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Abstract The triaxial nature of the tectonic stress in the
earth’s crust favors the appearance of vertical fractures.
The resulting rheology is usually effective anisotropy with
orthorhombic and monoclinic symmetries. In addition, the
presence of fluids leads to azimuthally varying attenuation
of seismic waves. A dense set of fractures embedded in a
background medium enhances anisotropy and rock com-
pliance. Fractures are modeled as boundary discontinuities
in the displacement u and particle velocity v as [k-u+
n - v], where the brackets denote discontinuities across the
fracture surface, k is a fracture stiffness, and 5 is a vis-
cosity related to the energy loss. We consider a trans-
versely isotropic background medium (e.g., thin horizontal
plane layers), with sets of long vertical fractures.
Schoenberg and Muir’s theory combines the background
medium and sets of vertical fractures to provide the 13
complex stiffnesses of the long-wavelength equivalent
monoclinic and viscoelastic medium. Long-wavelength
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equivalent means that the dominant wavelength of the
signal is much longer than the fracture spacing. The
symmetry plane is the horizontal plane. The equations for
orthorhombic and transversely isotropic media follow as
particular cases. We compute the complex velocities of the
medium as a function of frequency and propagation
direction, which provide the phase velocities, energy
velocities (wavefronts), and quality factors. The effective
medium ranges from monoclinic symmetry to hexagonal
(transversely isotropic) symmetry from the low- to the
high-frequency limits in the case of a particle—velocity
discontinuity (lossy case) and the attenuation shows typi-
cal Zener relaxation peaks as a function of frequency. The
attenuation of the coupled waves may show important
differences when computed versus the ray or phase angles,
with triplication appearing in the Q factor of the qS wave.
We have performed a full-wave simulation to compute the
field corresponding to the coupled qP—qS waves in the
symmetry plane of an effective monoclinic medium. The
simulations agree with the predictions of the plane-wave
analysis.

Keywords Fractures - Anisotropy - Attenuation -
Schoenberg—Muir theory - Boundary conditions
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sy, I, J = 1,...,6  Compliance components

p Angle between the fracture plane and
the y-axis

P Stiffness tensor

P Mass density

Aty E= 2+ 2u  Lamé constants

r Kelvin—Christoffel matrix

Vp Phase velocity

0 Quality factor

Ve Energy velocity

0 Phase velocity angle

v Energy-velocity angle

1 Introduction

Wave propagation through fractures, faults, and cracks is
an important subject in seismology, exploration geophys-
ics, and mining. Faults in the earth’s crust constitute
sources of earthquakes (Pyrak-Nolte et al. 1990) and
hydrocarbon and geothermal reservoirs are mainly com-
posed of fractured rocks (Nakagawa and Myer 2009).
Applications in geotechnical engineering, such as analysis
of the dynamic stability of rock slopes and tunnels, involve
the study of imperfect joints in rock masses (Perino et al.
2010; Fan etal. 2011). In geophysical prospecting,
knowledge of reservoirs’ fracture orientations, densities,
and sizes is essential, since these factors control hydro-
carbon production (Hansen 2002; Hall and Kendall 2003;
Grechka and Tsvankin 2003; Barton 2007). The analysis of
the data exploits the fact that seismic velocity and attenu-
ation anisotropy due to the presence of fractures are sen-
sitive to key properties of the reservoir, such as porosity,
permeability, and fluid type.

A few frequency-dependent models have been devel-
oped to describe anisotropy and attenuation. Carcione
(1992) generalized Backus averaging to the anelastic case,
obtaining the first model for Q-anisotropy (see Carcione
2007). Analyses on sequences of sandstone—limestone and
shale—limestone with different degrees of anisotropy indi-
cate that the quality factors (Q) of the shear modes are
more anisotropic than the corresponding phase velocities,
cusps of the qSV mode are more pronounced for low fre-
quencies and midrange proportions, and, in general,
attenuation is higher in the direction perpendicular to lay-
ering or close to it, provided that the material with lower
velocity is the more dissipative. This model has been fur-
ther analyzed by Picotti et al. (2010), who shown how to
obtain the medium properties with quasi-static numerical
experiments. Other alternative models of Q-anisotropy
were proposed by Carcione and Cavallini (1994) and
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Carcione et al. (1998). A brief description of all these
phenomenological models can be found in Carcione
(2007). Zhu and Tsvankin (2007) analyze in detail the
attenuation in orthorhombic media, assuming homoge-
neous viscoelastic waves. They simplify the interpretation
for processing purposes by introducing a set of attenuation
anisotropy parameters. A Backus type model to describe
wave propagation in fractures has been introduced by
Carcione (1996a), where plane layers are separated by thin
continuous layers of viscous fluid. A similar model is
considered by Liu et al. (2000), where the fracture is a very
thin soft viscous layer.

