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A B S T R A C T

Seismic amplitude variation with angle and azimuth inversion is an effective tool for estimating subsurface
anisotropic properties from seismic data. Generally, existing methods are oriented toward obtaining elasticity
constants, anisotropic coefficients or fracture weaknesses, which are not direct indicators for the exploration
and development of hydrocarbons, unlike fracture parameters. Moreover, the conversion from elastic to
fracture parameters is based on models subject to error propagation. To overcome these problems, the
fracture weaknesses are formulated as a weighted representation of fracture density and aspect ratio and
fluid properties. Then, an inversion method is proposed that incorporates the fracture aspect ratio as a spatial
variable, which can be applied to estimate water saturation and permeability. Compared with the conventional
methods, our approach yields more geological information, as shown by an application to real data.
. Introduction

Fractures are primary storage and transport pathways of fluids
n carbonates, tight sandstones and shale reservoirs (Crampin, 1984;
su and Schoenberg, 1993; Bakulin et al., 2000a,b; Oh and Alkhal-

fah, 2016; Chen et al., 2021; Yang and Liu, 2021). Seismic wave
ropagation in reservoirs is often characterized by significant velocity
nisotropy when aligned fractures are present (Thomsen, 1986). Rocks
ontaining sub-vertical fractures can be assumed to be transversely
sotropic with a horizontal symmetry axis (HTI), and their amplitude
ariation with angle and azimuth (AVAZ) characteristics provide im-
ortant information to estimate the fracture geometrical properties.
his is facilitated by the availability of wide azimuth seismic data.

Seismic inversion is a common practice to obtain the subsurface
roperties by minimizing the error between observed and synthetic
ata, subject to certain constraints (Sen and Roy, 2003). To this pur-
ose, a realistic seismic modeling is required (e.g., Carcione and Picotti
2012), Carcione et al. (2012, 2013)). Schoenberg and Protazio (1990)
xtended the classical Zoeppritz equation to obtain the reflection coef-
icient in anisotropic media based on Thomsen anisotropy parameters,
ut the method was not used in inversion algorithms due to its non-
inearity. Based on the assumption of weak anisotropy, Rüger (1997,
998, 2002) derived a linear approximation of the P-P wave amplitude
ariation with incidence angle (AVA) for VTI and HTI media (vertical

∗ Corresponding author.
E-mail address: jba@hhu.edu.cn (J. Ba).

and horizontal symmetry axes, respectively). Subsequently, Shaw and
Sen (2004, 2006)) used a scattering theory to derive linear approxima-
tions of the P-P and P-SV reflection coefficients for weakly anisotropic
HTI media, and transversely isotropic media with a tilted symmetry
axis (TTI) as a function of the incidence and azimuth angles, which
contributed to the development of the AVAZ seismic inversion theory.
Based on the assumption of weak anisotropy, Jin and Stovas (2020)
derived reflection and transmission coefficients for qP, qSV and qSH
waves.

AVAZ inversion is based on azimuthal seismic gathers as data.
Bachrach et al. (2009) introduced a fracture characterization method
by using an AVAZ attribute. Based on the Gurevich quasi-static equiva-
lent medium theory, Xue et al. (2017) proposed a generalized fracture
weakness to characterize the properties of fluid-saturated fractures.
Moreover, AVAZ inversion of fracture weakness was implemented by
using a Bayesian framework. Chen et al. (2018) derived approximate
P-P and P-SV wave reflection coefficients for weakly anisotropic vis-
coelastic HTI media, and performed seismic inversion including wave
attenuation. Pan et al. (2018) derived an approximation for the P-P
wave reflection coefficient based on fracture weakness and performed
an AVAZ inversion. Qin et al. (2021) considered TTI media and a
characterization based on fracture weakness and an inversion method
for tilted fractured strata.
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Fig. 1. Well-log data, including the measured P- and S-wave velocities 𝑉P0, 𝑉P90, 𝑉S0, 𝑉S90, bulk density 𝜌, and estimated fracture weaknesses 𝛿𝑁 and 𝛿𝑇 , fracture density 𝑒, fracture
aspect ratio 𝜒 , and water saturation 𝑆𝑤. The profiles between the two black lines indicate the fractured reservoir.
Table 1
List of symbols.
𝜆, 𝜇 Lamé parameters C Stiffness matrix
𝐾 Bulk modulus 𝑀 P-wave modulus
𝐸 Young modulus 𝜈 Poisson ratio
𝑐 Stiffness component 𝜌 Density
𝑐𝑏 Stiffness component of the host medium 𝜌𝑏 Density of the host medium
𝛼 P-wave velocity 𝛽 S-wave velocity
RPP P-P wave reflection coefficient Riso

