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Seismic Q of inhomogeneous plane waves in porous media

Xu Liu', Stewart Greenhalgh', and José M. Carcione?

ABSTRACT

Seismic waves in an attenuative porous medium are generally
inhomogeneous waves, which have different directions of
propagation and attenuation. The dissipation factors (1/Q) of
inhomogeneous waves are strongly dependent on the degree
of wave inhomogeneity and cannot be expressed correctly with
the usual 1/Q expressions valid only for homogeneous waves.
We have used the differing definitions of 1/Q for inhomo-
geneous waves (i.e., the ratio of the time-averaged dissipated
energy density to the time-averaged strain energy density or
time-averaged total energy density) and the complex form of
the energy balance equations of poroviscoelastic media to derive
concise and explicit expressions for the dissipation factors. They
are given as simple functions of the material parameters and the
wave inhomogeneity parameter for inhomogeneous SV-waves
and fast and slow P-waves. The isotropic, poroviscoelastic

medium under consideration is upscaled from effective Biot
theory for a double-porosity solid, which is the most general
theory to describe wave propagation in a reservoir. We find that,
if the inhomogeneity parameter is infinite (i.e., the inhomoge-
neity angle is 90°) for all three Biot waves, then the dissipation
factors only depend on the ratio of the imaginary to the real part
of the complex shear modulus. Our explicit expressions for the
dissipation factors of poroviscoelastic materials also are reduced
to obtain their counterparts for viscoelastic media as a special
case. The inhomogeneous waves in an example poroviscoelastic
material are used to demonstrate that the 1/Q values of the three
Biot waves strongly depend on the inhomogeneity parameters
and furthermore the different definitions may cause significant
differences of 1/Q values. We find that the dissipation factor
of fast P-waves may decrease with the increasing degree of
inhomogeneity, which contradicts previously published
results.

INTRODUCTION

Most materials near the earth’s surface, especially porous reser-
voirs, are dissipative with significant intrinsic energy absorption.
The seismic waves propagating in such materials are generally inho-
mogeneous waves; that is, they do not have the same propagation
and maximum attenuation directions (Lockett, 1962). The degree of
wave inhomogeneity can significantly change the phase velocity,
attenuation factor, and other properties that are the fundamental
characteristics of the waves. Such waves are far from being
well-studied, especially for porous reservoirs such as in petroleum
exploration, geothermal investigations, and groundwater search.
Therefore, it is of critical importance to investigate the dependence
of these characteristics on the degree of wave inhomogeneity. The
damping or anelastic property of seismic waves commonly is rep-

resented by the inverse quality factor Q! (also called the dissipa-
tion factor). The dimensionless quantity Q! generally is defined as
the ratio of the time-averaged dissipated energy density to the time-
averaged strain energy density (denoted as Q3'; see Carcione,
2014). An alternative definition replaces the denominator in the ra-
tio with the time-averaged energy density (denoted as Q7'; see Bu-
chen, 1971). For homogeneous waves in isotropic media, which
have the same directions of propagation and attenuation, there are
two alternative definitions of the dissipation factor: (1) Q“,l, which
can be expressed as the ratio of the imaginary part of the squared
complex wavenumber k over the real part, Q' = Im(k?)/Re(k?),
and (2) Q7!, which can be written as the following function of the
attenuation coefficient a, phase velocity v, and frequency w: Q7! =
2av/w (Carcione, 2014). Therefore, these equations actually are
viewed as the general definition of Q~! in many publications.
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However, for highly dissipative media, inhomogeneous waves (in
which the propagation direction is not parallel to the attenuation
vector), these different definitions of Q' can lead to significant
differences, which must be clarified. This is especially the case
for seismic waves in porous media, where the definition Qy' for
homogeneous waves can result in negative or even infinite values
for Q~!, which obviously is inadmissible.

The most popular theory to describe seismic wave propagation in
a porous solid (e.g., a petroleum reservoir) is Biot theory. According
to the classic Biot theory (Biot, 1956a, 1956b, 1962a, 1962b), in a
homogeneous material the only energy dissipation mechanism is
called Biot global flow, which is created at the scale of a wave-
length. There is a relative displacement between the solid and
the viscous fluid in the pore space, which takes energy out of
the wave. Biot theory predicts that there are typically three types
of seismic wave in a porous solid, that is, the S-wave and the fast
and the slow P-waves; in this paper, they are denoted respectively as
the S-, P1-, and P2-wave for simplicity.

The classic Biot theory when applied to homogeneous media (in-
homogeneity of the medium should not be confused with inhomo-
geneity of the wave, which refers to amplitude variations on the
wavefront) cannot explain the high level of attenuation in the seis-
mic frequency range (i.e., 1-1000 Hz) observed in actual reservoirs.
Based on the double-porosity and dual-permeability (DPDP) model
(Pride et. al., 2004), effective Biot theory can explain this high-level
attenuation with the inner flow dissipation mechanism. It arises
from material inhomogeneity at the mesoscopic scale in which there
are two porous phases present having dissimilar compressibilities
and permeabilities such that, during the passage of a P-wave, there
is local fluid flow between them. Therefore, in effective Biot theory,
there are two dissipation mechanisms: inner flow and Biot global
flow. However, the DPDP model, to date, has been developed only
for P- but not S-waves. Liu et al. (2018) uspscale and generalize
effective Biot theory to the poroviscoelastic model, which will
be used to investigate the dissipation factors of the three Biot waves
(S-, P1-, and P2-waves) in this paper.

Unlike the S- and Pl-waves, P2-waves are thought to be
diffusive in the low-frequency range and only rarely have been
observed experimentally in synthetic water-saturated sandstone
(Plona, 1980) and natural water-saturated sandstone (Kelder and
Smeulders, 1997). It has been determined that the definition
Q7! = —Im(M)/Re(M) (where M is the complex modulus) is
not suitable for P2-waves because, for diffusive modes, the real part
of the complex modulus Re(M) tends to zero (or equally, as stated
by Berryman and Wang [2000], the imaginary and real parts of the
complex velocity are of comparable size). This means that Q!
could tend to infinity or even negative values. The latter is unaccept-
able from a physical point of view, but Q = 0 holds for a pure dif-
fusion equation in which all energy is dissipated and none is stored.

To avoid the above complication, Berryman and Wang (2000) use
the definition Q! = 2av/w in all cases, by which the Q! of the P2-
waves is calculated to be close to 2 (for low frequency). Possibly for
the same reason, this definition also is used in other publications for
Biot waves, for example, Badiey et al. (1998), Chen (2016), and Tur-
gut and Yamamoto (1988). However, it must be understood that the
definition Q™! = 2av/w is under the assumption of homogeneous
waves, which will not be correct for inhomogeneous waves.

Because of the high-level attenuation observed in near-surface
formations and petroleum reservoirs, seismic waves are generally

inhomogeneous. The P2-waves are much more highly attenuative
than P1- or S-waves. Therefore, it is very important to investigate
the dissipation factors of waves in a reservoir directly from the
definitions Q7' and Q7' with proper consideration of the inhomo-
geneity of the wave.