On the other hand, a recently developed model (Chap-
man 2003; Maultzsch 2005) explicitly describes the effects
of cracks and fractures on wave propagation, since the
elastic constants are derived in terms of microstructural
parameters and, therefore, the model is predictive. It
describes attenuation and velocity dispersion at seismic
frequencies and predicts how these effects are related to the
fluid type and size of the fractures. An approach to
explicitly model cracks and fractures is proposed by Zhang
and Gao (2009). Their scheme treats the fractures as non-
welded interfaces that satisfy the linear-slip displacement
discontinuity conditions instead of using equivalent med-
ium theories. Hence, the algorithm can be used to charac-
terize the seismic response of fractured media and to test
equivalent medium theories. Other poroelasticity models
describing anisotropic attenuation are given by Krzikalla
and Miiller (2011) and Carcione et al. (2011), who obtain
the five complex and frequency-dependent stiffnesses of an
equivalent medium corresponding to thin poroelastic
layers.

Modeling fractures requires a suitable interface model
for describing the dynamic response of the joint. Theories
that consider imperfect contact were mainly based on the
displacement discontinuity model at the interface. Pyrak-
Nolte et al. (1990) proposed a non-welded interface model
based on the discontinuity of the displacement and the
particle velocity across the interface. The stress compo-
nents are proportional to the displacement and velocity
discontinuities through the specific stiffnesses and one
specific viscosity, respectively. Displacement discontinu-
ities conserve energy and yield frequency-dependent
reflection and transmission coefficients. On the other hand,
velocity discontinuities generate energy loss at the inter-
face. The specific viscosity accounts for the presence of a
liquid under saturated conditions. The liquid introduces a
viscous coupling between the two surfaces of the fracture
(Schoenberg 1980) and enhances energy transmission, but,
at the same time, this is reduced by viscous losses. The
model may account for slip and dilatancy effects. Chi-
chinina et al. (2009a, b) describe anisotropic attenuation in
a transversely isotropic (TI) medium using Schoenberg’s
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linear-slip model with complex-valued normal and tan-
gential fracture stiffnesses. The theory and laboratory
experiments show that, in the vicinity of the symmetry
axis, P-wave attenuation is comparable to S-wave attenu-
ation when the fracture is filled with a fluid. On the other
hand, in the presence of dry fractures, P-wave attenuation
is much greater than S-wave attenuation.

In this work, we generalize the orthorhombic model
given by Schoenberg and Helbig (1997) to the anelastic
monoclinic case, by introducing a particle-velocity dis-
continuity in the fracture surface, allowing us to describe
Q-anisotropy. The medium consists of sets of vertical
fractures embedded in a TI background medium (generally,
horizontal fine layering) to form a long-wavelength
equivalent monoclinic medium. Using the theory of
Schoenberg and Muir (1989), we obtain the 13 complex
and frequency-dependent stiffnesses of this medium. We
then obtain the quality factors and wave velocities as a
function of frequency and propagation angle.

2 Interface Model

Let us consider a planar fracture. The non-ideal charac-
teristics of the interface are modeled by imposing suitable
boundary conditions. The model proposed here is based on
the discontinuity of the displacement and particle-velocity
fields across the interface. Then, the boundary conditions at
the interface are

k-[u+9-[V]=0-n, (1)

(Pyrak-Nolte et al. 1990; Carcione 1996b), where u and v
are the displacement and particle-velocity components,
respectively, ¢ is the 3 x 3 stress tensor, n is the unit
normal to the fracture, k is the specific stiffness matrix, and
n is the specific viscosity matrix (both of dimensions
3 x 3). They have dimensions of stiffness and viscosity
per unit length, respectively. Moreover, the symbol “.”
indicates scalar product and the brackets denote disconti-
nuities across the interface, such that for a field variable ¢, it
is [¢] = ¢, — ¢, where 1 and 2 indicate the two sides of the
fracture.
The particle velocity is given by

v=au, (2)

where a dot above a variable indicates time differentiation.
In the Fourier domain,

vV =iou, (3)

where o is the angular frequency and i = v/—1. Equation
(1) then becomes

931
[w =Z-(0-n), (4)
where
Z = (k+ion) ™" (5)

is a fracture compliance matrix, whose dimension is length/
stress. This approach is equivalent to the linear-slip model
introduced by Schoenberg (1980). In fact, Eq. (5), withn = 0,
is given in Coates and Schoenberg (1995) and Schoenberg and
Helbig (1997). Three models have been studied by Liu et al.
(2000) to obtain the expression of Z for different fracture
models. Two of the models only provide the real part of Z. The
third model describes the fracture as a thin and soft visco-
elastic layer embedded in an isotropic elastic background
medium, where Z can be obtained in terms of the thickness,
Lamé constants, and viscosity of the soft material infill. The
resulting equivalent medium has TI symmetry. Similarly,
Carcione (1996a) described the infill by a viscous fluid.

The compliance matrix Z of the set of fractures is the
diagonal non-negative matrix

Zr 0 O
Z=10 2% O
0 0 Z
(i1 + icom,) ™! 0 0
= 0 (13 + icon,) ™ 0 .
0 0 (K3 + ions) !

(6)

where Z; is the normal compliance, Z, is the horizontal
tangential compliance, and Z; is the vertical tangential
compliance. The fact that Z, # Z3; means that the texture of
the fracture surface has different roughnesses vertically and
horizontally, while the fact that there are no off-diagonal
components means that, across the fractures, the normal
motion is uncoupled from the tangential motion.