PP Isotropic part of RPP
Rani

PP Anisotropic part of RPP t Wavevector
𝜃 Incidence angle 𝜙 Azimuthal angle
𝜁 𝜇∕𝑀 𝛾 𝜆∕𝑀
𝑒 Fracture density 𝜒 Fracture aspect ratio
𝛥 Perturbation 𝛿𝑁 , 𝛿𝑇 Fracture weakness
𝑆𝑤 Water saturation p Slowness vector
S Seismic data W Wavelet matrix
The aforementioned methods mainly focus on estimating the frac-
ture weaknesses, which are affected by the fracture geometry and filling
materials (Chen et al., 2014, 2015, 2017; Pan et al., 2019a,b, 2021;
Li et al., 2022). A quantitative estimation of such fracture properties
(e.g., fracture density, aspect ratio and saturation) is meaningful for
the production and development of hydrocarbon reservoirs. To address
complex fracture structures, such as the spatial variation of the fracture
aspect ratio, an AVAZ inversion is proposed to estimate the fracture
density, aspect ratio and saturation.

First, the fracture weaknesses are decoupled by combining the coin-
shaped fracture model (Hudson, 1981), linear-slip model (Schoenberg
and Sayers, 1995), and using Wood’s equation (Domenico, 1976).
Then, an approximate reflection coefficient is obtained, as a function
of fracture density, aspect ratio and saturation. Further, the forward
operator is introduced into the AVAZ inversion. The method updates
those properties during the optimization process, aiming at improving
the accuracy of the inversion results. A sensitivity analysis is performed
to evaluate the reliability of the parameter estimation and finally the
proposed method is applied to field data. To aid the comprehension of
the text and equations, Table 1 shows the list of symbols.
2

2. Methodology

2.1. Fracture-fluid decoupling

The background is assumed to be a homogeneous medium with
porosity due to fractures only. The media above and below the interface
are both HTI with the same fracture azimuth, i.e., they have the same
horizontal symmetry axis.

Based on the Hudson (1981) model and the linear slip model of
Schoenberg and Sayers (1995), the fracture weaknesses of a HTI media
are

𝛿𝑁 = 4𝑒

3𝜁𝑏
(

1 − 𝜁𝑏
)

[

1 + 1
𝜋
(

1 − 𝜁𝑏
)

𝐾 ′

𝜇𝑏𝜒

]
= 4𝑒

3𝜁𝑏
⋅

1

1 − 𝜁𝑏 +
𝐾 ′

𝜋𝜇𝑏𝜒

, (1)

𝛿𝑇 = 16𝑒
3
(

3 − 2𝜁𝑏
) , (2)

where 𝐾 ′ is the bulk modulus of the fluid saturating the fractures,
𝜁𝑏 = 𝜇𝑏∕𝑀𝑏, 𝑀𝑏 = 𝜆𝑏 + 2𝜇𝑏, with 𝜆𝑏 and 𝜇𝑏 the Lamé parameters of
the host media, and 𝑒 and 𝜒 are the fracture density and aspect ratio,
respectively. 𝜁 is assumed constant, related to the host matrix can be
𝑏
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Fig. 2. Effects on the AVA and AVAZ reflection coefficients induced by the perturbation of (a, b) fracture density, (c, d) fracture aspect ratio, (e, f) water saturation. (a), (c), and
(e) correspond to the AVA at 0◦ azimuth angle, and (b), (d), and (f) to the AVAZ at 30◦ incidence angle.
obtained by a conventional AVA inversion. The fracture fluid indicator
is defined as

𝐹𝑐 = 1 − 𝜁𝑏 +
𝐾 ′

𝜋𝜇𝑏𝜒
, (3)

such that

𝛿𝑁 = 4𝑒
3𝜁𝑏

⋅
1
𝐹𝑐

. (4)

The perturbations of the fracture weaknesses related to the upper and
lower media can be obtained in a differential form, to give

𝛥𝛿𝑁 = 𝛿lower
𝑁 − 𝛿upper

𝑁 ≈ 𝑑(𝛿𝑁 ) = 𝑑
(

4𝑒
3𝜁𝑏

⋅
1
𝐹𝑐

)

= 𝛿𝑁
𝛥𝑒
𝑒

− 𝛿𝑁
𝛥𝐹𝑐
𝐹𝑐

, (5)

𝛥𝛿𝑇 = 𝛿lower
𝑇 − 𝛿upper

𝑇 ≈ 𝑑(𝛿𝑇 ) = 𝑑
(

16𝑒
3(3 − 2𝜁𝑏)

)

= 𝛿𝑇
𝛥𝑒
𝑒
. (6)

Defining the compressibility 𝑍 = 1
𝐾

, we have

𝛥𝐹𝑐 = 𝛥
(

1 − 𝜁𝑏 +
1

𝜋𝜇𝑏𝑍′𝜒

)

= 1
𝜋𝜇𝑏

(

1
𝑍′lower𝜒 lower

− 1
𝑍′upper𝜒upper

)

= (1 − 𝜁𝑏 − 𝐹𝑐 )
(

𝛥𝑍′

𝑍′ +
𝛥𝜒
𝜒

)

. (7)
3

Thus

𝛥𝐹𝑐
𝐹𝑐

=
(

1 − 𝜁𝑏
𝐹𝑐

− 1
)(

𝛥𝑍′

𝑍
+

𝛥𝜒
𝜒

)