The dissipation features of inhomogeneous viscoelastic waves
have been investigated over many decades (e.g., Buchen, 1971;
Borcherdt, 1977, 1982, 2009; Borcherdt and Wennerberg, 1985;
Carcione and Cavallini, 1993; Cerveny and Psencik, 2005, 2006).
We have found that explicit formulas for Q~!' have been provided
first by Borcherdt and Wennerberg (1985) for viscoelastic materials
(not for porous media). Here, the word explicit” is taken to mean
that the Q' formulas are expressed as functions of the known
material parameters and the degree of wave inhomogeneity, that
is, the inhomogeneity parameter D or the inhomogeneity angle y
(Buchen, 1971; Cerveny and Psencik, 2005). Their 0~! formulas
are under the definition as the ratio of the time-averaged dissipated
energy density to the peak potential (strain) energy density normal-
ized by 2z (denoted as le; see Borcherdt, 1977). However, differ-
ent definitions of Q~! may result in different values of Q~! for
dissipative and inhomogeneous waves. Therefore, Q3' may be very
different from Q7' and Q7', even for viscoelastic materials (Liu
et al., 2020). Liu et al. (2020) present explicit 9~ formulas of vis-
coelastic materials under the definitions of Q7' and Q7'. Consid-
ering the relative movement between the pore fluid and the porous
solid frame, the poroviscoelastic model has much more complicated
wave equations than those of the viscoelastic model because the
extra equations to describe the fluid movement are integrated into
the wave equations (Biot, 1956a, 1956b, 1962a, 1962b; Pride et al.,
2004; Liu et al., 2018). Therefore, the viscoelastic model is the spe-
cial case of the poroviscoelastic model when the relative movement
of the pore fluid is ignored. However, various mechanisms of the
relative movement of the pore fluid are of critical importance for
describing seismic wave attenuation in near-surface formations
and petroleum reservoirs. It is obviously very important to inves-
tigate the dissipation factors based on the poroviscoelastic model.
To the best of our knowledge, no explicit formulas have been pub-
lished for porous media under the definitions of Q' and Q7.

In the following sections, we derive explicit, novel formulas
for the dissipation factors Q~! under the definitions of Q“,l and
Q7! for the three Biot waves in effective Biot materials, thus uni-
fying and generalizing the treatment for the first time. Then, these
results for poroviscoelastic materials are reduced to obtain their
counterpart equations for viscoelastic media as a special case. With
an example effective Biot material, we show how to use these
explicit formulas and investigate how the inhomogeneity degree
of a plane wave affects the dispersion characteristics of such waves
propagating in poroviscoelastic media. Because our equations are
derived in the x-z coordinate plane, the S-waves in our paper refer
to the SV-waves.

EFFECTIVE BIOT THEORY AND THE UPSCALED
POROVISCOELASTIC MODEL

In the frequency domain, the classic Biot wave equations (Biot,
1962a, 1962b) and the effective Biot equations (Pride et al., 2004)
have a very similar form. But the effective Biot equations are more
general than the classic Biot equations in that the Biot elastic
coefficients all become frequency dependent and can be well-
approximated with the general fractional Zener model (upscaled
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poroviscoelastic model; see Liu et al., 2018). If these coefficients
are set as frequency independent, the effective Biot theory reduces
to the classic Biot theory. Therefore, our investigation is based on
the effective Biot equations whose wave equations (source terms
ignored) can be written as

[(H=G)VV + (GV?+@?p)I] - u+[CVV + w?p] - w=0
[CVV +@?p ] - u+ [MVV + &*p(w)l] - w=0,
(1)

where u is the solid particle displacement and w = ¢(U —u) is
the relative fluid displacement multiplied by material porosity ¢.
Here, U represents the absolute fluid displacement in an inertial
reference frame. For density terms p and p(w) in equation 1,
p=gps+ (1 =@)p, plw) = in/[wk* ()] and p,, is the grain den-
sity; p, and 7 are the density and viscosity of the fluid, and k* () is
the effective dynamic permeability (Liu et al., 2018).

The elastic coefficients M, C, and H can be written as functions
of the frequency-dependent shear and bulk moduli of the solid
frame, that is, G(w) and K*(w) (for details, see Pride et. al., 2004);
together with constant grain bulk modulus K¢ and fluid bulk modu-
lus K7,

ﬁ:%er’(%_%)’ azl_%. 2)
H=K!+4G/3 +a’M, C=aM

Because G and K? are frequency dependent, it follows that
M, C, and H are also functions of frequency.

Liu et al. (2018) suggest a method based on the general fractional
Zener model to upscale effective Biot theory to a poroviscoelastic
model covering P- and S-waves and in which a complex modulus
Z(w) (representing G(w) and K%(w)) can be written as
Z(w) = Z(w = 0)Qz(w) with

1 &

N L_Z,Z[l + (—iwr?) /[ + (=iwt2) ). (3)
=1

Qz(w)
In this equation, Q,(w) is the relaxation function, Z(w = 0) is the
relaxed modulus that is assumed to be known, L is the number of
model elements used, TGZI and Tfl are the stress and strain relaxation
times, respectively, and a/ is the fractional derivative order. If
L; =1, the equation reverts to the famous Cole-Cole model
(e.g., Picotti and Carcione, 2017). If Q,(w) = 1, we obtain the
result of the classic Biot model.

INHOMOGENEOUS PLANE WAVES AND THE
CHRISTOFFEL EQUATION OF EFFECTIVE BIOT
MEDIA

For inhomogenous plane waves in poroviscoelastic media, the
time-averaged stored and dissipated energy densities (Carcione
and Cavallini, 1993; Carcione, 2014) are expressed as the product
of the extended wavefield vectors and the elasticity (and/or gener-
alized mass density) matrix. Although the cited formulas are ob-
tained based on classic Biot theory, they are in a form similar to
the equations of effective Biot theory in the frequency domain,
as stated previously. To apply these equations for caluclating the

dissipation factors of the three Biot waves, we need to decompose
the effective Biot wave equations without the assumption of a
homogeneous wave and determine the eigencharacteristics that in-
clude the frequency dependence of the complex wave velocities and
the coefficients specifying the ratio between the solid and relative
fluid displacements to construct the extended inhomogeneous plane
wave field vectors.

The solid particle displacement u and the fluid displacement rel-
ative to the solid w of inhomogeneous plane waves in an effective
Biot material can be written as

and w(r,t) = w explio(p - r — )], @)

where @ and w are the complex vector amplitudes and p is the com-
plex slowness vector. Following Cerveny and Psencik (2005, 2006),
the complex slowness is written as

p=on+iDm or p=pp, (@)

where ¢ is the complex slowness. The real-valued unit vector n
is called the propagation direction; the real-valued tangent unit
vector m is perpendicular to i (or m - i = 0) and represents the
attenuation direction (defining the complex dual wave vector p).
The real-valued quantity D refers to the inhomogeneity parameter
and relates to the inhomogeneity angle y between the propagation
direction and the maximum attenuation direction through
cos(y) = Im(¢)/+/Im?(6) + D?>. The terms D and y represent
the degree of inhomogeneity of the wave. The ranges of these in-
homogeneity parameters are —oo < D < o0 and —7z/2 <y < /2.
Quantity p represents the complex slowness that depends on the
material parameters and will be solved from the following
Christoffel equation. The unit vector p is complex (p - p = 1).
Using equation 5, we have

p:p=p*=(on+iDm) - (on+iDm) = ¢*> — D>. (6)

With equation 6, we have

p*=06>—-D> or o¢*=p>+ D% ©)

For a given material, the p does not change with D, but the com-
plex o will change with D.
The phase velocity is defined as

vP" = 1/Re(0), (3)

where the symbols Re(e) and Im(e) represent the real and imagi-
nary parts of a quantity. Substituting ¢ = Re(o) + iIm(c) and
p =Re(p) + iIm(p) into equation 7, the real and the imaginary
parts become



Downloaded 05/22/20 to 37.125.78.0. Redistribution subject to SEG license or copyright; see Terms of Use at http://library.seg.org/

T212 Liu et al.

Re?(0)=0.5 |Re?(p)—Im?(p)+D?

+/[Re(p)—Im*(p) + D +4Re2 (p)Im(p) | (%)

Im(o) =Re(p)Im(p)/Re(o)

Equation 9 implies that increasing the absolute value of D, here-
after denoted as |D], results in increasing slowness Re(c) and thus
decreasing phase velocity according to equation 8. Increasing |D| or
increasing slowness Re(o) will cause a decrease in Im(s), but it is
uncertain whether this will cause a decrease in the dissipation factor
Q~! for inhomogeneous waves. The Q! needs to be calculated
according to different definitions.