A common situation in the earth’s crust is to have a finely
layered medium and vertical fractures. Figure 1 shows such a
case, where g = 2 sets of long vertical fractures are embedded
in a TT medium with a vertical symmetry. This background
medium is the long-wavelength equivalent of the finely lay-
ered medium, according to Backus (1962). The mechanical
(viscoelastic) representation of the fracture boundary condi-
tion by a Kelvin—Voigt model is illustrated in the figure,
according to the stress-displacement relation

6-n=(k+ion) - [ul, (7)

where the model simulates the fracture by a zero-width
layer of distributed springs and dashpots. The quantity x +
icon is the complex modulus per unit length of the Kelvin—
Voigt element (e.g., Carcione 2007).

A displacement discontinuity yields compliance, while a
discontinuity in the particle velocity implies an energy loss at
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Fracture

Fig. 1 Two sets of vertical fractures embedded in a transversely
isotropic (TI) medium. In this case, transverse isotropy is due to fine
layering. If the two sets are orthogonal, the equivalent medium is
orthorhombic; otherwise, the symmetry is monoclinic with a
horizontal single plane of symmetry. The boundary condition at the
fracture describes an imperfect bonding in terms of the specific
stiffness k and specific viscosity #. Angle f is measured from the
y-axis towards the strike direction

the interface (Carcione et al. 1996b, 1998, 2007); k = 0 gives
the particle-velocity discontinuity model and n = 0 gives
the displacement discontinuity model. On the other hand, if
K — 00 or § — 00, the model gives a welded interface.

2.1 The Equivalent Monoclinic Medium

Let us consider a background TI medium. The stress—strain
relation is

g a1 ¢y ¢z c3 0 0 O
02 (%) cz e c3 0 0 O
o3| |os| |[ecs cz ez 00 0
04 N 023 N 0 0 0 Cs5 0 0
05 g13 0 0 0 0 ¢35 0
O¢ a2 0 0 0 0 0 C66
€l €l

€ €

e e

o | =€ a | ®)
és és

€6 €6
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where

2c66 = C11 — C12,

oy denotes the stress component and e; denotes the strain
component in the Voigt notation (e.g., Carcione 2007),
such that

le1,e2,€3,e4,e5,¢6) = [e11, €2, €33, 2623, 2€13, 2€12] |,
)

where ¢; are the strain components, c;; are the elasticity
constants, and C is the elasticity matrix.

The background medium can easily be generalized to a
viscoelastic medium by using one of the three models of
anisotropic anelasticity proposed in Chapter 4 of Carcione
(2007). The generalization implies that the elasticity con-
stants ¢y become complex and frequency dependent. Here,
the purpose is to analyze the attenuation due to the fracture
solely; however, in the last example, we consider an
effective HTI (TI with a horizontal symmetry axis) med-
ium to test the commonly used equation by which the total
dissipation factor is equal to the dissipation factor of the
background medium plus the dissipation factor due to the
fractures.

Schoenberg and Muir (1989) showed how to combine
arbitrary sets of elastic thin layers and find their long-
wavelength equivalent medium properties. The method is
applicable also when a set of layers is infinitely thin and
compliant, as it is the fracture set shown in Fig. 1. Nichols
et al. (1989) and Hood (1991) simplified the procedure to
include fractures by using compliance matrices instead of
stiffness matrices. As shown below, the compliance matrix
of the equivalent medium is found by the addition of
expanded 6 x 6 versions of the fracture compliance
matrices to the compliance matrix of the background
medium.

Let us consider many sets of vertical fractures, so that
the fracture normal of a given set makes an angle f§ with
the x-axis (see Fig. 1). We avoid the fracture index (g) for
simplicity. The expanded fracture compliance matrix of
each set is

s;t sz 00 0 s
si2 22 0 0 0 s
0 0O 0 O 0 0
Sf N 0 0 0 S44  S45 0 ’ ( 10)
0 0 0 S45 855 0
s;6 s 0 0 0 se
where
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3Z V4 Z N — 7,
S11 :M+—Ncos2[)’+ucos4ﬁ,
8 2 8
N — 7,
S1p = %(1 — cos4f),
Zysin2 Iy — 7,
Si6 = Ns;n B+ N4 HSin4ﬁa
37 Z Z In — 7,
szzzﬂ——Ncoﬂﬂ—kucoMﬁ,
8 2 8
Zy sin2 In — 7,
526 = NS;“ b o Hsinap, (11)
Zy(1 — cos2p)
Sq4 = ———F—,
2
Zysin2f
S5 = 5>
Zy(1 4+ cos2p)
855 = ——————,
2
Z Z N — Z,
S66 = N—; " _ N2 7 cos4p

(Schoenberg et al. 1999). The computation of the compli-
ance matrix in Eq. (10) can be derived by carrying out the
matrix multiplication given by Nichols et al. (1989) or
directly using 4th-rank tensor notation.
We have introduced
Z Z Z3

Zn="2,zy=2,7y=22 12
‘N L’ H L’ Vv L’ ( )

where L is a characteristic length, such that these quantities
have dimensions of compliance, and

