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Cross-property relations between electrical conductivity

and the seismic velocity of rocks

José M. Carcione', Bjern Ursin?, and Janniche |. Nordskag?®

ABSTRACT

Cross-property relations are useful when some rock prop-
erties can be measured more easily than other properties. Re-
lations between electrical conductivity and seismic velocity,
stiffness moduli, and density can be obtained by expressing
the porosity in terms of those properties. There are many pos-
sible ways to combine the constitutive equations to obtain a
relation, each one representing a given type of rock. The rela-
tions depend on the assumptions to obtain the constitutive
equations. In the electromagnetic case, the equations involve
Archie’s law and its modifications for a conducting frame, the
Hashin-Shtrikman (HS) bounds, and the self-similar and
complex refraction-index method (CRIM) models. In the
elastic case, the stress-strain relations are mainly based on the
time-average equation, the HS bounds, and the Gassmann
equation. Also, expressions for dry rocks and for anisotropic
media, using Backus averaging, are analyzed. The relations
are applied to a shale saturated with brine (overburden) and to
a sandstone saturated with oil (reservoir). Tests with sections
of a North Sea well log show that the best fit is given by the re-
lation between the Gassmann velocity and the CRIM, self-
similar, and Archie models for the conductivity.

INTRODUCTION

Electrical, seismic, and electromagnetic methods can be used for
noninvasive determination of subsurface physical and chemical
properties. Seismic measurements provide wave velocities and at-
tenuations, which can be translated to stiffness and quality factor,
while electromagnetic data provide electromagnetic velocity and at-
tenuation, which can be translated to dielectric constant and electri-
cal conductivity. Most of the relevant properties for the oil-explora-
tion problem are represented by electrical conductivity and wave ve-

locity. Hence, it is important to obtain relationships between these
physical quantities and the composition of the overburden and reser-
voir, including the saturating fluids.

The use of mixture theories is essential to obtain the conductivi-
ties and the velocities (e.g., Schon, 1996). We first establish the dif-
ferent constitutive equations. Mainly, the electromagnetic theories
involve Archie’s law (Archie, 1942) and its modifications for a con-
ducting frame, the Hashin-Shtrikman (HS) bounds, and the self-sim-
ilar and complex refraction-index method (CRIM) models. The
main elastic models are the time-average equation, the HS bounds,
and the Gassmann equation (e.g., Mavko et al., 1998). Also, expres-
sions for dry rocks are considered, and Backus averaging to model
anisotropic media is used to derive relations between tensor compo-
nents. An example of the use of Backus averaging is given by
Kennedy and Herrick (2004), who derive the porosity and saturation
exponents of Archie’s law, and obtain horizontal and vertical forma-
tion factors.

Thus, we develop new theories relating the electrical conductivity
and the seismic velocity, i.e., knowing the conductivity, the P-wave
velocity can be obtained, and vice versa. This is important in the
sense that if one property, e.g., electrical conductivity, can be more
easily measured than seismic velocity, the latter can be obtained by
using a cross-property relation. The importance of such relations has
been pointed out by Berryman and Milton (1988) and Gibiansky and
Torquato (1995). Relations between various effective properties
have been investigated in several works. In the classical paper of
Bristow (1960), an explicit connection between the conductivity and
the elastic moduli of a solid with cracks is derived. Other relevant ar-
ticles are Berryman and Milton (1988), Gibiansky and Torquato
(1995, 19964, b), and Kachanov et al. (2001). Examples of relations
to interpret logging data are given in Brito Dos Santos et al. (1988),
who use a self-similar model for the conductivity and the time-aver-
age equation for the seismic velocity, and in Hacikoylu et al. (2006),
who use the lower HS bound for the resistivity and Raymer’s equa-
tion for the seismic velocity. The general approach to establish vari-
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ous cross-property relations is outlined by Milton (1997); see also
the recent review of Markov (1999).

We consider the electrical conductivity/seismic velocity relations
for the overburden (shale) and the reservoir (sandstone). Porosity is
the property that allows us to establish the relations. One may use
different mixtures theories to obtain the electromagnetic and seismic
properties, and then combine these theories in different ways. For in-
stance, Archie’s law or the CRIM model combined with the time-av-
erage equation are two possible choices. Another choice is to relate
the Gassmann equation with the different electromagnetic constitu-
tive equations. Other possibilities involve the HS bounds and the
self-similar equation. In the case of plane-layered composites, we
consider Backus averaging to relate the conductivity and stiffness
tensors, where the common property is the material proportion. The
possibilities are multiple, and the subject is relatively new to draw
definite conclusions; see, for instance, a controversial discussion by
Ikwuakor (2007) on this topic. It is essential to perform laboratory
experiments to provide controlled and reliable data.