. (8)

For shale gas reservoirs, the saturating fluids are water and gas. Ac-
cording to Wood’s equation,

𝑍′ = 𝑆𝑤𝑍𝑤 + (1 − 𝑆𝑤)𝑍𝑔 = (𝑍𝑤 −𝑍𝑔)𝑆𝑤 +𝑍𝑔 , (9)

where the subscripts {⋅}𝑤 and {⋅}𝑔 denote the properties of water and
gas. Thus

𝛥𝑍′

𝑍′ =
𝑆𝑤

(

𝑍𝑤 −𝑍𝑔
)

𝑍′
𝛥𝑆𝑤
𝑆𝑤

. (10)

By combining Eqs. (5), (6), (8) and (10), the perturbations of
fracture weaknesses are

𝛥𝛿𝑇 = 𝛿𝑇
𝛥𝑒
𝑒
,

𝛥𝛿𝑁 ≈ 𝛿𝑁
𝛥𝑒
𝑒

+ 𝛿𝑁

(

1 −
1 − 𝜁𝑏
𝐹𝑐

)

[

𝑆𝑤
(

𝑍𝑤 −𝑍𝑔
)

𝑍′
𝛥𝑆𝑤
𝑆𝑤

+
𝛥𝜒
𝜒

]

= 𝑘𝑒
𝛥𝑒 + 𝑘𝜒

𝛥𝜒
+ 𝑘𝑆

𝛥𝑆𝑤 ,

(11)
𝑒 𝜒 𝑤 𝑆𝑤
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Fig. 3. The 𝓁2 misfit between the baseline and reflection coefficient computed with
the perturbed reservoir properties ‖Rbaseline − Rperturbation‖

2
2.

where

𝑘𝑒 = 𝛿𝑁 , 𝑘𝜒 = 𝛿𝑁

(

1 −
1 − 𝜁𝑏
𝐹𝑐

)

, 𝑘𝑆𝑤
= 𝛿𝑁

(

1 −
1 − 𝜁𝑏
𝐹𝑐

) 𝑆𝑤
(

𝑍𝑤 −𝑍𝑔
)

𝑍′ .

(12)

2.2. Forward operator

According to Shaw and Sen (2004, 2006), the linearized P-P wave
reflection coefficient in weakly anisotropic media is

RPP = 1 (

𝛥𝜌𝜉 + 𝛥𝑐𝐼𝐽 𝜂𝐼𝐽
)

, (𝐼, 𝐽 = 1, 2,… , 6), (13)
4

4𝜌𝑏 cos2 𝜃
where 𝜌𝑏 is the host density, with 𝛥𝜌 its perturbation, 𝛥𝑐𝐼𝐽 are the
stiffness perturbations due to anisotropy, 𝜃 is the incidence angle, and
𝜉 and 𝜂𝐼𝐽 are defined in Appendix A.

The stiffness matrix of the resulting HTI media is

𝐂 = 𝐂𝑏 + 𝛥𝐂 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑀𝑏 𝜆𝑏 𝜆𝑏 0 0 0
𝜆𝑏 𝑀𝑏 𝜆𝑏 0 0 0
𝜆𝑏 𝜆𝑏 𝑀𝑏 0 0 0
0 0 0 𝜇𝑏 0 0
0 0 0 0 𝜇𝑏 0
0 0 0 0 0 𝜇𝑏

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

−

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑀𝑏𝛥𝛿𝑁 𝜆𝑏𝛥𝛿𝑁 𝜆𝑏𝛥𝛿𝑁 0 0 0

𝜆𝑏𝛥𝛿𝑁
𝜆2𝑏
𝑀𝑏

𝛥𝛿𝑁
𝜆2𝑏
𝑀𝑏

𝛥𝛿𝑁 0 0 0

𝜆𝑏𝛥𝛿𝑁
𝜆2𝑏
𝑀𝑏

𝛥𝛿𝑁
𝜆2𝑏
𝑀𝑏

𝛥𝛿𝑁 0 0 0

0 0 0 0 0 0
0 0 0 0 𝜇𝑏𝛥𝛿𝑇 0
0 0 0 0 0 𝜇𝑏𝛥𝛿𝑇

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

(14)

where the first matrix corresponds to the isotropic background medium.
Then, a simplified form is