Ky = Lk, kg = LKy, ky = Lks,

13
Ny = Lny, ng = Ly, ny = Lns, (13)

such that these quantities have dimensions of stiffness and
viscosity, respectively. The quantity L, called 4 in Grechka
et al. (2003) (see their Eq. 3), is the average fracture
spacing, which has to be much smaller than the dominant
wavelength of the pulse.
It is
1 1 1
Zv =
Ky + tony
(14)

Iy =

- . H = .
Ky + iony’ Ky + iony’

Then, the complex and frequency-dependent stiffness
matrix of the equivalent medium is given by

-1
P(w) = c%Zs}‘f’(@] , (15)

where the sum is over the g sets of fractures. The
equivalent homogeneous anisotropic medium (in the long
wavelength limit) is a monoclinic medium with a
horizontal mirror plane of symmetry. Its complex and
frequency-dependent stiffness matrix has the form

piu pi2 pz 0 0 p
p2 p2 pn 0 0 py
pi3 ps3 pxn 0 0 p3
P= . 16
0 0 O pu pss O (16)
0 0 O pss pss O
Pie P P 0 0 pes

At zero frequency, we obtain the lossless case, where
Zy = 1/kn, Zy = 1/xy, andZy = 1/ky, and the medium
remains monoclinic. At “infinite” frequency, the fracture
stiffnesses vanish (Sf(-q) — 0) and we obtain the TI and
lossless background medium. By “infinite” frequency, we
mean frequencies such that the wavelength is much larger
than the distance between single fractures, i.e., the long-
wavelength approximation. It can be shown that the wave
velocities at zero frequency are smaller than the wave
velocities at infinite frequency, i.e., the medium is more
compliant.

2.2 Orthorhombic Equivalent Media
Assume two fracture sets with § = 0 (fracture strike along

the y-direction) and f§ = /2 (fracture strike points along the
x-direction). The fracture stiffness matrices are given by

zZ) 000 0 0
0 000 0 O
m_ | 0o 000 0 o0
5= 0o 000 0o o (17)
o 000 2z o
o 000 o0 Zz
and
00 0 0 0 0
0z 0o 0o o0 o0
o |0 0 0 0 0 O
5 =1o 0o 022 0 o | (18)
00 0 0 0 0
o 0 o 0 o0 z?
respectively.

The evaluation of Eq. (15) requires simple operations
with 3 x 3 matrices. We obtain
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C11 +Z( )(611 - C%z)

(19)

3

pil = )
1+ (1)Z( )(Cll Clz)+cll(zz(\/1)+zz(\/2>)
» C12
12 = )
1+ 2\ 22(61—012)4—011( z\V) + 2z
pis = ci3[l +Z (611 — )]
1 )
+20z3 (3, - c12)+c”(zjv‘)+z}f>)
= en +2y (¢} — )
1 +Z1<\,1)Z1(\,2)(c%1 - Clz) +ecn(z 1(\/1) +Zz(\12>)
s = 013[1-1-21(\;1)(011 —c12)]
23 — )
42020 (e = ) +en(@y) +27)
_cent (ZIE/D +Zz(\/2))(011€33 —cty) +Z( 'z )(Cll —c1)[ess(enn + c2) — 2¢34)
142023 = ) +en(@y) +27)
pas = —2
l—i—cssz‘(/z)
Cs5
Pss = ———qy;
l+C55ZV
Ce6
Pe6 =

1+ eos(2y) +2))

Since the two sets are orthogonal, the equivalent med-
ium has orthorhombic symmetry. In the case of a single
fracture set, e.g., f = 0, Eq. (19) gives the stiffness matrix
of Schoenberg and Helbig (1997):

2.3 HTI Equivalent Media

If the background medium is isotropic (cj; =c12 +
2¢s5,¢12 = €13,C55 = Cg6) and the fracture set is rotation-

C11(1—5N) C12(1—5N) C13(1—5N) 0 0 0
6‘12(1 _5N) Cll(l —5NC%2/C%1) 6‘13(1 —5N6‘12/C11) 0 0 0
P _ 6‘13(1 — 51\/) 613(1 — 51\/6‘12/6‘11) C33[1 — 51\/6‘%3/(6‘116‘33)] O O O (20)
0 0 0 Cs5 0 0 ’
0 0 0 0 C55(1 — 5\/) 0
0 0 0 0 0 66(,(1 - 5].1)
where ally invariant, we have Zy = Zy = Zr, and the equivalent
_ _ dium is TI with a horizontal symmetry axis (HTI),
Sy=[1+1/(Z Lon=[1+1/(Z ! me y y
v =[1+1/(@ven)l Hl [T+ 1/(Znceo)] whose stiffness matrix is
oy = [l +1/(Zvess)]~ (21)
Cl1CN C12CN C12CN 0 0 0
C12CN  C11 — C%2ZNCN Cl12 — C%ZZNCN 0 0 0
2 2
o ClpCy  C12 — ClzzNCN C1] — C]zzNCN 0 0 0
P=1"% 0 0 css 0 o | (22)
0 0 0 0 cssecr O
0 0 0 0 0 C55CT
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where Tii— 0?2 =0

y § 3—p . ) . . (27)
CN = (1 =+ c“ZN) andcT = (1 + CSSZT) . (23) (1"11 — pV )(F22 — pv ) — r12 = O’

The stiffness matrix in Coates and Schoenberg (1995)is  where p is the density of the background medium,

equivalent to Eq. (22) with a rotation of 7/2 around the ) )
y-axis and considering the lossless case (y§ = 0). If n # 0, [ = puli + pesls + 2pishila,
Eq. (22) is equivalent to the medium studied by Chichinina T2 = pesli + pals + 2pashily, (28)

et al. (2009b).