The problem of electrical conductivity is mathematically equiva-
lent to the ones of thermal conductivity, dielectric permittivity, and
magnetic permeability; therefore, the approach can be applied to the
mentioned physical properties as well.

THE BASIC APPROACH

The key property to relate the electrical conductivity to the
P-wave velocity (or to the stiffness) is the porosity. Assume that the
conductivity and velocity have the form

o=f(¢), and v =g(p), (1)
where ¢ is the porosity. Then, the relation is given by
o=flg" )] (2)

This simple 1D concept is quite general and can be applied to higher
spatial dimensions and the case of anisotropy (e.g., Kachanov et al.,
2001).

CONSTITUTIVE EQUATIONS

We present in this section the constitutive equations relating the
physical properties to the porosity.

Electromagnetism

Averages
The simplest (nonphysical) models for the electrical conductivity
of acomposite medium are the following averages:
N

o= E p;o;, arithmetic,
i=1

N -1
o= (E &) , harmonic,

i=1 i

Pi, geometric, (3)

q
.:IZ

1

l

where o; and p; are the conductivity and volume fraction of phase i,
respectively.

Archie’s law and its modifications

The original form of Archie’s law (Archie, 1942) is
o=oF " = o, (4)

where o7 is the conductivity of water, brine, or the fluid filling the
pores; F = ¢~ is the formation factor; and m is the cementation or
form factor.

Equation 4 has been designed for clean sands. In the presence of
clay minerals, which are good conductors, the law has been modi-
fied. De Witte (1957) proposed

g = G1+0'sz. (5)

A second model (Bussian, 1983) considers explicitly the conductivi-
ty of the clay particles o:

1 -0/ mn
o (ﬂ) s ©)
1 -o,/o

The model of Hermance (1979) is a particular case when m = 1 in
the previous expression between parentheses,

o=(0p-0)¢" +0,=(1 - ¢"o;+op". (1)

If o,— 0, we obtain Archie’s law. Equations 5 and 7 are identical for
G, =0l - ¢")and G, = F!
Finally, the model of Glover et al. (2000) has the form

o=(1-¢)fo,+ apd", (8)

where each phase has its own connectivity and a representative ex-
ponent (m and p). Large exponents occur for low connectivity phas-
es, and small exponents occur for high connectivity phases. The
choice

_ log(1 - ¢")
log(1 - ¢)

gives Hermance’s model. Glover et al. (2006) derive expressions for
permeability as a function of electric conductivity.

)

HS models

HS bounds for the conductivity, for a system of N components, are
O-ES = S( U-min) =0= S(O-max) = (T:]S 5 ( 1 O)

where

-1
S(x):(z Pi ) ~2x, (11)

o O+ 2x

where p; is the volume fraction of the phase i. The HS bounds, in the
electromagnetic and elastic cases, are valid for isotropic media.

A two-component porous medium composed of grains, of con-
ductivity o, and water, of conductivity oy, such that o, = o, =0
= O has the following bounds:
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_ (1 - ¢ ¢ )‘1
O-HS = =+ - 20'3,
30y o+ 20,
|- -1
ol = (—¢ + i) ~ 20, (12)
g, + 2(Tf 30'f

When the case iS Oy = 0y= 0, = Oy, the bounds should be re-
versed, i.e., the lower bound becomes the upper bound, and vice ver-
sa (Berryman, 1995).

The so-called Clausius-Mossoti formula for a two-component
medium consisting of water containing spherical grains is the HS up-
perbound (e.g., Berryman, 1995).

The inverse of the formation factor is F~' = /07, such that for in-
sulating particles embedded in a conducting fluid, F~' = 1 for the
fluid and F~! = O for the particles. The lower bound of F is the upper
bound of F-!. Then, using equation 10 for F-!, and because F;;}, = 1,
we obtain Fgs = 2¢/(3 — ¢), which yields the following equation:

3—¢ O'f

2¢ Uﬁs

HS —

(13)

The formation factor corresponding to insulating particles embed-
ded in a conducting fluid must be greater than the HS lower bound
(e.g., Berryman, 1995).