RPP(𝜃, 𝜙) = 𝑎𝑀 (𝜃)
𝛥𝑀𝑏
𝑀𝑏

+ 𝑎𝜇(𝜃)
𝛥𝜇𝑏
𝜇𝑏

+ 𝑎𝜌(𝜃)
𝛥𝜌𝑏
𝜌𝑏

+ 𝑎𝛿𝑁 (𝜃, 𝜙)𝛥𝛿𝑁 + 𝑎𝛿𝑇 (𝜃, 𝜙)𝛥𝛿𝑇 , (15)

where

𝑎𝑀 = 1
4 cos2 𝜃

, 𝑎𝜇 = −2𝜁𝑏 sin
2 𝜃, 𝑎𝜌 =

1
2
− 1

4 cos2 𝜃
,

𝑎𝛿𝑁 = 1
4 cos2 𝜃

[

2𝜁𝑏(sin
2 𝜃 sin2 𝜙 + cos2 𝜃) − 1

]2
,

𝑎𝛿𝑇 = 𝜁𝑏 sin
2 𝜃 cos2 𝜙(1 − tan2 𝜃 sin2 𝜙),

(16)

and substituting (11) into (15),

RPP(𝜃, 𝜙) = 𝑎𝑀 (𝜃)
𝛥𝑀𝑏
𝑀𝑏

+ 𝑎𝜇(𝜃)
𝛥𝜇𝑏
𝜇𝑏

+ 𝑎𝜌(𝜃)
𝛥𝜌𝑏
𝜌𝑏

+ 𝑎𝑒(𝜃, 𝜙)
𝛥𝑒
𝑒

+ 𝑎𝜒 (𝜃, 𝜙)
𝛥𝜒
𝜒

+ 𝑎𝑆𝑤
(𝜃, 𝜙)

𝛥𝑆𝑤
𝑆𝑤

, (17)

in terms of fracture density, aspect ratio and saturation, and

𝑎𝑒 = 𝑎𝛿𝑁 𝑘𝑒 + 𝑎𝛿𝑇 𝛿𝑇 , 𝑎𝜒 = 𝑎𝛿𝑁 𝑘𝜒 , 𝑎𝑆𝑤 = 𝑎𝛿𝑁 𝑘𝑆𝑤. (18)

As shown in Eq. (17), the reflection coefficient can be partitioned
into azimuth-independent and azimuth-dependent terms, which corre-
spond to the isotropic and anisotropic parts, respectively.

RPP(𝜃, 𝜙) = Riso
PP (𝜃) + Rani

PP (𝜃, 𝜙). (19)

2.3. Inversion theory

The azimuthal seismic data can be obtained by convolving the
reflectivity with the seismic wavelet. We have

𝐒PP(𝜃, 𝜙) = 𝐖(𝜃, 𝜙) ⋅ 𝐑PP(𝜃, 𝜙) + 𝐞, (20)

where 𝐖 is the seismic-wavelet matrix, 𝐞 is the noise vector, the dot
denotes a matrix/vector product and

𝐑PP (𝜃, 𝜙) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

RPP (1, 𝜃, 𝜙)
RPP (2, 𝜃, 𝜙)

⋮
RPP (𝑖, 𝜃, 𝜙)

⋮
RPP (𝑁, 𝜃, 𝜙)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

𝑇

, (21)

for 𝑁 time samples.
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Fig. 4. Well-log data in time domain, including the measured P- and S-wave velocities 𝑉P0, 𝑉P90, 𝑉S0, 𝑉S90, bulk density 𝜌, and estimated fracture weaknesses 𝛿𝑁 and 𝛿𝑇 , fracture
density 𝑒, fracture aspect ratio 𝜒 , and water saturation 𝑆𝑤. The profiles between the two black lines indicate the fractured reservoir.

Fig. 5. Simulated azimuthal pre-stack angle gathers by using Eq. (20). The profiles between the two black lines indicate the fractured reservoir.
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Fig. 6. Residual profiles between 0◦ and different azimuthal gathers ranging from 25◦ to 175◦ with 25◦ intervals. The profiles between the two black lines indicate the fractured
reservoir.

Fig. 7. Inverted fracture density, aspect ratio and water saturation (red dashed line) by using proposed method and the well-log data (blue solid line). The profiles between the
two black lines indicate the fractured reservoir.
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Fig. 8. The distribution of well-log with the target area. The blue solid-dotted line is the inline profile used to test the inversion effects of the field data, and Well A are used for
comparison and verification.

Fig. 9. Near-incidence-angular partial stack seismic profiles at different azimuths 𝜙, i.e., (a) 0◦, (b) 30◦, (c) 60◦, (d) 90◦, (e) 120◦, (f) 150◦. The black dashed lines denote the
well location.
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Fig. 10. Mid-incidence-angular partial stack seismic profiles at different azimuths 𝜙, i.e., (a) 0◦, (b) 30◦, (c) 60◦, (d) 90◦, (e) 120◦, (f) 150◦. The black dashed lines denote the
well location.
The amplitude difference with respect to different azimuths
𝛥𝐒PP

(

𝜃, 𝛥𝜙𝑖𝑗
)

is

𝛥𝐒PP
(

𝜃, 𝛥𝜙𝑖𝑗
)

= 𝐒PP
(

𝜃, 𝛥𝜙𝑖
)

− 𝐒PP
(

𝜃, 𝛥𝜙𝑗
)

= 𝐖(𝜃, 𝜙𝑖, 𝜙𝑗 ) ⋅
[

𝐑PP
(

𝜃, 𝜙𝑖
)

− 𝐑PP
(

𝜃, 𝜙𝑗
)]