In a manner similar to the treatment of electroseismic waves by
Pride and Haartsen (1996), substituting equation 4 into equation 1

produces
el w

where

{A B] _ {ﬁI—Mpp ps1—Cpp } (11
E D pl=Cpp (p—Gp*)I-(H-G)pp |’

and I is the identity matrix or tensor. The tensor pp can be viewed as
the dyadic product pp” where p” denotes the transpose of p. Equa-
tion 10 also can be written as

W=—A"'Bii or w=-E"'Di. (12)

The Christoffel equation takes the form

[A~'B — E~'DJ[a] = [RsI + Rpp?ppl[a] = [0],  (13)

where
Rs = ps/p—(p = Gp*)/py, (14)
R, _\H=G) _C_ (p=Gp*)-(H-G)p* Cp*—py
T b pr(P*=ps/C) p(p*—p/M)’
(15)

The secular determinant of equation 13 has three complex roots
(eigenvalues) with corresponding eigenvectors or complex vector
amplitudes (Pride and Haartsen, 1996). The root of p? given by
Rg = 0 corresponds to the S-wave slowness p(!) with its eigenvec-
tor, or complex amplitude vector Uy given as

PV =\/(p=p}/p)/G. Br-pV=0. (16

Combining equations 11, 12, and 16 produces
wr =W, &V =—pi/p=G(p*~p/G)/p;. (D)

The complex coefficients £X) specify the ratio between the solid and
the relative fluid displacements.

Similarly, the other roots of p? for Rg + Rpp* = 0 correspond to
two longitudinal waves: the P1- and P2-waves, respectively, having
slownesses p® and p®, respectively, and their eigenvectors @
given by

(p®¥)?=3 {bi \/b2—4(ﬂﬁ—ﬂff)/(HM—C2)
b=(Hp-2Cp;+Mp)/(HM~-C?)

. ﬁL = Cf).
(18)

Here, c is an arbitrary scalar. In a manner similar to equation 17,
we obtain

H(pW)2—p
C(P(k>)2—ﬂf

wy =W, &b = —=- (k=2.3).

19

THE COMPLEX FORM OF THE ENERGY
BALANCE EQUATION

The complex form of the energy balance equation of a porovis-
coelastic material is given by Carcione (2014) as follows. Note, be-
cause the time dependence of harmonic waves in our paper is
assumed to be exp(—iwt), whereas Carcione uses a positive expo-
nential, the negative sign involving with the time derivative has
been adjusted accordingly. The formula is

1 1
—div (Z . V*) =2iw [ZRe(v* ‘R-v)— ZRe(eT P e*)}
1 1 T
+2w —Zlm(v*-R-v)—&—ZIm(e ‘P-e*)|.
(20
Here, v is the extended particle velocity vector
v = (i, iy, i3, Wy, Wa, w3) ", 2D

> is the extended stress tensor, P is the elasticity matrix, and R is
the mass density matrix. The extended strain array e can be ex-
pressed with the solid displacement u and the relative fluid displace-
ment w:

_ T
e = (61,€2,€3,€4»€57367—C) , (22)

where

ey =0yuy, €y =02Uy, e3=03uU3, €4=0,uz+dzuy,

es =0 Uz +0suy, eg=201uy+0ou;;
(23)

and

{=—divw, w=¢(U-u). (24)
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This complex energy balance equation has been developed for
porous and anisotropic media (Carcione, 2014). But, here we only
consider isotropic porous media. For the sake of completeness,
> and the isotropic versions of P and R are provided in Appen-
dix A. In equation 20, the vector — " - v*/2 is the Umov-Poynting
vector that describes the energy flux. The physical meanings of the
other terms are described as follows.

The time-averaged strain energy density (V) is given by

(V) = %Re(eT Pee) = %Re(VC)- 25)

Here, we call eT -P-e* the complex strain energy density,
denoted as V¢ given by equation A-4 in Appendix A.

The time-averaged kinetic energy density (7') is written with the
extended particle velocity array v and the generalized mass density
matrix R:

— 1 *«T . _l c
(T) = ZRC(V R.-v)= 4Re(T ). (26)

Here, we call v()7 . R™ . v the complex kinetic energy density,
denoted as 7¢ given by equation A-5 in Appendix A. The term
v is given by equation 21.

The time-averaged strain dissipated energy density (Dy) and the
kinetic dissipated energy density (D7) are given by Carcione (2014)
as

(Dy) = —%Im(V”) = —%Im(eT ‘P-e), (27

(D7) = %Im(TC) = %Im(v(*)T ‘R -v). (28)

EXPLICIT DISSIPATION FACTORS FOR
INHOMOGENEOUS WAVES IN EFFECTIVE BIOT
MATERIALS

For a given wave type k (k = 1,2,3 for S-, P1-, and P2-waves,
respectively), the solid particle displacement u® and the relative
fluid displacement w(¥) can be written as

u® =a® explio(p® -r—1)], wh =¢0a®, (29

Here, a®) is the complex vector amplitude of wave type k. The co-
efficients &*) are specified in equations 17 and 19. For the sake of
simplicity, we will remove the superscript (k) without causing con-
fusion. Furthermore, without loss of generality, we consider only
the 2D case. For an inhomogeneous wave propagating in the x-z
plane along the z-direction, the propagation direction is written
as n = (0,0,1) with its orthogonal direction in the x-z plane as
m = (1,0,0). Using equation 5, the complex slowness along
direction n is calculated as ¢. Thus, the slowness vector p is written

as (px’o’ pz)

p=(p,.0.p,) =on+iDi=0(00,1)+iD(1,0,0) (30)
or

py,=1iD, p,=o0. (€2))

After the complex slowness vector p is determined, the complex
amplitudes are defined according to the eigenvectors of the corre-
sponding wave types (equations 16 and 18).

The solid particle displacement of waves can be written for the S-
wave as

u=A(p;,0,—p,)explio(p - r —1)] (32)
and for the P1- or P2-waves as

u = A(p,.,0, p.) explio(p - r = 1)]. (33)

As mentioned in the “Introduction” section, the two most com-
monly defined dissipation factors are Q7! (e.g., Carcione, 2014)
and Q;] (e.g., Buchen, 1971), which using equations 25, 26, 27,
and 28 can be written as

_ _ (Dr) +{Dy) _Im(T¢) —Im(V©)
Qv = 2(V) N Re(V°) - G

(Dr) + (Dy) _ 2Im(7¢) — 2Im(V°)

O =Ty T Re(T) T Re(VY)

(35)

Comparing equation 34 with 35 indicates that the difference be-
tween Q7' and Q7! depends on the difference between (V) and (T).
If the difference tends to zero, then Q7' tends to equal Q7.

The complex strain and kinetic energy densities V¢ and T¢ of the
S-, P1-, and P2-waves, denoted as V¢, ; and T{,3, are derived in
Appendices B and C for S- and P-waves, respectively. Then, the
dissipation factors are obtained for each of the three Biot waves
under the definitions of Q7' and Q7.

Substituting V{ (equation B-5) and T{ (equation B-8) into equa-
tions 34 and 35 produces the explicit form of the dissipation factors
of inhomogeneous S-waves Qgi and Q5} under the definitions
Q7' and Q7' respectively:

05l — [EPIm(p)(|p*+D?|+D?)— (4D |p> + D?| +|p*+2D°?)Im(G)
v (4D%|p*+D?|+|p*+2D**)Re(G) '
(36)

The Qg of a homogeneous wave, that is, Qg¥y is obtained as

U _ o-l(p — oy — [EPIM(P) — |of,[Im(G)
Osvy = Qsv(D = 0) = 2[Re(G) - 37

Liu et al. (2020) mathematically define the dissipation factors at
the infinite degree of wave inhomogeneity as the limiting dissipa-
tion factors Q7' (D = oo). The limiting dissipation factor of the



Downloaded 05/22/20 to 37.125.78.0. Redistribution subject to SEG license or copyright; see Terms of Use at http://library.seg.org/

T214 Liu et al.