CRIM and Lichtnecker-Rother models

The CRIM for negligible permittivity can be expressed as

Y

N
o= Epi(o'i)l/y , v=2 (14)
i=1

(Schén, 1996). (Note that the complex permittivity is € + io/w,
where € s the permittivity. In this case € = 0).) If yis a free parame-
ter, the equation is termed Lichtnecker-Rother formula. This model
is very simple and of easy implementation. It uses the ray approxi-
mation. (The traveltime in phase i is inversely proportional to the
electromagnetic velocity, which in turn is inversely proportional to
the square root of the complex dielectric constant.)

Self-similar model

In the self-similar model (Sen et al., 1981; Carcione et al., 2003),
the conductivity of the composite satisfies

N o — 0
0=2pi<—f>. (15)

For two constituents (solid and fluid), the solution is given by

o, —oa\[o\"
d) =f(0-’0-s’qf) = — . (16)

o,—op/ \ o

where W = 1/3 for spherical inclusions. In this case, we may rewrite
equation 16 as

(1-6)=aéd, (17)
where
(oa (o oy 3
G=—, a=—|1- ¢ (18)
oy o gy

(Carcione and Seriani, 2000). This equation has the following solu-

tions
) (a)m[(za)l/s (7>1/3}
g=1-|2 — - = s
3 0% 6
a \13 a\13 Ay 1/3
0y = 1+ E 20 ;/ — 2y E 5
a 1/3[ *(a>ll3 ( 7)'”]
5a=1+|— - - — s 19
3 (12) o\’ o\ 12 (19)
where

y=\3Q27 +4a) -9, zy=1+\-3.

(20)
The physical solution is that approaching o in the limit ¢p— 1.
When W#1/3, we have the Hanai-Bruggeman relationship
(Schén, 1996), which describes a porous medium of arbitrary grain
shape.
For insulating particles embedded in a conducting fluid, we obtain

o= """, F=¢"" D m=1/(1-W). (21)

Bussian’s equation 6 is identical to equation 16. Note that m = 3/2
for spherical particles.

Backus averaging

The electromagnetic properties of finely plane-layered media can
be obtained by using Backus averaging (e.g., Carcione, 2007). Let us
consider a plane-layered medium, where each layer is homoge-
neous, isotropic, and thin compared to the wavelength of the electro-
magnetic wave. If the layer interfaces are parallel to the (x,y)-plane,
the properties are independent of x and y, and may vary with z. The
equivalent medium is transversely isotropic and can be described
with two components of the conductivity tensor:

(] gy 0y [P
)= ) e
033 g 0 P2

where we have assumed that there are two thin layers of proportion
p1 and p, and conductivity o, and o,. The proportions can be ex-
pressed as

—1 ~1
_ 011~ 0y 03~ 0y
P = | —1°
g — 0y 0'1 —0'2

and P2 = 1- P2- (23)
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Elasticity

Averages
As in the electromagnetic case, we can obtain the P-wave velocity
of acomposite medium with the following averages:
N

Up = E pv;, arithmetic,
i=1

N -1
Up = (2 &> , harmonic,

i=1 Vi

N
vp = [Iv", geometric, (24)
i=1

where v; and p; are the P-wave velocity and volume fraction of phase
i, respectively.

Time-average equation

This equation is the harmonic average given in the previous sec-
tion. The P-wave velocity of a fully saturated porous medium is

-1
vp=(i+l;¢> , (25)

Uy Uy

where v is the wave velocity of the fluid, and v, is the P-wave veloc-
ity of the grains.

Raymer’s equation

This equation (Raymer et al., 1980) is used for consolidated
sands. Itis given by

vp=(1-¢) v, + dvy. (26)

HS models

The HS lower bound of the bulk modulus corresponding to a two-
component porous medium composed of grains, of bulk and shear
moduli K and u,, and water, of bulk modulus K, is

-1
K§S=(£+—1_¢) :

(27)
K, K,

which is the Reuss average (e.g., Berryman, 1995). The upper bound
is given by
+ ( 1 - ¢ " d)

HS Ki+x Ki+x

-1 4
) — X X = S (28)

The corresponding bounds for the shear modulus are

Lo e,

Mg+ X X

Hps =0, Mﬂs = (

&(9KS+ 8,LLS). (29)

6\ K+ 2pu,

The velocities are given by
Ky 1 4
vp=\/—2, and vh= \/—<Kﬁs + —Mﬁs)- (30)
p p 3

Gassmann velocity

The P-wave velocity of a fully saturated porous medium is

1 4
Ug = ;(KG-'- _lu'm)7 (31)

3
where
o KoK+ ®K, (K JK; - 1)
“7 1 - ¢ - KK, + dKJK;

(32)

(e.g., Carcione, 2007) is a saturation (or undrained) bulk modulus,
where K, and w,, are the bulk and shear moduli of the matrix, and K|
and K are the grain and fluid bulk moduli, respectively; the compos-
ite density is given by

p=(1-®)p,+ dpy, (33)

where p, and p, are the densities of the grain and fluid, respectively.