,
(22)

where 𝐖(𝜃, 𝜙𝑖, 𝜙𝑗 ) indicate the average of 𝐖(𝜃, 𝜙𝑖) and 𝐖(𝜃, 𝜙𝑗 ). Ac-
cording to Eqs. (17)–(19), the amplitude difference 𝛥𝐒PP

(

𝜃, 𝛥𝜙𝑖𝑗
)

can
be further separated as

𝛥𝐒PP
(

𝜃, 𝛥𝜙𝑖𝑗
)

= 𝐖 ⋅
[(

𝐑iso
PP (𝜃) + 𝐑ani

PP
(

𝜃, 𝜙𝑖
))

−
(

𝐑iso
PP (𝜃) + 𝐑ani

PP
(

𝜃, 𝜙𝑗
))]

= 𝐖 ⋅
[

𝑎𝑒
(

𝜃, 𝜙𝑖
)

− 𝑎𝑒
(

𝜃, 𝜙𝑗
)

𝑎𝜒
(

𝜃, 𝜙𝑖
)

− 𝑎𝜒
(

𝜃, 𝜙𝑗
)

𝑎𝑆𝑤

(

𝜃, 𝜙𝑖
)

− 𝑎𝑆𝑤

(

𝜃, 𝜙𝑗
)

]

×

⎡

⎢

⎢

⎢

⎣

𝐫𝑒
𝐫𝜒
𝐫𝑆𝑤

⎤

⎥

⎥

⎥

⎦

,

(23)
8

where

𝑟𝑒 =
𝛥𝑒
𝑒
, 𝑟𝜒 =

𝛥𝜒
𝜒

, 𝑟𝑆𝑤 = 𝛥𝑆𝑤
𝑆𝑤

. (24)

The inversion minimizes the differences between observed and syn-
thetic data under certain constraints (Alemie and Sacchi, 2011). The
objective function is

𝐉(𝐦) = ‖𝛥𝐒obsPP − 𝛥𝐒synPP (𝐦)‖22 + (𝐦 −𝐦𝐞)𝑇Σ𝐦
−1(𝐦 −𝐦𝐞) (25)

where 𝐒obsPP and 𝐒synPP are the observed and synthetic data,
𝐦 = [𝐫𝑒, 𝐫𝜒 , 𝐫𝑆𝑤

]𝑇 is the vector of sought parameters, 𝐦𝐞 and Σ𝐦 are the
mean and covariance matrices of these parameters, respectively. The
gradient-based method is adopted to minimize the objective function.

3. Sensitivity analysis

A sensitivity analysis is performed to evaluate the reliability of the
parameter estimation. The well-log data shown in Fig. 1 is considered,
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Fig. 11. Far-incidence-angular partial stack seismic profiles at different azimuths 𝜙, i.e., (a) 0◦, (b) 30◦, (c) 60◦, (d) 90◦, (e) 120◦, (f) 150◦. The black dashed lines denote the
well location.
where the black and blue curves represent the measured and estimated
data, respectively. 𝑉P0 and 𝑉S0 are the P- and S-wave vertical veloc-
ities, and 𝑉P90 and 𝑉S90 are the P- and S-wave horizontal velocities,
respectively,

𝑐33 = 𝜌𝑉 2
𝑃 ,0 , 𝑐66 = 𝜌𝑉 2

𝑆,0,

𝑐11 = 𝜌𝑉 2
𝑃 ,90 , 𝑐44 = 𝜌𝑉 2

𝑆,90,
(26)

(Zhang et al. 2019). The fracture weakness can be estimated from the
following relations

𝑐11 − 𝑐33
2𝑐33

= −2𝜁𝑏(1 − 𝜁𝑏)𝛿𝑁 ,

𝑐66 − 𝑐44
2𝑐44

= −2𝜁𝑏
[

(1 − 2𝜁𝑏)𝛿𝑁 + 𝛿𝑇
]

.
(27)

Then, using Eqs. (1), (2) and (9), we estimate the fracture density and
aspect ratio. The interval between the two black horizontal lines indi-
cates a fractured formation (the target layer) overlaid by a mudstone
layer.
9

Here we mainly focus on the contributions of the fracture density
𝑒, aspect ratio 𝜒 , and water saturation 𝑆𝑤 to the seismic response. The
sensitivity analysis is performed by varying the properties of the target
layer (−20%–20%). The parameters to obtain the reflection coefficients,
according to Eq. (17), are the average of the values of overlying strata
(ranges from 4050 to 4105) and reservoir (ranges from 4105 to 4160).

Figs. 2a and 2b show how the fracture density affects the AVA at
0◦ azimuth, and the AVAZ at 30◦ incidence angle, respectively. Figures
2c,d and 2e,f show the same for the aspect ratio and water saturation,
respectively. The effect of water saturation shows lower sensitivity, and
we expect the inversion of fracture density and aspect ratio to be more
reliable.