SV-waves under the definition of Qj' is obtained by setting
D = oo in equation 36:

03V (D = ) = —Im(G) /Re(G). (38)

The Qg} is given as

_y_2EPIm(p)(|p? + D?|+ D?) = 2(4D?| p* + D*| + | p* +2D* ") Im(G)

Osr= 10D

10D = [p+p2Re(&) +|E[*Re(p)](|p* + D*|+D?)
+(4D?|p* + D?|+|p>+2D?*)Re(G)

(39)

The Qg} of a homogeneous wave, that is, Qg is obtained as

Osty = Qs1(D = 0)
|€[*Im(p) — (|p*|)Im(G)
p +ps2Re(€) + |E*Re(p) + (Ip*)Re(G)

. (40)

In a manner similar to equation 38, we have the limiting dissi-
pation factor of the SV-waves under the definition of Q7'

05-(D = ) = —2Im(G)/Re(G). A1)

Substituting V4 ; (equation C-5) and 79, (equation C-7) into
equations 34 and 35 produces the explicit form of the dissipation
factors for P1-waves Q5}, and P2-waves Oz}, under the definitions
0y'; and Pl-waves Qg and P2-waves Qp1, under the definitions

o7

(192 + D) + D?)|&PIm — VI o
VRpi p2 ’

Oplvpay = (42)

where

VIpy py =4D?|p* + D*[Im(G) +[D* + | p* + D*[*|Im(H)
—2D[Re(p?) + D*|Im(4) + 2Re(&) | p* PIm(C) + |£p* PIm(M),
(43)

VRpy py = 4D?|p* + D*Re(G) 4 [D* + | p* + D*[*|Re(H)
—2D?[Re(p?) + D*|Re(4) +2Re(€)|p*[*Re(C) + [Ep? [*Re(M).
(44)

Note that the subscripts P1, P2 mean that (p, &) should be
replaced with (p®, £@) and (p@), £3)), respectively.

The Qplypyy Of a homogeneous wave, that is, Qplyy poys» 1S
obtained as

Q511v1-1,mv1-1 = Ql;llv,sz(D = 0)
_ &P Imp— |p2[[im(H) + 2Re(£)Im(C) + ¢ Im(M)]
|p*|[Re(H) +2Re(£)Re(C) + |£[*Re(M))]

(45)

In a manner similar to equation 38, the limiting dissipation factors
of the P1- and P2-waves under the definition of Q5! are given as

Oply poy (D = ) = —Im(G) /Re(G). (46)

The Qp}, and Qp); are given as
(Ip*+D?*|+D?)[EPIm(p) = Vipy py

-1 _
Qrir.r2r =27 D2 DY)y 1 2, Re(@) + EPRe(7)] + VRorp
@)

—1 : —1
The Qpi7pyr Of homogeneous waves, that is, Qpiry popys are
obtained as

Oplruporn
> |£[*Imp — | p*|[[Im(H) 4 2Re(£)Im(C) + |£[*Im(M)]
27 Re() + |EPRe(7)] + PP [Re(H) 1 2Re(E)Re(C) + |EPRe(M)]
(48)

In a manner similar to equation 41, the limiting dissipation factors
of the P1- and P2-waves under the definition of Q7! are given as

Oplrpor(D = o0) = =2Im(G) /Re(G). (49)

Note that, for the P1-waves, p will be replaced with p® and &
will be replaced with 5(2), and, for the P2-waves, p will be replaced
with p®) and £ will be replaced with £0).

With equations 38, 41, 46, and 49, we find for all three Biot
waves that their limiting dissipation factors only depend on the
complex shear modulus G of the solid frame and are equal to
—Im(G)/Re(G) and —2Im(G)/Re(G) for the definitions of Q7'
and Q7!, respectively.

REDUCED FORM OF EXPRESSION FOR THE
DISSIPATION FACTORS IN A VISCOELASTIC
MATERIAL

In this section, the Q! formulas in the previous section will be
reduced to the dissipation factors in viscoelastic materials, denoted
as O~ with an over arc on the symbol Q~!. The homogeneous for-
mulas of O~' should be the same as the well-known formulas of
viscoelastic materials, which thus provide a validation of the cor-
rectness of the Q! formulas we derive for effective Biot materials.

The fluid bulk modulus K/ (equation 2) is set as zero, which
leads to

M = 0. (50)
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Then, the viscosity of the fluid is set as infinity # — oo, which
leads to

5= 00,& = 0. (51)

With the viscoelastic assumptions (i.e., equations 50 and 51) and
ignoring the energy related to fluid flux w, the wave equation 1 is
reduced to its viscoelastic wave version:

[(H-G)VV + (GV? + &*p)I] -u = 0. (52)

It is well known that the corresponding slownesses for the S- and
P-waves are given as

PO =\/p/G, pO = \[p/H, H =K +4G/3. (53)

s

Here, the top arc “*” again represents the quantities for viscoelastic
(as opposed to effective Biot) materials.
Using equations 17 and 19 with # — oo, we easily can derive

|€[*Im(p) — 0. (54)

With the assumptions (equations 50, 51, and 54), the O~ formu-
las for viscoelastic materials are easily obtained from the corre-
sponding Q~! formulas of the effective Biot materials.

The terms Q51 and Qg are obtained from equations 36 and 37,
respectively:

Osv = Osvy = —Im(G)/Re(G). (55)

It is noteworthy that Qg\l, is equal to the corresponding limiting dis-
sipation factor discussed previously. Therefore, Qg\l, is independent
of the degree of SV-waves inhomogeneity (i.e., D) for viscoelastic
materials.

From equations 39 and 40, O3} and Qg are obtained as

2(4D%p* + D?| + | p* + 2D*)Im(G)

{p(Ip*+D?|+D?)+ (4D%|p? + D?| +|p* +2D**)Re(G) }
(56)

|
Osr =

and
Osty = —=2|p*Im(G)/{p + |P*[Re(G)}.  (57)

By equation 56, it is easy to find that, unlike the case of Qg\l,, quantity
Qs+ is dependent on the degree of the SV-wave inhomogeneity. Equa-
tions 56 and 57 are exactly same as equations 39 and 40, respectively,
of Liu et al. (2020), although they are derived independently.

Based on equations 43 and 44, VI, and VRp are defined as
VIp (£ =0) and VRp, (€ = 0), respectively, that is

VIp = 4D?|p* + D*Im(G) + [D* + |p* + D*[*]Im(H)
—2D*[Re(p?) + D?*|Im(4), (58)

VRp = 4D2|p2 —|—D2|Re(G) + [D4 + ‘p2 _|_D2|2]Re(l:1)
—2D?[Re(p?) + D?Re(A). (59

The terms Qpy and Opyy, are obtained from equations 42 and 45,
respectively, as

Opy = —VIp/VRy, (60)

Opvy = —Im(H)/Re(H). 61)

Equations 60 and 61 are equivalent to equations 30 and 32,
respectively, of Liu et al. (2020), although they are derived
independently.

Then, in a similar manner using equations 47 and 48, we obtain

Opr = =2VIp/{(|p* + D*| + D*)[p] + VRp},  (62)

Opry = =2|p?[Im(H)/{p + |p*Re(H)}.  (63)

Equations 62 and 63 are exactly the same as equations 31 and 33,
respectively, of Liu et al. (2020), although once again they are
derived independently.

It is important to note that equations 38, 41, 46, and 49 of the
limiting dissipation factors Q~!(D = o) of the poroviscoelastic
materials hold true for their viscoelastic counterparts considered
as a special case. The dissipation factors Qgyy and Opiy in equa-
tions 55 and 61 are well known for viscoelastic materials under the
definition of Q7!. The dissipation factors Qg}H and Qpry in equa-
tions 57 and 63 easily can be proven to be equal to 2 Im(sp) /Re(op)
and satisfy the well-known value 2av/® (see section 1 and Appen-
dix B of Liu et al., 2020). The fact that the reduced expressions (to
viscoelastic formulas) of the Q™! values from the poroviscoelastic
formulas in this research are exactly the same as those directly
derived from the viscoelastic formulas in Liu et al. (2020) strongly
supports the correctness of the Q' expressions developed in
this paper.