Backus averaging

In the case of a periodically layered medium, the equivalent medi-
um is transversely isotropic, and one of the shear waves decouples
from the other two wave modes. Usually, this pure mode is termed
SH in the exploration-geophysics literature. For two constituents,
the effective elastic constants involved in the description of this
wave are given by

Ce6 My Mo\ (P
()=l ) oo
Cyq M My P2

where w; and u, are the shear moduli of the single constituents. The
other elastic constants, such as ¢y, ¢33, and c; for a periodically lay-
ered medium of two isotropic thin layers, are given by Postma
(1955).

The proportions can be expressed as

-1 -1
Coo — M2 Caq — Mo

=———, and py=1-p,. (35)
M= M2 M My

P =

CROSS-PROPERTY RELATIONS

There are many possibilities to establish cross-property relations.
Several of them are presented in the following section. Each relation
may represent a given type of rock, depending on the assumptions to
obtain the involved constitutive equations. In practice, comparison
to experimental data is necessary.

Dry rocks

Expressions for dry rocks are given in the following, where dry
means oy = 0and K, = 0.
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Bristow

Bristow (1960) obtained relations between the dry-rock bulk
modulus K,, and dry-rock conductivity o, for randomly oriented,
penny-shaped cracks of zero conductivity embedded in an isotropic
medium:

K, - K, 2(-v)o,-o0,

K, I v, Oy,

. (36)

where K| and v, are the bulk modulus and Poisson ratio, respectively,
of the solid medium. The equivalent relation for the dry-rock shear
modulus w,, is

— 4 g, — O,
B Bm 2020y - m(u), (37)
M 5 Om

where u, is the shear modulus of the solid medium (e.g., Sevostianov
and Kachanov, 2007).

Berryman-Milton bounds

In this case, ;% 0, but K; = 0. Berryman and Milton (1988) de-
rived the following bounds for the electrical conductivity o and bulk
modulus K of a porous insulator saturated with a conducting fluid:

1(-¢o _ 36K
2(¢op-0) — 4ull-¢-KIK)

where o, = 0.
The corresponding bound for the shear modulus is

1(1-¢)o 21 ( 6Adu
2(¢o;—0) 5-21B (1 - Pus—n

(38)

>, (39)

where

_6(K, +2u,)’

_ Su(4K + 3uy)
CGK )

3K, + p,)* “0)

(Sevostianov and Kachanov, 2007).

Gibiansky-Torquato bound

Gibiansky and Torquato (1996b) derived the following relation
for (cracked) dry rocks:

1 1 _ 3o l-p(1 1
— == 2B T (41)
Kl’l’l K;Y 2M Sl + I/S O-m O-S

(e.g., Sevostianov and Kachanov, 2007).
Wet rocks

Milton bounds

Milton (1981) derived the following inequalities for the compos-
ite bulk and shear moduli, K and u, respectively:

K o
— S JE—
K a,

s

©_ 30

= , 42
K, 2o, “42)

[l

where K;/K,= o;/0, (e.g., Sevostianov and Kachanov, 2007). In par-
ticular, for dry rocks, K; = 0, oy = 0, and the bounds are equally
valid.

Archie/time-average

One of the simplest relations is the combination of Archie’s law 4
and the time-average equation 25. Then, equation 2 reads

/ _ 1 m
o= af(—’“ °p ) : (43)
US/Uf -1

where o7 is the conductivity of the fluid.

Archie/Raymer

Combining Raymer’s equation 26 and Archie’s law gives
o 1/m |2 o 1/m
vp=|1-|— ve+ | — | v (44)
of i

Glover et al./time-average
The time-average equation 25 and Glover et al. (2000, equation 8)

give

1/vp = 1/v;

= . (45
vy = 1/v, (45)

o= (l - d))po-s + Qf'¢m’ d)

Hermance/time-average
The time-average equation 25 and Hermance’s equation 7 give

1/vp — 1/vy

. 46
l/Uf— l/Ux ( )

0-=(0-f_0-s)¢m+a-s’ ¢=

Self-similar/time-average

For a conducting matrix, Brito Dos Santos et al. (1988) obtained
the following relation from the self-similar and time-average equa-
tions 16 and 25:

1 1 o,— 0o\ oy =tm -1
vp=|{—-— — +—1 . (47)
vp v/ \os—op/ \ o Uy

HS/Raymer

The relation used by Hacikoylu et al. (2006), based on Raymer’s
equation 26 and the HS lower bound 13, is

3
—27 48
o+ 20'f

Up= (1 - ¢ + d)p)zvs + (¢ - ¢p)vf’ ¢ =

where ¢, is a percolation porosity (¢, = 0.4 in Hacikoylu et al.
(2006)). We assume ¢, = 0 in our calculations.