By fixing one of the three parameters, 𝑒, 𝜒 and 𝑆𝑤, the 𝓁2-norm
misfit between the reflection coefficient with and without perturbation
can be calculated. The contribution of fracture density and aspect ratio
to the misfit is similar as the misfit changes along the diagonal, as
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Fig. 12. Initial model of (a) fracture density, (b) aspect ratio, and (c) water saturation obtained from well-log data interpolation.
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Fig. 13. Inverted fracture weaknesses 𝛿𝑁 and 𝛿𝑇 based on the conventional AVAZ inversion.
shown in Fig. 3a. Instead, the contribution of the fracture density is
higher than that of the water saturation (see Fig. 3b).

4. Example

In Fig. 1 we consider well-log data and obtain the fracture-related
parameters 𝑒, 𝜒 and 𝑆𝑤 by using the proposed theory. Fig. 4 shows
the well-log curves in the time domain by using a seismic-well tie,
including the P- and S-wave velocities, density, and the estimated
fracture weaknesses 𝛿𝑁 and 𝛿𝑇 .

Firstly, Eq. (20) is adopted to compute the synthetic input data,
where the incidence angle ranges from 0◦ to 30◦, and the azimuth
angle from 0◦ to 180◦. We consider the following Ricker wavelet with a
dominant frequency 𝑓0 = 30 Hz and ignore the dependency of wavelets
with angle and azimuth

𝑤(𝑡) =
[

1 − 2(𝜋𝑓0𝑡)2
]

𝑒−(𝜋𝑓0𝑡)
2
. (28)

We obtain the azimuthal angle gathers, as shown in Fig. 5, where we
observe that the angle gathers hardly vary with azimuth. Such small
differences correspond to the contribution of the anisotropy parame-
ters. Fig. 6 shows azimuthal difference angle gathers obtained from
the gathers of Fig. 5. It shows that the difference is mainly present at
far angles and implies that 𝛿𝑁 and 𝛿𝑇 have a higher sensitivity and
contribution to the azimuthal seismic data at mid and far angles.

Fig. 7 shows the fracture parameters by solving Eq. (25), where the
solid blue and red lines indicate the real well-log data and inversion
results, respectively. Basically, these results are consistent with the true
values.
11
5. Real-data example

5.1. Data description

The inversion is applied to 2-D azimuthal pre-stack seismic data and
is validated by comparison to well-log data. The data is acquired from
a fractured shale reservoir in south-western China, which include 500
lines with 800 CDPs per line. Conventional well log and anisotropy
measurements were performed at 4 wells probing the target area. Fig. 8
shows the distribution of the wells, and the blue solid line indicates
the location of the 2-D section, consisting in 120 azimuthal pre-stack
seismic gathers. The incidence angle of each gather ranges from 0◦

to 30◦ with an increment of 3◦, and the azimuth angle ranges from
0◦ to 180◦ with an increment of 30◦. Well A is drilled at gather 82
(black dashed line in Figs. 9–11) where a shale gas reservoir has been
identified between 2.4 and 2.5 s.

5.2. Application

An inversion test is performed with the 2-D pre-stack azimuthal seis-
mic data and is further validated by a comparison between the well-log
data and inversion results of borehole-side angle gathers. Figs. 9–
11 show the near (0◦-10◦) -, middle (10◦-20◦)-, and far (20◦-30◦)
-incidence-angular partial stack seismic profiles at different azimuth
angles 𝜙, i.e., (a) 0◦, (b) 30◦, (c) 60◦, (d) 90◦, (e) 120◦, (f) 150◦. The
initial model is obtained by using well-log data interpolation based on
geological structure-oriented constraints (Huang et al., 2020), as shown
in Fig. 12. The fracture density and aspect ratio are estimated by using
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Fig. 14. Inversion results for (a) fracture density, (b) aspect ratio and (b) water saturation by using the proposed method.
Fig. 15. Fracture-related ant-body attribute by using the ant-tracking algorithm.
well-bore imaging. In the comparison, conventional AVAZ inversion is
adopted to extract the fracture properties from the data. The fracture
weaknesses 𝛿𝑁 and 𝛿𝑇 , obtained from the linear-slip model, are shown
in Fig. 13, where we can see that the fracture weaknesses, 𝛿𝑇 can better
12
discriminate the fractures: in Fig. 13b, the strata above 2.1 s exhibit a
high value.

Fig. 14 shows the final inversion results. Compared to the fracture-
weakness-based inversion method, the proposed approach provides
more information. The fracture density reveals the degree of fracturing,
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Fig. 16. Comparison between the ant-tracking seismic attribute at the well location and well-log data.
Fig. 17. Cross-plot analysis between the seismic attribute at the well location and
permeability from the well-log.
13
whereas the aspect ratio the potential for flow and storage, and water
saturation the possible presence of hydrocarbons. In fact, high fracture
density and aspect ratio and low water saturation indicates the presence
of shale gas.