NUMERICAL EXAMPLES

The example material that we use in this section for numerical
computations is a homogeneous water-filled effective Biot medium
that is very similar to sample material A in Liu et al. (2018). In this
material, the relaxed bulk modulus and the shear modulus are fre-
quency dependent. A single fractional Zener element (i.e., the Cole-
Cole model) can satisfactorily represent the frequency dependence
for this material. For the sake of completeness, the material proper-
ties are listed in Table 1, along with the parameters of the Cole-Cole
model — 7,,7,,0a — which represent the relaxation times of stress
and strain and the fractional derivative order of the fractional Zener
element (see equation 3 for L; = 1). The superscripts of the Cole-
Cole model parameters G and Kd in Table 1 refer to the frequency-
dependent shear modulus G(w) and the frequency-dependent bulk
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modulus K¢(w). The relaxed velocities of this material are
Vp0 = 3072 (m/s), Vg0 = 1606 (m/s) for the P1- and S-waves,
respectively.

To calculate Q~! with our stipulated approach, the degree of
wave inhomogeneity D must be assigned. Here, D has the units
of slowness. Theoretically speaking, the range of D is (—oo,
+o00). For the effective Biot materials, we suggest using a normal-
ized version of D whereby it is divided by the unrelaxed slowness
(inverse phase velocity v" at @ = oo):

D = DRe(o]w = «]) = D/1PY (0 = ). (64)

The reason to choose the unrelaxed slowness rather than the relaxed
slowness to normalize D is that the phase velocity vP" of the P2-
waves tends to zero at @ = 0 and may cause instabilities (see
equation 64).

Figure 1 shows the dispersion curves and dissipation factors of
homogeneous S- and P1-waves in the effective Biot material and the
classic Biot material given in Table 1. There are two energy dissi-
pation mechanisms, the inner flow model and the Biot global model
in the effective Biot theory. With the upscaled poroviscoelastic
model (Liu et al., 2018) from the effective Biot model (Pride et al.,
2004) the S-waves and Pl-waves show very strongly dispersive
phase velocities (and high dissipation factors) from the seismic fre-
quency band up to the ultrasonic frequency range, as observed in
subsurface reservoir studies. The classic Biot model (Biot, 1956a,

Table 1. Material properties of the sample rocks and fluids.

1956b, 1962a, 1962b) has only one (i.e., Biot global) energy dis-
sipation mechanism, which shows its dissipation peak around a fre-
quency of 1.0 E + 6 Hz, that is, the Biot relaxation frequency that
separates the viscous-force-dominated flow from the inertial-force-
dominated flow (Biot, 1962a, 1962b; Pride et al., 2004). Figure 1
shows that effective Biot theory can correctly describe the high-
level dissipation observed in natural reservoirs. That is the reason
we choose it in our research.

Figure 1a shows the S-wave phase velocities v¢® and v§? for an
effective Biot material (denoted with superscript eB) and a classic
Biot material (denoted with superscript ¢B). Figure 1b shows the
Pl-wave phase velocities vgf and v$¥. Compared with the vgB
curve, the dispersion curve vg? of the classic Biot theory has min-
imal frequency dependence.

In Figure Ic, the solid line 1/ le\ff,T shows the S-wave dissipation
factors 1/0¢5 and 1/0¢5 under the definition of Q3! and Q7! re-
spectively. For the effective Biot material and the homogeneous
waves, they are almost identical. The “dashed” line 1/Q%5 ;. shows
the attenuation curves 1/Q%5 and 1/Q%5 for the classic Biot
material, and the homogeneous waves having negligible difference.
The 1/Q°? of the effective Biot model clearly has two dissipation
peaks, the very broad one corresponding to the inner flow mecha-
nism that is superposed with the high-frequency one denoted with a
“*” sign corresponding to the Biot global flow mechanism (Biot,
1956a, 1956b, 1962a, 1962b). For the sake of convenience, the
two peaks are called the inner flow peak and the Biot flow peak,

Parameter Water
Kf (Nm™2) 23E+9
pf (kgm™) 1000
7’ (Nm2) 0.001
Grains and fluid X
Parameter Grains
K9 (Nm™2) 3.9E + 10
p9 (kgm™) 2650
Parameter Material
K? (Nm™?) 7.8E+9 (w = 0)

-2 _
Solid frame G (Nm™) 594E+9 (w =0)
® 0.21
x (m?) 1.03 E-14
T T=051+1/¢)
Shear modulus
5 (s) 27 X 4.08E-5
78 (s) 27 X 5.19E-5
a® 0.527
Cole-Cole model parameters for material
Bulk modulus
5 () 27 X 2.68E-5
£ () 27 x 1.90E-4

akd 0.505
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respectively, in this paper. Please note that 1/Q¢ of the classic Biot
model exhibits only the Biot flow dissipation peak. Figure 1d shows
the P1-wave dissipation factors 1/Qg5,, and 1/Q%5, denoted by the
solid line 1/ QPW’T and 1/0¢8, and 1/Q¢E, denoted by the dashed
line 1/Q¢%, 7 in a manner similar to Figure Ic. But the Biot global
dissipation peaks in the four curves are very tiny (concentrated
around the frequency axis and denoted with the “*” sign).
Figure 2 shows the phase velocity dispersion curves and dissipa-
tion factors of the homogeneous P2-waves in the effective Biot
material and the classic Biot material given in Table 1. Figure 2a
shows the P2-wave phase velocities v§5 and vg5 for the effective
Biot material (denoted with superscrlpt eB) and the classic Biot
material (denoted with superscript ¢B); Figure 2b shows the corre-
sponding P2-wave dissipation factors of 1/Q¢5, and 1/Q%5, under
the definition of Q7! as well as 1/0¢5,, and 1/Q¢5,, under the def-
inition Q7' with their ordinate values given on the right side. Fig-
ure 2a shows that the effective Biot P2-wave phase velocity has
dispersion features very similar to its classic Biot counterpart.
The inner flow dissipation mechanism does not cause much differ-
ence on the P2-waves, especially for low frequencies, that is, less
than the Biot relaxation frequency. This fact is well-represented by
the dissipation factor curves 1/0¢5, and 1/Q%E, under the defini-

1720
w
T 1680
>V)

1640

1600
10" 10 10° 107 10" 10° 10% 107
Frequency (Hz) Frequency (Hz)

¢) o003

0.02

0.01

10° 10® 105 107 10" 10%  10® 107

Frequency (Hz) Frequency (Hz)

Figure 1. Dispersion curves and dissipation factors of homogeneous
waves for the effective Biot material and classic Blot material given in
Table 1: (a) S-wave phase velocities UEB and vS for effective Biot
material (denoted with superscript eB) and classic Biot material (de-
noted with superscnpt ¢B), respectively; (b) P1-wave phase velocmes
veE and v¢E; (c) S-wave d1$51pat10n factors of 1/Q%5 and 1/0¢5
under the definition of Q! and Q7! respectlvely, for effectlve Blot
material are identical and denoted by 1/08% . 1/ 05 v, and 1/ QST
classic Biot material are identical and denoted by 1 /S Sv,T3 (d) ina
manner similar to (c), Pl-wave d1s51pat10n factors 1/0¢5,, and
1/Q¢E, are denoted by I/QPWT, and 1/Qg%, and 1/0gF; are de-
noted by 1/Q§%, ;. The “star” symbols in (¢ and d) indicate the
frequencies of B10t dlss1pat10n peaks. Note that in (c and d) the
two curves for Q3! and Q7! are identical in each case of a classic
and an effective Biot material.

tion of Q;l (see the solid line and the “dotted” line). However, the
curves 1/Q¢5,, and 1/Q%5,, under the definition Q5! show apparently
inadmissible results. The 1/Q%5,, curve for the classic Biot material
has extremely high values (> 500) in the low-frequency range,
whereas 1/0Q%5,, even has negative values (see their y-axis on the right
side of the figure). The physical meaning behind this observation is
that a P2-wave is more like a diffusive mode at low frequency in
which the real part of the complex modulus Re(Z) tends to be zero
and the imaginary and real parts of the of the complex velocity are of
comparable size (Berryman and Wang, 2000). Thus, as we have
stated, Berryman and Wang (2000) use the definition Q~' =2av/w
in all cases, by which the Q! of a P2-wave is calculated to be near 2
(for the low frequency, similar to our Q;l values). For a better under-
standing of this phenomenon, we investigate the dissipation factors
of homogeneous diffusive waves in Appendix D. It is worth mention-
ing again that the definition Q~! = 2av/w is strictly only valid under
the assumption of homogeneous waves.