Faust
Faust’s empirical relation is
o
v plkm/s] = 2.2888<z[km]—
T

1/6
) , (49)
f

where z is the depth (Faust, 1953).



E198 Carcioneetal.

HS models

‘We now combine the HS electromagnetic and seismic models. Let
us consider a two-phase medium composed of a solid matrix and a
fluid. Equation 12 gives

o, —ops \[ o7+ 20,
¢ = -

g, — 0y ops + 20,

o, — o, 30

o, — o/ \ oy + 207

The cross-property relation given by the lower HS bounds combine

this equation and equation 27:

P (os—o;ls>< af+2as)<1 1) 1|
= — = |+ .
HS o,— 07/ \ogg + 20,/ \K; K; K,

(51

If oy= 0, o1is must be replaced by of;s. The wave velocity is given
by equation 30, and the density is given by equation 33:

p(o) = (py = p)¢(a) + p;. (52)

The cross-property relations corresponding to the upper HS bounds
involve equations 50, 28, and 29, and the wave velocity is given by
equation 30.

Gassmann-based relations

To use the Gassmann equation, we assume a model for the dry-
rock moduli as a function of porosity, i.e., K,,(¢) and u,,(¢). Then,
we replace ¢ = ¢(o) into the Gassmann equation. According to
equation 32, the relation between the bulk modulus and the conduc-
tivity is

_ Ks - Km(d)) + ¢Km(¢)(Ks/Kf - 1)

K=K;= , (53
7 1= ¢ - K (DK, + ¢K/IK; 5
where
o 1/m ]
b= (—) , Archie,
oy
o—- 0 1/m
b= : ,  Hermance,
T~ s
0_ll'y _ O_A}/y
¢ = —0_}/7_ i) v=12, CRIM,
1-1/m
o-o0,\[ 0o ..
b= ( )(—f> , self-similar,
or—o,/\ o

o,— 0 \[o;+ 20,
b= , HS lower bound,
o, — 07/ \ o+ 20

g, — O 3o
¢ = ,  HS upper bound, (54)
o, — oy/\o+ 20y

corresponding to equations 4, 7, 14, 16, and 50, respectively. The HS
bounds are reversed if o, = 0.

We consider the model of Krief et al. (1990), to obtain the dry-
rock moduli K,, and u,, as a function of porosity. The porosity depen-
dence of the rock frame should be consistent with the concept of crit-
ical porosity, because the moduli should be small above a certain val-
ue of the porosity (usually from 0.4 to 0.6). This dependence is deter-
mined by the empirical coefficient A (see equation 55). The bulk and
shear moduli of the rock frame are

K, = K(1 = ¢)!!= #4019,

o = (%)Km (55)

s

Kriefetal. (1990) set the A parameter to 3 regardless of the lithology.
Alternatively, the value of A can be estimated by using data from the
study area. We assume A = 3 in our calculations.

An alternative method to compute the dry-rock moduli including
the effects of pore and confining pressures is the Hertz-Mindlin
model (Mindlin, 1949; Carcione et al., 2006a, b). On the other hand,
the pressure effects can be incorporated in the electromagnetic con-
stitutive equations considering, for instance, that for sandstones it is
& = ¢(p. — p), where p, and p are the confining (overburden) and
pore-fluid pressures (e.g., Carcione, 2007).

Layered media: Backus-based relations

In this case, instead of the porosity, we eliminate the material pro-
portions p; and p, from equations 22 and 34 to obtain relations be-
tween the conductivity components and the elasticity components.
The relations are

J11 — 02 Ce6— M2

(56)
0= 0y M~ M
and
-1 -1 -1 -1
033 703 _ Cau— Mo 57
-1 -1 -l —1 (57)
o — 0 My = Mo

Other similar relations can be obtained, in principle, between the
conductivity components and the elasticity constants ¢y, ¢33, €12, and
¢13. (Note that cgs = (¢, — ¢12)/2.) The utility of these relations is
still uncertain; although the proportions are not present in the equa-
tions, they depend on the properties of the single constituents,
which, in practice, are not easy to measure.