The fractured medium defined by Eq. (22) can be
obtained from Backus averaging (Backus 1962) of a peri-
odic medium composed of two isotropic constituents with
proportions p;, and P-wave and S-wave moduli, respec-
tively, given by E;and y;,i =1,2. Backus’ effective
stiffness constants are given by (Carcione 2007)

pu = [ExE> +4pip2(py — 1) (A1 + g — A2 = 1)1,
pi2 = [Aida +2(Z1p1 + Z2p2) (op1 + 14p2) D,
p13 = (p1Ey + Jop2E1)D
P33 = E1E2D,
pss = i (pii + papty)
Pe6 = P1iy + P21y,
D = (p1Ey + p2Ey) "
(24)
Equation (22) is then obtained by taking the limits p; — 1
and pp — 0 (or p < p1) and setting £y = ¢y and pt; = cs5
(background medium) and E; = p,/Zyand i, = p2/Zy

(fracture). This is shown by Schoenberg (1983) in the
lossless case.

3 Properties of the Effective Medium

A general plane-wave solution for the displacement field

u= (uxauyv“z)T = (u17u27u3)T is
u=Uexp [io(t — s1x — 52 — $32)], (25)

where s; are the components of the slowness vector s =
(s1,52,53), U is a complex vector, and ¢ is the time variable.
We consider homogeneous viscoelastic waves, such that
s =s(l, b, 13), where s =/s7+s3+ 53, and [; are the
direction cosines defining the propagation (and attenuation)
directions. The complex velocity is

1
=, 26
V= (26)
3.1 Symmetry Plane of a Monoclinic Medium
In the symmetry plane of a monoclinic medium, there is a

pure shear wave and two coupled waves. The respective
dispersion relations in the (x, y)-plane are

T3 = pssl + pasl3 + 2pashila,
T2 = pisld + pasls + (P12 + pes) i o,

(Carcione 2007), where v is the complex velocity and [} =
sinf and [, = cos 6, with 6 being the phase propagation
angle.

If we label 1 the pure mode (the SH wave) and 2 and 3
the gS and qP waves, the corresponding complex velocities
are (e.g., Carcione 2007)

vy = \/,071(}7551% + paall + 2pasiily),

vy = (2/’)71/2\/17111% + p2nl3 + pes + 2111 (P16 + pas) — A,

V3 = (20)_1/2\/17111% + P23 + pes + 2l1b (P16 + Pas) + A,

A= \/(r11 —Tp)? +413,.
(29)

The phase velocity is given by

o= [re(Y)] B (30)

and the quality factor is simply

Re(v?)
=—=< 31
Im(v?) (31)
(e.g., Carcione 2007). The values of the qP quality factor
along orthogonal directions are

Re(pn) RC(PZZ)

QP(OZn/z) :Im(p”) andQP(OZO) :Im(PZZ)’ (32)
respectively, while those of the shear waves are
R
Qsv(0 =7/2) = Osv(0 = 0) = Qsu(0 = 0) = Inelgjig )
B _ Re(pss)
and QSH(H = 7[/2) = 7111’1([755) . (33)

Next, we obtain the energy velocity at zero frequency
(the lossless elastic limit) times one unit of time. The SH
wave energy velocity is

1 . N
Ve = pT [(cg-)sll + c2512)e1 + (c24lz + cgsll)ez]. (34)
P

On the other hand, the qP and S energy-velocity
components v,; and v,y are

@ Springer
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pvp(Ti1 + Ty = 2pv) ey
=(Ta — pvp) () + cha)

+ (T — pvp)(cgsh + o) (9)
= Tia2efls + (e + cgo ) 1o]

and
pvp(Liy +Top — ZPVﬁ)Vez

=(Tx — pv;)(cgslr + 6l (36)

+ (T = pvp) (el + c5l1)
— T[22 + (<Y, + )],

where ¥, are the zero-frequency limits of the py (e.g.,
Carcione 2007).