Figure 3 is a partial enlargement of Figure 2 in the frequency range
from 1.75ES5 to 1.0E7 Hz. From this figure, we find that, as the fre-
quency exceeds the Biot relaxation frequency, for the homogeneous
S-waves and the P1-waves, the dissipation factor curves under the
definition of Q7! and Q7' have a negligible difference for either
an effective Biot material or a classic material. In the high-frequency
range, the P2 wave gradually transforms from a diffusive wave to a
propagative wave. In a subsequent section, we will investigate how
the degree of the inhomogeneity of the wave affects Qp;.

Figure 4 shows the dispersion curves and dissipation factors
of inhomogeneous S-waves in the effective Biot material given
in Table 1. Phase velocities (Figure 4a) increase with increasing fre-
quency and decrease with increasing inhomogeneity parameter D,
as expected. Similar to what is observed in Figure 1c, the dissipation

b) 3 - — — 500

-1
p2T

Frequency (Hz)

Figure 2. Dispersion curves and dissipation factors of P2-homo-
geneous waves for the effective Biot material and classic Biot
matenal given in Table 1: (a) P2-wave phase velocities, v“B and
v§E, for effective Biot material (denoted with superscript eB) and
classic Biot material (denoted with superscrlpt ¢B) and (b) P2-wave
d15$1pat10n factors of 1/ %P and 1/0¢5, under the deﬁnmon of
o7l 1/0¢8, and 1/0%5, "under the definition Q7' with the
right-side y-axis.
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factor diagrams under the definition of Q7! ( Figure 4b), O3},
shows two dissipation peaks (corresponding to the inner flow
and Biot flow mechanisms) for smaller values of D. But it is inter-
esting to see that, with increasing D, the two dissipation peaks have

a) goo
700
0
£ 600
& 500
>
400
300 ; :
1.75x10% 6.78x10° 2.61x10° 1.00x107
Frequency (Hz)
b) & : :
AN
., B
. \\\\ Qe
[ ~, B -
\TE \}\\ ........... 1/Q‘F:’2T
> B
o o ---1%,
2+ Y cB B
\\\ ----- 115,
T
o ‘ .
1.75%x10° 6.78x10° 2.61x10° 1.00x107
Frequency (Hz)

Figure 3. Partial enlargement of Figure 2 in the frequency range
from 1.75 x 103 to 1.0 x 107 Hz.
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Figure 4. Dispersion curves and dissipation factors of inhomo-
geneous S-waves for effective Biot material given in Table 1.
(a) Phase velocities and (b) dissipation factors under the definition
of Q7' are given at different D values. The two dissipation peaks
correspond to the inner flow and Biot flow dissipation mechanisms.
The star * signs (the lower plot) indicate the Biot flow dissipation

peak

opposite trends, the contribution to Qg} by the Biot flow decreases
(see the smaller peak denoted with Biot flow) whereas the contri-
bution to Qg} from the inner flow mechanisms increases (see the
very broad and larger peak denoted with inner flow). This phenome-
non can be explained easily by our limiting dissipation factor
expression Qgr(D = 00) = —2Im(G)/Re(G) (see equation 41).
For the homogeneous SV-waves (D =0), the Qg} dispersion
contributed by inner flow (so denoted) tends to the dispersion of the
shear modulus, that is, —Im(G)/Re(G) (see equations 16 and 40).
With increasing D, Qg} tends to go up to its limiting dissipation
factor —2Im(G)/Re(G). But, in the frequency range of the Biot-
flow dissipation peak, the value of —2Im(G)/Re(G) is below the
homogeneous Qg; because of superposition of the contribution
from Biot flow. Therefore, the Biot-flow peak tends to disappear
with increasing D. In summary, the dissipation factors of S-waves
tend to monotonically change from their homogeneous dissipation
factor values towards their limiting dissipation factor values.
Figure 5 presents a comparison between Qy' and Q7' of
S-waves, denoted as Qg) and QF}, at different values of the
inhomogeneity parameter D. Although Qg} of the inner flow peak
increases with increasing D, its Qg‘l/ counterpart is almost indepen-
dent of D (see the circle sign as the peak point). This can be ex-
plained from equation 36. At a frequency around the inner flow
peak, the Im(p) term has a very small value and equation 36 tends
to equal its homogeneous wave version, that is, equation 55 that is
already the limiting dissipation factor Qg},(D = o) and is totally
independent of D. But Qg} trends up to its limiting dissipation fac-
tor that is double the current value of Qg with increasing D. Thus,
difference between Qg) and Qg significantly increases with

a) 05 b)o 05
Q—‘l
0.04 il 0.04
I 3
_ 003 Vg, =1734 (m/s) 0.03
(2
0.02 0.02
0.01 0.01
D =0.15/V,
Su
0 0
10° 102 10* 108 10° 102 10* 108
Frequency (Hz) Frequency (Hz)
c d
) 0.05 )0.05
0.04 0.04
~ 003 0.03
(K2
e}
0.02 0.02
0.01 0.01
0 0
100 102 10* 108 10° 102 10* 108

Frequency (Hz) Frequency (Hz)

Figure 5. Comparison between Qy!' and Q7' of S-waves for the
effective Biot material given in Table 1 at different D values:
(@ D=0.15/Vg, () D=0.3/Vg, (¢) D=0.5/Vg,, and
(d) D = 1.0/Vg,. The “circle” symbol indicates an almost-constant
Qi peak of 0.028 at frequency of 3512 Hz. The “star” symbol
indicates the frequencies of Biot global flow dissipation peaks.
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increasing D. We can draw the same conclusions as we did for
Figure 4.

In Figure 6, we show the dispersion curves and dissipation factors
of inhomogeneous P1-waves in the effective Biot material given in
Table 1. Phase velocities (Figure 6a) increase with increasing fre-
quency and decrease with increasing inhomogeneity parameter D,
as expected. The dissipation factor plots (Figure 6b) under the def-
inition of Q7', thatis, Qp/, decrease with increasing D. This seems
contradictory to Borcherdt and Wennerberg (1985) and also is re-
ported by Liu et al. (2020) for viscoelastic materials. This phenome-
non can also be easily explained by our limiting dissipation factor
Oply(D = 00) = —2Im(G)/Re(G) (equation 49). The homo-
geneous P1l-waves in the sample material are roughly three times
more dissipative than the homogeneous S-waves (see Figure lc
and 1d). With increasing D, Qp/, tends to go down to its limiting
dissipation factor —2 Im(G)/Re(G) or is twice as dissipative as the
homogeneous S-waves.

Figure 7 shows the comparison between Q' and Q3! for P1-
waves, denoted as Oy}, and Qp/;, respectively, for different values
of the wave inhomogeneity parameter D. The terms Q5}, and Opl;
decrease with increasing D as depicted in Figure 6. The Biot peak of
the P1-wave is very small in this example. But the difference be-
tween Qpl, and Qp/; becomes significant with increasing D (see
Figure 7c and 7d) for strongly dissipative media (see the difference
around the dissipation factor peak). The reason is that O3/, tends to
go down to its limiting dissipation factor —Im(G)/Re(G) (equa-
tion 46) whereas Qpl, tends to —2Im(G)/Re(G) (equation 49).
In summary, the dissipation factors of P1-waves tend to change
from their homogeneous wave dissipation factor values and finally
satisfy their limiting dissipation factor values.

o
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Figure 6. Dispersion curves and dissipation factors of inhomo-
geneous P1-waves for the effective Biot material given in Table 1.
(a) The phase velocities and (b) dissipation factors under the def-
inition of Q7! are given at different D values.