RESULTS AND DISCUSSION

We consider a fully saturated shale (overburden) and a sandstone
saturated with light oil (reservoir). The properties of the single con-
stituents are shown in Table 1. In the first case, the fluid has a higher
conductivity than the frame, while oil has a lower conductivity than
the sandstone grains. The moduli of the material composing the
frames are typical for composite clay and quartz, respectively.



Cross-property relations

Table 1. Material properties.
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The electrical conductivity of the shale and

T O-f Kc
Rock (S/m) (S/m) (GPa)

Ms Ps Kj pf
(GPa) (g/cm’) (GPa) (g/cm’)

sandstone as a function of porosity are given in
Figures 1 and 2, respectively. The curves have op-
posite behavior. Increasing porosity (i.e., increas-
ing fluid saturation) makes the shale more con-

Overburden (shale-brine) 0.1°  0.4* 20 15 2.5

Reservoir (sandstone-oil) 107 10-° 39 40 2.65

ductive and the sandstone more resistive. At zero
porosity, the conductivity is that of the solid mate-
rial. The geometric average, and the CRIM and

2.25 1
0.57 0.7

Swet clay;
#0.01 pptof NaCl;
wet quartz.

Arithmetic

Self-similar

_HS- .
~ Geometric
Glover

Harmonic
Hermance

HSi

Conductivity (S/m)

Archie

\ \ \ \
0.0 0.1 0.2 0.3 0.4

Porosity

Figure 1. Conductivity as a function of porosity corresponding to
different models of the overburden (shale saturated with brine). HSi
and Archie assume a matrix with zero conductivity. HSi is an upper
bound in this case. The Archie, Hermance, and Glover models as-
sume m = 2 and p = 0.15. The last two models lie outside the HS
bounds.

1.0
Glover
Hermance
0.8
€ Arithmetic
E 06 HS+
>
£ CRIM
S 04
el
c
o
(6]
0.2 Geometric
Self-similar
HS-
Harmonic
0.0 T T T \ \
0.0 0.1 0.2 0.3 0.4

Porosity

Figure 2. Conductivity as a function of porosity corresponding to
different models of the reservoir (sandstone saturated with oil). The
Archie, Hermance, and Glover models assume m = 2 and p = 0.15.
Note that the last two models lie outside the HS bounds.

self-similar models lie within the HS bounds,

with the average almost coinciding with the lower

HS bound in the case of the sandstone. The Glov-

er and Hermance models are outside the bounds

for the exponential values of the parameters m = 2 and p = 0.15.

The value of m is a mean value commonly used for Archie’s law, and
the value of p is reported by Glover et al. (2000).

Figures 3 and 4 show the P-wave velocity versus porosity. At zero

porosity, the velocity is that of the solid material. In this case, the ve-

4.2
3.8
& 3.4 HS+
= Arithmetic
53
> 3.0
‘S Geometric
o
[0
>
26— Harmonic
Raymer
2.2 Y
Gassmann
HS-
1.8 \ \ \ \ \
0.0 0.1 0.2 0.3 0.4

Porosity

Figure 3. P-wave velocity as a function of porosity corresponding to
different models of the overburden (shale saturated with brine). The
harmonic average is the time-average equation.

5.6
4.8 HS+
Q Arithmetic
€ 4.0
S35
b -
i)
o
S 3.2 Geometric
- Raymer
2.4 —
Gassmann
_ Harmonic
HS-
1.6 \ \ \ \ \
0.0 0.1 0.2 0.3 0.4

Porosity

Figure 4. P-wave velocity as a function of porosity corresponding to
different models of the reservoir (sandstone saturated with oil). The
harmonic average is the time-average equation.
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locity is decreasing for increasing porosity, since the fluids (brine
and oil) have a smaller bulk modulus than that of the grains. All of
the curves lie within the HS bounds, unless the time-average equa-
tion in a wide range of porosities of the sandstone.

We display in Figure 5 the cross-property relations for dry rocks.
In this case, we assume a sandstone with K; = 39 GPa and a grain
conductivity of o, = 0.1 S/m. Note that when the bulk modulus is
39 GPa, the conductivity is that of the grain. The Milton and Gibian-
sky-Torquato curves are an upper bound for the dry-rock modulus.
All of the other models lie above these bounds.

