
L

= �φ

1 − φ′ � �φ

1 − φ
(A4)

(Guilbot and Smith 2002).

A P P E N D I X B

List of symbols

Af fractional area of contact
α dilation factor
C average number of contacts per spherical grains
�L layer-thickness variation
�T traveltime variation
�v P-wave seismic-velocity variation
E grain Young modulus
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φ volume porosity
φc critical porosity
φi porosity at zero differential pressure
φL linear porosity
φL0 linear porosity at Pa = −Pi

φ0 porosity at Pa = − Pi

K Gassmann modulus
Kf fluid modulus
Kg grain bulk modulus
Km dry-rock (matrix) bulk modulus
Kmc dry-rock bulk modulus at the critical porosity
KV Voigt bulk modulus
KW Wood bulk modulus
L layer thickness
m power-law asperity height exponent
M wet-rock P-wave modulus
Ma dry-rock P-wave modulus
Mg grain P-wave modulus
µ wet-rock S-wave modulus
µa dry-rock shear modulus

µg grain shear modulus
µmc dry-rock shear modulus at the critical porosity
n effective-stress coefficient
νg Poisson ratio of the grains
Pa asperity (effective) pressure
Pc confining pressure
Pd differential pressure
Pi initial effective pressure
Pp pore pressure
P0 4 E/[3 π (1 − ν2

g )]
P1 fitting parameter
ρ bulk density
ρf fluid density
ρg grain density
T traveltime
v P-wave seismic velocity
vP P-wave seismic velocity
vS S-wave seismic velocity
w crack width
w0 crack width at Pa = − Pi
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