The dispersion curves and dissipation factors of inhomogeneous
P2-waves are depicted in Figure 8 for the effective Biot material
given in the Table 1. Phase velocities (Figure 8a) increase with in-
creasing frequency and decrease with increasing values of the wave
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Figure 7. Comparison between Qy' and Q7' of P1-waves for the
effective Biot material given in Table 1 at different D values:

(a) D= O'IS/VPIU’ (b) D= O.3/Vp1u, (C) D= O.S/Vplu, and
() D = 1.0/ Vpy,.
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Figure 8. Dispersion curves and dissipation factors of inhomo-
geneous P2-waves for the effective Biot material given in the Ta-
ble 1. (a) The phase velocities and (b) dissipation factors under the
definition of Q7' are given at different D values.
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Figure 9. Comparison between Q' and Q7' of P2-waves in the
effective Biot material given in Table 1 at different D values:
(a) D= O.IS/VPZH, (b) D= O.3/Vp2u, (C) D= O.S/szu, and
(d)D = 1~0/VPZU'

inhomogeneity parameter D, as expected. The dissipation factor di-
agrams (Figure 8b) under the definition of Q7' change very slowly
with increasing D. By contrast, Qp1, remains at or slightly above
the value 2 for the frequency range up to about 10ES Hz. This high
dissipation factor means the P2-wave cannot be a propagative wave
(Berryman and Wang, 2000).

Figure 9 shows the comparison between Qy' and Q7' for the P2-
waves, denoted as Qp),, and OpJ;, at different inhomogeneity param-
eter D values. We find that even at small values of inhomogeneity, for
example, D =0.15/778 (s/m) in Figure 9a, the inadmissible case for
Qpiy is avoided, unlike in Figure 2b. Similar to Figure 8b, Q53 and
Op)y change very slowly with increasing D. However, the Q5 and
OpJy curves seem to be disconnected with their limiting dissipation
factors (dependent on the complex shear modulus). This question will
be investigated in calculations which will be shown in the following
section for Figure 10.

Figure 10 presents a comparison of Qp1,, and Qp; at large D val-
ues of [1.O E + 1 to 1.0 E + 5]/778 (s/m). Figure 10a shows the dia-
grams for D = 10/778. There is a relatively narrow dissipation peak
(Biot flow-type peak) for each of the two dissipation curves at
frequencies slightly higher than 1.0 E + 4 Hz. Actually the peak also
occurs in the Oy}, curve in Figure 9d at the Biot flow peak frequency
range of the homogeneous wave. The physical mechanism creating
this dissipation peak is not at all clear. However, in Figure 10b—10f,
with D increasing, this narrow dissipation peak shifts to lower fre-
quency values and gradually disappears whereas the dissipation
peaks of the limiting dissipation factors of Qp3, and Qpy gradually
become more pronounced. In Figure 10f, we find that Qpl, is
roughly two times larger than Qp), over the full frequency range,
satisfying the limiting dissipation factors equations 46 and 49. Some-
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Figure 10. Comparison between Q7' and Q7! of P2-waves in the
effective Biot material given in Table 1 at different D values:
(@) D =10/Vpyy, (b) D =100/ Vpy,, (¢) D = lOOO!szu, D=
10/ Vg, () D = 2.0 X 104/ Vg, and (f) D = 10°/ Vo

what surprisingly, the limiting dissipation factors only depend on the
complex shear modulus for all three Biot waves.

CONCLUSION

In this study, explicit expressions for the dissipation factors Q™!
of inhomogeneous S-waves, P1-waves, and P2-waves are derived in
isotropic poroviscoelastic media under the two differing definitions
of Q3! and Q7!. These Q! expressions are given as concise and
simple functions of the material parameters and the wave inhomo-
geneity parameter D. The explicit functions provide a direct way to
investigate the dependency of these dissipation factors on the degree
of wave inhomogeneity. We find that the limiting dissipation factors
only depend on the ratio of the imaginary part to the real part of the
shear modulus, —Im(G) /Re(G), for all three Biot waves: SV, fast P,
and slow P. These results are used successfully to explain and de-
scribe how these dissipation factors depend on the wave inhomo-
geneity D.

We reduce our explicit Q~! formulas from the poroviscoelastic
model to the viscoelastic model as a special case. These reduced
viscoelastic formulas are the same as their counterparts of previ-
ously published results, although they are derived independently
and provide an extra check on the correctness of our results.

The limiting dissipation factors are defined as Q™' (D = oo) for
which the condition D = oo means the corresponding phase veloc-
ities are zero according to equations 8 and 9. It is difficult to imagine
these “propagative waves” exist in a physical sense. But, the Biot
flow type peaks occurring in Figure 10 and that shift toward lower
frequency with increasing D must have some physical explanation.
We leave this question for further investigation.
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APPENDIX A

ELASTICITY MATRIX AND GENERALIZED DEN-
SITY MATRIX FOR ISOTROPIC POROUS MEDIA

For an inhomogeneous wave propagating in the x-z plane, the
extended strain vector is written as

e = (81,0,83,0,65,0,—§)T. (A-l)
Based on the elasticity matrix of the undrained porous medium in

Carcione (2014), we write the elasticity matrix P for the isotropic
poroviscoelastic media in terms of the Biot elastic moduli as

H2 1000 C

A HZ000C H= K 44G/3

A A HOO0OC K= K9 @M
P=1000G000 | ¢~

0000GOO CHooG

00000GDO

CCCcCoo00M

(A-2)

The general density matrix R and extended stress matrix Y, (with
entries of averaged stress s;; i, j = 1,2,3 and pore pressure p;)
(Carcione, 2014) are written as

p00p, 0 O S11 S12513
0p 00 pp O S12 §22923
00p0 0 pf L] 513 823833
R: ~ N . = —
pr0 0 p(w)0 0 Z 2|1 -prs0 0O
0 p;00 p(w)0 0 ps0
00p0 0 plw) 0 0 py
(A-3)

The complex strain energy density V¢ (or e’ -P-e* in
equations 25 or 27) can be written as

Ve=el.P-e =
e|[Het + Aes + C(divw)*] + e3[Ae; + Hej + C(divw)*] + esGel
+ (divw)[Ce} + Cel + M(divw)*]. (A-4)

The complex kinetic energy density 7¢ (or v7* - R - v in equa-
tions 26 or 28) can be written as

T¢=vl* . R.v=

+opwiug + pl@)wiwy + pwius + plo)wiws
(A-5)

5 (puTul + pruiwy + puiuz + pruiws )

APPENDIX B

STRAIN AND KINETIC ENERGY DENSITIES OF
THE S-WAVE

The complex amplitude vector of S-waves is orthogonal to the
complex slowness (see equation 16). Using equations 31 and 32, the
solid particle displacement components of S-waves are rewritten as

u; =cAexp[—w(Dx+1Im(o)z)|expliw(Re(6)z —1)]
uz = —iDA exp[—w(Dx +1Im(c)z)]exp[iw(Re(c)z —1)].
(B-1)

S-wave strain energy density

The components of strain array e for the S-wave are obtained
from the equations 23 and 24:

e; = 0,u; = —wDoA exp[—w(Dx +1Im(o)z)]expliow(Re(o)z — 1)

e3 = 03u3 = wDoA exp[—w(Dx+1Im(o)z)|expliw(Re(c)z —1)]

es =0,u3 + d3u; = iw(D? +6°)A exp[-w(Dx +1Im(c)z)|expliw(Re(s)z — 1)]”
V-w=0

(B-2)