3.2 Orthorhombic Media

The dispersion relation has the same form as in the lossless
case, but replacing the (real) elasticity constants by the
complex stiffnesses pyy, i.e., the components of matrix P.
Following Schoenberg and Helbig (1997), we have

Vo —ant +ap? —ag =0, (37)

where
ap =T 1Tl3s — T35 — [T — 15,1y
+ Tz + Tzl hos,
a; =Tpl33 + T3y + Ty — I, — T, — T,
ay =Ty + T+ a3,

(38)
with
L1 = puli + pesls + pssi3,
T2 = pesli + pnls + pasl3,
[33 = psslt + pasls + pasl3, (39)

iz = (p12 + pes)lila,
i3 = (p13 +pss) i,
23 = (pas +p23)lal
being the components of the Kelvin—Christoffel matrix
(Carcione 2007).
In the (three) symmetry planes of an orthorhombic
medium, there is a pure shear wave (labeled 1 below) and
two coupled waves. The corresponding complex velocities

are given by a generalization of the lossless case (e.g.,
Carcione 2007) to the lossy case: (x, y)-plane:

V= \/(p)_l(l?ssl% +pasl3),

Vo= (2[))_1/2\/17111% +p2nl3+pes — A,
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V3= (2,0)71/2\/[7111% +pnb+pes+A,

A= \/[(Pzz —po6)3 = (P11 —Pes) B +4[(p12 + pes) 1 1]
(40)

(x, z)-plane:

v =/ (0) " (pesB+ pusl2),
v =(2p)""? \/pnl% +p33l3+pss — A,
V3= (2,0)71/2\/17111% +p33l3 +pss +A,

A=\ (p3s =5 = (p11 —pss)BI +4l(pra +pss) )’
(41)

(v, 2)-plane:

Vi = \/(P)71@6ﬁl% + pssl3)

vy = (2/’)71/2\/17221% + p33l3 + pas — A,

vz = (2/0)_1/2\/17221% + 333 + paa + A,

A= \/[(P33 — paa) B — (P22 — paa) B + 4((p23 + pas)als]”.
(42)

In terms of angles, /; = sin § and I, = cos 0 in the (x, y)-
plane, /; = sin 0 and /3 = cos 0 in the (x, z)-plane, and I, =
sin 0 and /3 = cos 0 in the (y, z)-plane.

The complex velocities along the principal axes are:
(x, y)-plane:

vi(0°) =vs(0°) = \/paa/p
v1(90°) = vs(90°) = /pss/p
v2(0°) = vgs(0°) = /pes/p (43)
V2(9OO) = Vqs(900) = [J()G/p
v3(0%) = VqP(OO) =/pn/p
v3(90°) = vgp(90°) = /p11/p;
(x, z)-plane:
vi(0°) =vs(0°) = \/paa/p
v1(90°) = v5(90°) = \/pes/p
v2(0%) = vgs(0°) = /pss/p (44)
V2(900) = vqs(90°) = p55/p
v3(0°) = vgp(0°) = /p33/p
v3(90°) = vgp(90°) = /p11/p;

(v, 2)-plane:
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The energy velocity can be computed for each frequency
component, with the wavefront corresponding to the
energy velocity at “infinite” frequency. Let us consider
the (x, z)-plane of symmetry. The energy-velocity vector of
the qP and qS waves is given by

A 1. 1

V_e: (ll +l3COtlﬁ) ]el +(ll tanl//+l3) 163 (46)
p

(Carcione 2007; eq. 6.158), where

_ Re(y’X +&'W)

Y = Re(r W+ £7)

(47)

defines the angle between the energy-velocity vector and
the z-axis,

y=+VAZxB,
&= +pv\/AFB, (48)
B = piil} — ps3l5 + pss cos 20,

where the upper and lower signs correspond to the qP and
gS waves, respectively. Moreover,

W = pss(Sl + 1),

X =ypuli + Epusb, (49)
Z =ypish + Epxls
(Carcione 2007; Eqgs. 6.121-6.123), where “pv” denotes
the principal value, which has to be chosen according to

established criteria.
On the other hand, the energy velocity of the SH wave is

o e )] o
and
tanw—mmnﬂ (51)

(Carcione 2007; eq. 4.115).
In general, we have the property

vp = vecos(y — 0), (52)
where ve = |ve/.

The quality factor expressions for each symmetry plane
are similar to the equations obtained for the symmetry

plane of the monoclinic medium. Along pure mode direc-
tions, we have

0y = Relpn)
m

I=1,...,6. (53)

The attenuation has a maximum for a given value of the
specific viscosity. Let us consider, for instance, the P-wave
and Eq. (19). A calculation yields

CliNy

0, = . 54
H kn(kn + 1) + 0?3 54)
This function has a maximum at
oy = \/Kkn(Kky +ci1) = Ky (55)
if Ky > c;1. On the other hand,
2
QZ]I _ (CIJ/CJJ)(’OZN o J = 2’ 3’
(kn +cnn)(ky +cn — ey /en) + oy

(56)
with a maximum at
oty = /(o + e (o + 1 = o). (57)

The attenuation of the shear waves (the 44, 55, and 66
components) have similar expressions. Two different
values of the viscosity may give the same value of the
quality factor, although the phase velocities differ.

3.3 Transversely Isotropic Media

The analysis for the HTT medium follows as a particular
case of one of the symmetry planes of the orthorhombic
medium. One can use the exact velocity expressions or the
following approximations:

vi = (css/p)(1 — oy sin” 0),
6‘55/p)(1 — 5]1 COS2 20 — (C55/C[])5N Sil’l2 29),

cu/p)
11— (055/6‘]1)(3;] sin2 20 — (1 — 2(055/6‘]1)(31\10082 0)2],

(58)

e
.
[

where 0 is the angle between the wavenumber vector and
the vertical direction. Similar approximations have been
obtained by Schoenberg and Douma (1988) (their Eq. 26)
for VTI media (horizontal fractures). Schoenberg and
Douma (1988) have written those expressions in terms of
the coefficients dy/(1 — dy) and dy/(1 — Oy), instead of
oy and dy, respectively, assuming Jdy < 1 and oy < 1.
Without imposing these conditions, more accurate
expressions are obtained by using oy and dy, as in Chi-
chinina et al. (2009a, b).