Figures 6 and 7 represent the relations for wet rocks, overburden,
and reservoir, respectively. Faust’s curve for z = 2 km is shown in
the case of the sandstone. The Archie models assume o, = 0, while
the other curves tend to the grain conductivity at the highest velocity,
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Figure 5. Cross-property relations for dry rocks. The Krief model
(see equation 55) is combined with the Hermance model (equation
7) and with the lower HS bound (equation 12), where o, = 0 has
been assumed. The expressions of the porosity for these models are
¢=(1-olo,)"and ¢ = 2(0, — 0)/(o + 20,), respectively.
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where ¢ = 0. The curve corresponding to the Glover model exceeds
the brine conductivity (0.4 S/m) for a narrow range of velocities.
This is an artifact of this model. The models with nonzero grain con-
ductivity give a similar behavior for the shale, but the self-similar/
time-average curve is different from those based on the Glover and
Hermance models, which are flat in a wide range of velocities. The
self-similar/time-average curve should be more reliable because the
self-similar curve lies within the HS bounds, as can be observed in
Figure 2.

Combinations of the different electromagnetic constitutive equa-
tions with the Gassmann equation are shown in Figures 8 and 9, for
the shale and the sandstone, respectively. At the low-velocity limit,
the curves approach the conductivity of the fluid, which is much
smaller than the grain conductivity of the sandstone. At the high-ve-
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Figure 7. Cross-property relations for different models of the reser-
voir (sandstone saturated with oil). Archie-based relations are not
shown because the conductivity is negligible (it is assumed that o
= 0). The Faust curve corresponds to 2-km depth.
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Figure 8. Cross-property relations for different conductivity models
of the overburden (shale saturated with brine), combined with the
Gassmann equation. The dashed lines correspond to the HS bounds.

Figure 6. Cross-property relations for different models of the over-
burden (shale saturated with brine).
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locity limit, the conductivity is that of the grains (zero for Archie’s
model). It can be shown that the curves of Figure 8, corresponding to
the bulk modulus, are within the Milton bound 42. The CRIM and
self-similar curves lie within the HS bounds in both cases. These
bounds are very tight for the shale. The trend in Figures 6-9 is that as
the velocity of the shale increases, the conductivity decreases. The
opposite behavior is verified for the sandstone.

Cross-property relations based only on HS bounds are shown in
Figure 10. The curves based on the lower bound correspond to a sus-
pension of grains in the fluid because the shear moduli are zero for all
porosities. Then, the higher velocity limit is that of a suspension.

Finally, Figure 11 shows the relations between conductivity and
velocity for an anisotropic medium, where v 4, and v are the veloci-
ties of an SH wave propagating along the axis of symmetry and lay-
ering plane of an equivalent transversely isotropic medium, repre-
senting a periodic plane-layered system composed of two isotropic
thin layers. In case (b), the conductivities of the single layers have
been reversed with respect to case (a). As can be seen, the conductiv-
ity along the layering direction is always greater than along the di-
rection of the symmetry axis.

More realistic relations can be obtained by using more complex
theories. In particular, in the case of a reservoir rock, represented by
a porous medium, the conductivity in the geoelectric frequency
range can be obtained by using Pride’s model (Pride, 1994; Carcione
et al., 2003). (This model considers salinity and permeability.). On
the other hand, the White et al. mesoscopic model can be used to cal-
culate the seismic properties of a heterogeneous porous medium
(White et al., 1975) (see also Carcione et al., 2003). Extension to the
anisotropic case involves the Brown-Korringa relations, which are a
generalization of the Gassmann equations (e.g., Carcione, 2007),
and the work of Kachanov et al. (2001).

Comparison to real data

The data correspond to a well log at the Gullfaks field in the North
Sea. The well is vertical and consists of sand and shale filled with
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Figure 9. Cross-property relations for different conductivity models
of the reservoir (sandstone saturated with oil), combined with the
Gassmann equation. The dashed lines correspond to the HS bounds.