Permeability can be obtained based on a cross-plot analysis by using
the inversion results. In general, permeability is directly related to
the pore structure. Macroscopic tectonic faults or fractures, as well as
mesoscopic fractures, have significant effects on permeability. The ant-
tracking technique is used to identify the fracture development (Randen
et al., 2001; Pedersen et al., 2002, 2003; Zhao et al., 2018). Fig. 15
shows an ant-tracking map of fractures. The specific implement of ant
tracking is shown in Appendix B.

The seismic properties (ant-tracking attribute) and petrophysical
properties (permeability) at the borehole location are extracted and
compared to the well-log data, and here we display the curves of the
three most representative wells (Wells A, B, and C in Fig. 8) in the
research area, as shown in Fig. 16. The seismic well tie is used to estab-
lish a mapping between depth-domain well-log data and time-domain
seismic data. By comparison, it is shown that the ant-tracking-based
seismic attribute is consistency with permeability. It could be possible
to establish a permeability map with petrophysical analysis or deep
learning methods (Yang et al., 2022). It can be found that the perme-
ability profile corresponds well to the fracture aspect ratio and there is a
linear relationship between the ant-tracking attributes and permeability
through cross-plot analysis, as shown in Fig. 17a. Then, we multiply
the normalized ant-tracking properties (in the range from 0 to 1) with
the fracture aspect ratio and obtain a linear relationship between this
product and permeability (Zhao et al., 2018) (see Fig. 17b). The best-fit
linear relation is

Permeability = 1376.42 ⋅
(NANT + 1

2
⋅ 𝜒

)

− 476.58. (29)

where NANT denotes the ant-tracking attribute. The permeability dis-
tribution is given in Fig. 18.

In Fig. 19 we compare the results of the inversion with logs from
well A. The log profiles have been smoothed (blue solid lines), and it
can be found that there is an acceptable agreement, indicating the good
performance of the methodology.
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Fig. 18. Estimated permeability by using the results of the proposed AVAZ inversion.
Fig. 19. Comparison between the smoothed well-log profiles (blue solid lines) and
inverted fracture density, aspect ratio, water saturation and estimated permeability
(red dashed lines).

6. Conclusions

Existing methods to estimate fracture properties in shale-gas reser-
voirs are oriented to obtain elasticity constants, anisotropic coefficients
or fracture weakness, instead of fracture parameters. We implement
an approach, where the fracture weaknesses are decoupled on the
basis of the linear-slip model and the Wood equation, in terms of
fracture density, aspect ratio and fluid saturation. Then, we propose
a rock-physics-based AVAZ inversion method to retrieve the fracture
geometrical properties, i.e., fracture density and aspect ratio from az-
imuthal seismic data. Furthermore, we estimate the permeability from
the fracture aspect ratio spatial variability. The proposed method aims
at improving the reliability of reservoir fracture properties prediction,
which is important in geophysical exploration.
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Appendix A

A.1. Slowness and wave vectors

The polarization vectors of the incident and reflected P waves in TI
media are
𝐭 = [sin 𝜃 cos𝜙, sin 𝜃 sin𝜙, cos 𝜃] ,

𝐭′ = [− sin 𝜃 cos𝜙,− sin 𝜃 sin𝜙, cos 𝜃] ,
(30)

respectively, and the corresponding slowness vectors are

𝐩 = 1
𝛼𝑏

[sin 𝜃 cos𝜙, sin 𝜃 sin𝜙, cos 𝜃] ,

𝐩′ = 1
𝛼𝑏

[− sin 𝜃 cos𝜙,− sin 𝜃 sin𝜙, cos 𝜃] .
(31)

Moreover,

𝜉 = 𝑡𝑖𝑡
′
𝑖|𝑟=𝑟0 = cos 2𝜃, (32)

where 𝑟 is the source–receiver distance, r0 represents the stationary
point, and

𝜂𝐼𝐽 = 𝑡′𝑖𝑝
′
𝑗 𝑡𝑘𝑝𝑙|𝑟=𝑟0 , (𝑖, 𝑗, 𝑘, 𝑙 = 1, 2,… , 6) (33)

are the components of matrix 𝐄 (See Box I)
We obtain Rani

PP by substituting Eqs. (14), (33) and (34) into
(13).

Appendix B

B.1. Ant tracking algorithm

The workflow of the ant-tracking method can be seen in Fig. 20,
and the details is:
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Fig. 20. Workflow of the ant-tracking algorithm.
𝐄 = 1
𝛼2
𝑏

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

sin4 𝜃 cos4 𝜙 sin4 𝜃 sin2 𝜙 cos2 𝜙 sin2 𝜃 cos2 𝜃 cos2 𝜙 2 sin3 𝜃 cos 𝜃 sin𝜙 cos2 𝜙 −2 sin3 𝜃 cos𝜙 cos3 𝜙 2 sin4 𝜃 sin𝜙 cos3 𝜙
sin4 𝜃 sin2 𝜃 cos2 𝜙 sin4 𝜃 sin4 𝜙 sin2 𝜃 cos2 𝜃 sin2 𝜙 −2 sin3 𝜃 cos 𝜃 sin3 𝜙 −2 sin3 𝜃 cos 𝜃 sin2 𝜙 cos𝜙 2 sin4 𝜃 sin3 𝜙 cos𝜙
sin2 𝜃 cos2 𝜃 cos2 𝜙 sin2 𝜃 cos2 𝜃 sin2 𝜙 cos4 𝜃 2 sin 𝜃 cos3 𝜃 sin𝜙 −2 sin 𝜃 cos3 𝜃 cos𝜙 2 sin2 𝜃 cos2 𝜃 sin𝜙 cos𝜙