@ Springer
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4 Examples

We consider the TI background medium studied by
Schoenberg and Helbig (1997), representing a typical
shale,

100 4 2500 0
4 10 25 0 0 0
25 25 6 0 0 0

C=rlo 0o 0 20 0 (59)
0 0 0 02 0
0 0 0 0 0 3

(in MPa), where p = 2,300 kg/m3, e.g., c;; =23 GPa. We
assume a frequency f = w/(2n) = 50 Hz and the low- and
high-frequency limits for comparison.

First, we consider two orthogonal sets of fractures with
f; = 0° and f, = 90°. The fracture stiffnesses of the first set

are given by ;cl(\,l) =9¢y1, Kg) = %C66, and kg,” = 4c¢s5. In the

lossless case, we obtain 51(\,1) =0.1, 5? =3/11, and 5&,1) =
1/5, i.e., the values used by Schoenberg and Helbig (1997).

K](\?) = bK](V]), Kg) = ng) and kg) =

bkg,l) , with b =0.5. The fracture viscosities are assumed to be

11](\;1) = aK](\;D, 17%1) = aicgf), and ni}’) = ak&?), where a = 10"

s, for both fracture sets. The stiffness-matrix components,
given by Eq. (19), are

Moreover, we set

= (20.34,0.70), p1> = (6.93,0.56),
P13 = (4.87,0.22), = (18.83,1.05),
P23 = (4.60,0.29), = (13.44,0.09), (60)
pas = (3.13,031),  pss = (3.73,0.22),
Pes = (3.32,0.53),

in GPa. Figure 2 shows the dissipation factors as a
function of frequency along pure mode directions. The
attenuation behaves as relaxation peaks, similar to the
Zener model. Figure 3 shows the energy velocity at the
(x, z)-plane for 0 Hz (a), 50 Hz (b), and “infinite” fre-
quency (c). The high-frequency limit corresponds to the
unfractured TI case. The dissipation factors versus phase
and ray angle are represented in Figure 4, where the pure
mode (the SH wave) shows more attenuation. The atten-
uation of the coupled waves have a different behavior
versus the ray angle, corresponding to the propagation of
wave packets, compared to the representation versus the
phase (propagation) angle, corresponding to the propa-
gation of plane waves. In particular, the triplication
appears also in the Q factor of the S wave. Experimental
setups should consider these facts.

Next, we consider two sets of fractures with §; = 20° and
P> = 65° and perform the analysis in the symmetry axis of
the effective monoclinic medium. The fracture parameters

@ Springer
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Fig. 2 Dissipation factors (53) as a function of frequency, where
(a) corresponds to the P waves and (b) corresponds to the S waves

corresponding to the first example are considered. The
stiffness-matrix components, given by Eq. (15), are

pu = (18.05,1.1),  pi» = (8.98,0.29),

p13—(483 023),  pie = (—1.07,0.13),
= (17.27,1.26),  ps = (4.69,0.26),
P26 :( 0.15,0.05), = (13.44,0.09), (61)
P36 = (—0.22,0.03), p44—(337 0.25),
pas = (—0.67,0.11), pss = (3.70,0.19),
Pes = (4.53,0.46),

in GPa. Figure 5 shows the low-frequency limit energy
velocities (a) and dissipation factors (b) in the (x, y) sym-
metry plane as a function of the phase (propagation) angle.
The frequency in Fig. 5b is f = 50 Hz. In this case, the qS
wave shows the maximum attenuation.

In order to verify the shape of the wavefronts shown in
Fig. 5, we perform a 2D full-wave numerical simulation of
gP—qS propagation in the symmetry plane, where the
effective medium is defined by the low-frequency elasticity
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(c) Fig. 4 Quality factors in the (x, z) symmetry plane as a function of
2,5 the phase (propagation) angle (a) and ray (energy) angle (b). The
equivalent medium has orthorhombic symmetry and the frequency is
f=50Hz
2,0
qP
— 154 derivatives and a 4th-order Runge—Kutta technique for
w ’ . . .
£ calculating the wavefield recursively over time (e.g., Car-
;’a‘, 104 cione 2007). The source is a vertical force with a Ricker
time history, located at the center of the mesh. The simu-
054 lation uses a 455 x 455 mesh with 1-m grid spacing and
the central frequency of the source is 80 Hz. The algorithm
0,04 qs SH has a time step of 0.1 ms and a snapshot of the vertical-
N particle velocity is computed at 80 ms (see Fig. 6). It is
05 00 05 10 1520 2530 35 yerified that the results of the modeling algorithm and
Vg (km/s)