brine. Figure 12 shows the velocity as a function of porosity, where
two main well-distinguished sets of data points can be appreciated,
representing a sandstone (high velocities) and a shale (low veloci-
ties). Using the physical properties given in Table 2, different veloci-
ty/porosity relations are represented in Figures 13 and 14, corre-
sponding to shale and sandstone, respectively. The plots show that
the data follow Gassmann’s velocity. On the other hand, Figures 15
and 16 show the conductivity as a function of porosity for the shale
and the sandstone, respectively, where we assume W = 1/2,i.e.,m =
2. The shale data are in good agreement with the self-similar, CRIM,
Glover and Hermance models. The curves of the last two models
practically coincide. The sandstone data are better represented by
the CRIM, self-similar, Archie, Glover and Hermance models,
where the last four have the same curve in practice.
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Figure 10. Cross-property relations for the electromagnetic and elas-
tic HS models of the overburden (shale saturated with brine) (a) and
reservoir (sandstone saturated with oil) (b).
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Using the Gassmann model for the velocity and different models
for the conductivity, we represent the relation between these quanti-
ties in Figures 17 and 18, for the shale and the sandstone, respective-
ly. The shale data are within the HS bounds, and the Gassmann ve-
locity model combined with the CRIM or with the self-similar elec-
trical models gives the best fit to the data. The Faust model is also
represented in Figure 17, but does not match the data and is outside
the HS bounds. The sandstone data follow the HS bounds and, also in
this case, the best fit is given by the combination Gassmann (veloci-
ty)/CRIM or self-similar or Archie (conductivity).

Hacikoylu et al. (2006) suggest a modified version of the Faust
equation. However, there are several physical models that provide a
reasonable fit of the data. Hence, we believe that there is no reason to
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Figure 11. Cross-property relations corresponding to Backus aver-
aging, where vy = Veu/p and ve = Vege/p, and p = pip; + paps.
Case (a) corresponds to o, = 0.1 S/m, 0, = 0.5 S/m, u, = 5 GPa
and u, = 10 GPa. In case (b), the conductivity components are o,
= 0.5 S/m and o, = 0.1 S/m. The densities are p, = 2 g/cm’ and
pr =25 glem’.

use a purely empirical equation such as Faust’s equation. Ikwua-
kor(2007) suggests the use of a time-average (harmonic) equation
for the transit time combined with Archie’s equation for the conduc-
tivity. Regarding our data, the time-average equation for the velocity
does not constitute a good model to fit the data.
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Figure 12. P-wave velocity as a function of porosity for a North Sea
vertical well.

Table 2. Material properties at a North Sea well.

K M p o
Medium (GPa) (GPa) (g/cm?) (S/m)
Shale grains 25 20 2.65 0.2
Sand grains 39 40 2.65 0.01
Brine 2.25 0 1.03 15

Velocity (km/s)

0 005 010 015 020 025 030 035 040
Porosity

Figure 13. Different models of the P-wave velocity as a function of
porosity and real data (circles), corresponding to the shaly section of
the well.
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Figure 14. Different models of the P-wave velocity as a function of
porosity and real data (crosses), corresponding to the sandy section
of the well.
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Figure 15. Different models of the conductivity as a function of po-
rosity and real data (circles), corresponding to the shaly section of
the well.
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Figure 16. Different models of the conductivity as a function of po-
rosity and real data (crosses), corresponding to the sandy section of
the well.
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Figure 17. P-wave velocity/conductivity relations based on Gas-
smann velocity and different models of the electrical conductivity,
corresponding to the shaly section of the well.
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Figure 18. P-wave velocity/conductivity relations based on Gas-
smann velocity and different models of the electrical conductivity,
corresponding to the sandy section of the well.

CONCLUSIONS

Cross-property relations are obtained between the electrical con-
ductivity and seismic velocity using different combinations of the
electromagnetic and elastic models. If the HS bounds represent real-
istic bounds, then, the CRIM and self-similar electrical models are
the best choice to obtain reliable cross-property relations. The elastic
models are within the bounds generally. The dry-rock modulus
based on the Krief model is shown to be within the bounds of well-
established theories, such as the Gibiansky-Torquato theory. The
Krief model is used to obtain Gassmann (wet-rock) modulus and cal-
culate the seismic velocity. Gassmann-based relations give tight
curves for the overburden, while the curves are more dissimilar for
the reservoir. The trend is that as the velocity in the overburden
(shale saturated with high-conductivity brine) increases, the con-
ductivity decreases. The opposite behavior is obtained for the sand-
stone (saturated with high-resistivity oil).

The relations have been tested with well-log data of the North Sea.
Several of them, in particular the Gassmann/CRIM and Gassmann/
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self-similar relations, provide a reasonable fit to the data, indicating
that it is possible to predict an electrical property from an elastic
property, and vice versa. However, there is a need to identify each re-
lation with a specific type of sediment or rock. In this sense, the dif-
ferent relations must be tested with controlled real data, such as labo-
ratory experiments on synthetic and real rocks. To our knowledge,
there seems to be a complete lack of these types of data for rocks. The
next stage of the research is to perform such tests and determine the
more reliable cross-property relations.
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