−2 sin3 𝜃 cos 𝜃 sin𝜙 cos2 𝜙 2 sin3 𝜃 cos 𝜃 sin3 𝜙 −2 sin 𝜃 cos3 𝜃 sin𝜙 −4 sin2 𝜃 cos2 𝜃 sin2 𝜙 −4 sin2 𝜃 cos2 𝜃 sin𝜙 cos𝜙 −4 sin3 𝜃 cos 𝜃 sin2 𝜙 cos𝜙
2 sin3 𝜃 cos 𝜃 cos3 𝜙 2 sin3 𝜃 cos 𝜃 sin2 𝜙 cos𝜙 2 sin 𝜃 cos3 𝜃 cos𝜙 −4 sin2 𝜃 cos2 𝜃 sin𝜙 cos𝜙 −4 sin2 𝜃 cos2 𝜃 cos2 𝜙 −4 sin3 𝜃 cos 𝜃 sin𝜙 cos2 𝜙
2 sin4 𝜃 sin𝜙 cos3 𝜙 2 sin4 𝜃 sin3 𝜙 cos𝜙 2 sin2 𝜃 cos2 𝜃 sin𝜙 cos𝜙 4 sin3 𝜃 cos 𝜃 sin2 𝜙 cos𝜙 4 sin3 𝜃 cos 𝜃 sin𝜙 cos2 𝜙 4 sin4 𝜃 sin2 𝜙 cos2 𝜙

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (34)

Box I.
w
(1): Conventional fracture identification property extraction
The ant tracking algorithm is a reprocessing method that imple-

ents on the conventional fracture identification body properties, such
s variance attribute, curvature property, etc. Such properties detect the
iscontinuity of seismic event. Here we extract the variance attributes
Bahorich and Farmer, 1995; Marfurt et al., 1998; Gersztenkorn and
arfurt, 1999) from the post-stack seismic data as an input data.

(2): Determining the number of ants, initial positions and movement
irection.

The variance attributes are divided into a number of cells with an
nt each cell. Thus, the amount of ant is

𝑎𝑛𝑡 = INT(
𝑁𝑥 ×𝑁𝑦 ×𝑁𝑧 ) (35)
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𝑑𝑥 × 𝑑𝑦 × 𝑑𝑧
here INT is the integer algorithm, 𝑁𝑥, 𝑁𝑦, and 𝑁𝑧 are the numbers of
lines, CDPs, and time samples, 𝑑𝑥, 𝑑𝑦, and 𝑑𝑧 are the size of cells. Then,
we normalize the data within each cell and calculate the probability of
each point according to

𝑃𝑖 =
1 − 𝐶𝑖

∑𝑁𝑐
𝑗=1

(

1 − 𝐶𝑗
)

, (36)

where 𝑁𝑐 is the number of samples in each cell. The initial position of
the ant tracking corresponds to the point with the highest probability.
Then, we calculate the directional gradient covariance matrix, which is
given by

𝐕 =
⎡

⎢

⎢

𝐺𝑥𝑥 𝐺𝑥𝑦 𝐺𝑥𝑧
𝐺𝑦𝑥 𝐺𝑦𝑦 𝐺𝑧𝑧

⎤

⎥

⎥

=
⎡

⎢

⎢

𝐺2
𝑥 𝐺𝑥𝐺𝑦 𝐺𝑥𝐺𝑧

𝐺𝑦𝐺𝑥 𝐺2
𝑦 𝐺𝑦𝐺𝑧

2

⎤

⎥

⎥

(37)

⎣𝐺𝑧𝑥 𝐺𝑧𝑦 𝐺𝑧𝑧⎦ ⎣𝐺𝑧𝐺𝑥 𝐺𝑧𝐺𝑦 𝐺𝑧 ⎦
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where 𝐺 denotes the gradient along each direction. The eigenvalue
ecomposition of 𝐕 yields three eigenvalues, of which the three eigen-
ectors 𝑣1, 𝑣2, 𝑣3 corresponding to the largest eigenvalue 𝜀1 can be
dopted to calculate the tracking direction.

(3): Automatically tracking and update preliminary predictions
Start tracking after setting the parameters. Preliminary predictions

re updated when a trace has been completed.
(4): Verify and output final fracture prediction results
Some priori information is used to verify the results of the ant

racking fracture detection based on body curvature. If they match
ach other, output the fracture prediction results. Otherwise, adjust the
arameters of the ant tracking algorithm to recalculate until the two
atch.
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