Fig. 3 Energy velocities in the (x,z) symmetry plane of the
equivalent orthorhombic medium, where (a) f = 0 Hz, (b) f =
50 Hz, and (¢) f = oo Hz

constants: ¢} = 17.8 GPa, ¢, = 17 GPa, ¢, = 8.9 GPa, ¢,
= —1.08 GPa, ¢35 = —0.16 GPa, and ¢2 = 4.44 GPa. The
density is p = 2,300 kg/m>. The algorithm solves the par-
ticle-velocity/stress formulation based on the Fourier
pseudospectral method for computing the spatial

plane-wave analysis are in agreement.
Finally, we test the approximation

0'(0) = 0,1 (0) + Q7' (0),

where Oy, and Qy are the quality factors of the background
medium and fracture set in the same lossless background
medium, respectively. Equation (62) is commonly used in
the literature to obtain the total quality factor due to dif-
ferent attenuation mechanisms (e.g., Chichinina et al.
2009a, b). We assume for simplicity an isotropic

(62)
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Fig. 5 Low-frequency limit energy velocities (a) and dissipation
factors (b) in the (x, y) symmetry plane as a function of the phase
(propagation) angle. The equivalent medium has monoclinic symme-
try and the frequency in b is f = 50 Hz

background medium, and, therefore, Oy, is independent of
0. The effective medium has HTI symmetry and the stiff-
ness matrix is given by Eq. (22), with ¢;; complex. Let us
consider the simplest model, i.e., ¢;; — ¢1;(Qp + i) and
css — ¢ss5(Qs + i), where Qp and Qg are the P-wave and
S-wave quality factors of the background medium. (Note
that ¢1, = ¢y — 2c¢ss.) Let us assume that Qp = 20 and Qg
= 15. Figure 7 compares the exact dissipation factors to the
approximate dissipation factors, corresponding to the qP
and gS waves, respectively. As can be appreciated, Eq. (62)
is a rough approximation and should be used with caution.
The approximation improves if Q increases.

In order to verify that the equivalent-medium theory of
fractures is correct, we consider an isotropic background
medium defined by cj, = 10 GPa, cs5 = 3.9 GPa, and p =
2,300 kg/m® containing a horizontal and plane fracture set
defined by k; = 15,500 GPa/m and 5, = 36 GPa s/m
(tangential stiffnesses per unit length), and x3 = 34,000
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Fig. 6 Snapshot in the (x, y) symmetry plane of the monoclinic
effective medium. The elasticity constants are those of the low-
frequency limit
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Fig. 7 Exact (solid lines) and approximate (dashed lines) dissipation

factors of the qP and S waves as a function of the propagation angle.
The frequency is 50 Hz

GPa/m and 13 = 80 GPa s/m (normal stiffnesses per unit
length). The fracture planes are parallel to the (x, y)-plane
and perpendicular to the z-axis. The novel methodology
consists of applying time-harmonic oscillatory tests at a
finite number of frequencies. Each test is based on the
wave equation of motion expressed in the space—frequency
domain, implementing explicitly the fracture boundary
conditions, and solved with a finite-element method. A
similar algorithm considering multiple thin layers is given
by Santos et al. (2011). Figure 8 shows the phase velocity
vp (@) and dissipation factor 1,000 0! along the horizontal
direction (component 11, circles) and vertical direction
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Fig. 8 Numerical phase velocity (a) and dissipation factor (b) along
the horizontal direction (circles) and vertical direction (triangles)
corresponding to a fracture set embedded in a homogeneous and
isotropic medium. The solid lines correspond to the theoretical curves

(component 33, triangles). The match between the theory
(solid lines) and numerical results is very good.

5 Conclusions

We have presented a theory to obtain the wave velocities and
attenuation of many sets of vertical fractures embedded in a
transversely isotropic medium. The anisotropic effective
medium has monoclinic symmetry. Fractures are modeled as
boundary discontinuities in the displacement and particle
velocity fields. The theory generalizes an existing model
describing the acoustic properties of a single set of fractures
embedded in an isotropic background medium. The
expressions of the complex and frequency-dependent stiff-
ness constants corresponding to two orthogonal sets of
fractures are obtained explicitly, where the effective med-
ium has orthorhombic symmetry. The phase, energy, and
quality factors as a function of the propagation and ray

(energy) angle are obtained for homogeneous viscoelastic
plane waves (wavenumber and attenuation directions coin-
cide). We consider the symmetry plane of a monoclinic
medium and the three symmetry planes of an orthorhombic
medium. The examples show that the effective media have
high anisotropy and show relaxation attenuation peaks,
similar to Zener viscoelastic models. Moreover, we have
tested the commonly used equation stating that the dissipa-
tion factor of the effective medium is equal to the sum of the
dissipation factors of the background medium and fractured
background (lossless) medium. The results indicated that
this equation is not a good approximation for realistic
Q values of the background medium. Finally, we performed
a cross-check of the theory with the computations of a finite-
element algorithm, showing that both phase velocity and
dissipation factors agree with the numerical results.

The novel model can be important in determining the
orientation of fractures in the reservoir and the overlying cap
rock. This plays an important role during production and
other applications, such as CO, injection and monitoring.
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