To avoid redundancy, the quadratic terms in equation A-4 are
written in the form of a matrix defined as EMES:

e He} e e} e C(V-w)*
| esde} esHe} e3C(V - w)*
EMES = esGe: 0 0
(V-w)Cet (V-w)Ce; (V-w)M(V-w)*

(B-3)
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Substituting equation B-2 into equation B-3, we have

D?|p>+D*H -D*p*+D? 0
-D*|p>+D*A D*p>+D*H O
EMES — w24 p | lp |
|p> +2D%*’G 0 0
0 0 0
X exp[—2w(Dx + Im(o)z)]. (B-4)

Noting H = 1+ 2G (see equation A-2), the complex strain en-
ergy density of S-wave V§ is written as

V¢=> EMES;;=

@?|A|?(4D?| p*+D?*|+|p*+2D?*)Gexp|—2w(Dx+06,7)).
(B-5)

S-wave Kkinetic energy density

In a manner similar to EMES, the quadratic terms in equation A-5
are written in the matrix defined as VRVS:

uipuy  UipFw

uspus - Uu3ppws | (B-6)
wipsuy  wip(@)w
wipsuz  wip(w)ws

VRVS =

Substituting equations B-1 and 29 into equation B-6, we have

plp* +D?| pglp* + D¢
pD? D%E
VRVS = o?[A2 . pfz o
prlp* +D?Er [EPp? + D*|p(w)
pyD?E" E[°D?*p(w)
X exp[—2w(Dx + Im(0)z)]. (B-7)

Then, the complex kinetic energy density of S-wave T is written
as

= VRVS; =
ij

PIAR]p + py2Re(E) + [ERF(@)](19? + D] + D?)
X exp[—2w(Dx + Im(6)z)]. (B-8)

APPENDIX C

STRAIN AND KINETIC ENERGY DENSITIES OF
P-WAVES

The complex amplitude vector of P-waves is parallel to the com-
plex slowness (see equation 18). Using equations 31 and 33, the
solid particle displacement components are rewritten as

u; = iAD exp[-@(Dx + Im(c)z)] expiw(Re(o)z — )]
uz = Acexp[-w(Dx + Im(5)z)] expliw(Re(o)z — 1)]
(C-1

P-wave strain energy density

The components of strain array e for P-wave are obtained from
the definitions, that is, equations 23 and 24:

e, =0, :—z(uADQexp[—w(Derlm( )z)]explio(Re(6)z —1)]

e3 = 03u3 = iwAc? exp[—w(Dx +1Im(o)z ]exp[zw(Re( Yz —1)]

es =0 u3 + d3u; = (=1 + i)wADoexp[—w(Dx +1Im(o)z)] explio(Re(c)z —1)]
divw = £(0,u; +0313) = iwAEp* exp|— w(DXHm( )2 explio(Re(s)z — 1)

(C-2)

To avoid redundancy, we define a matrix EMEP and write the
quadratic terms in equation A-4 in matrix form:

e He} e Ae} e C(V-w)*
_ eshe] esHej e3C(V - w)*
EMEP=1 " Ge: 0 0
(V-w)Cet (V-w)Ce; (V-w)M(V-w)*
(C-3)
Substituting equation C-2 into equation C-3, we have
EMEP = w?|A|?
D4H _DZ(p2*+D2)ﬂ _D2§*p2*c
—Dz(p2+D2)ﬂ |p2+D2|2H 5*(p2+D2)p2*C
4D?|p*+ D*G 0 0
_D2§p2c 5}72(}72* +D2)C |§p2|2M
X exp[—2w(Dx + Im(0)z)]. (C-4)

With equation 6, the values of o> have been replaced with
p? + D?. Then, the complex P-wave strain energy density Viip
is written as

VS, = ZEMEP,- =
ij
2|A|2{4D2|p2+D2|G+[D4+|p2+D2|2]H }
—2D*[Re(p?) + D*]A+2Re(8)|p*PC + |Ep*PM
x exp[—2w(Dx+Im(0)z)]. (C-5)
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Here, the material slowness (of homogeneous waves) p will be
replaced with p@ or p® and & will be replaced with &2 or £3)
corresponding to the subscripts, 2 and 3 of V7 5, respectively. This
also holds true for the following kinetic energy density.

P-wave Kkinetic energy density

In a manner similar to EMEP, we define matrix VRVP, use equa-
tions C-1 and 29, and write the quadratic terms in equation A-5 in
matrix form:

VRVP =
uppuy  uippw pD? pyD?¢E
uspus  U3ppws plp*+ D pglp*+ D*E
(0] - =’[AP ~
wipsuy wip(@)w, piD*¢" &2 D*p(w)
wipguz wip(@)ws prlp? + D2 [P p* + D*|p(w)
x exp[—2w(Dx + Im(o)z)]. (C-6)

Then, the complex P-wave kinetic energy density Tg; p; is writ-
ten as

;=Y VRVP; =
i.J

@*|A]P(|p* + D*| + D?)[p + 2psRe(§) + |§5(o)]
X exp[—2w(Dx + Im(5)z)]. (C-7)

APPENDIX D

DISSIPATION FACTORS OF HOMOGENEOUS
DIFFUSION WAVES

The diffusion wave equation with the diffusivity D and without a
source term can be written as (e.g., Mandelis, 2000)

1
Au——=0,u=0. D-1
5% (D-1)

The corresponding pseudowave equation with complex velocity

¢ is

v

1

Assuming a homogeneous wave with the complex wavenumber
kK + ia, we have
u(t, x) = uy expli(k + ia)x — iwt], (D-3)

and substituting equation D-3 into equations D-1 and D-2 produces
the complex velocity

(12 = —iwD or v = i% (—\/54r i\/E).

(D-4)

Thus, the complex wave number (taking positive result) is

Ktia=— = |2 i | (D-5)
V¢ 2D 2D

Note that the imaginary part and real part of the complex wave
number are equal. The phase velocity is given as

" =/ = V2wD. (D-6)

With the definition of Q5! for homogeneous waves, we have (us-
ing equation D-4)

Q7' = —Im(v°)?/Re(v°)? = —(—=iwD)/0 - 0. (D-7)

With the definition of Q7! for homogeneous waves, we have (us-
ing equations D-5 and D-6)

2ar? 2 -
o7 == :51/%\/2@):2. (D-8)

@

REFERENCES

Badiey, M., A. H.-D. Chen, and Y. K. Mu, 1998, From geology to geoa-
coustics-Evaluation of Biot-Stoll sound speed and attenuation for shallow
water acoustics: Journal of the Acoustical Society of America, 103, 309—
320, doi: 10.1121/1.421136.

Berryman, J. G., and H. F. Wang, 2000, Elastic wave propagation and at-
tenuation in a double-porosity dual-permeability medium: International
Journal of Rock Mechanics and Mining Sciences, 37, 63-78, doi: 10
.1016/S1365-1609(99)00092-1.

Biot, M. A., 1956a, Theory of propagation of elastic waves in a fluid-
saturated porous solid. I. Low-frequency range: Journal of the Acoustical
Society of America, 28, 168—178, doi: 10.1121/1.1908239.

Biot, M. A., 1956b, Theory of propagation of elastic waves in a fluid-
saturated porous solid. II. Higher-frequency range: Journal of the Acoustical
Society of America, 28, 178-191, doi: 10.1121/1.1908241.

Biot, M. A., 1962a, Mechanics of deformation and acoustic propagation in
porous media: Journal of Applied Physics, 33, 1482-1498, doi: 10.1063/1
.1728759.

Biot, M. A., 1962b, Generalized theory of acoustic propagation in porous
dissipative media: Journal of the Acoustical Society of America, 34,
1254-1264, doi: 10.1121/1.1918315.

Borcherdt, R. D., 1977, Reflection and refraction of type-II S waves in elas-
tic an anelastic media: Bulletin of the Seismological Society of America,
67, 43-67.

Borcherdt, R. D., 1982, Reflection and refraction of general P- and type-
I S-waves in elastic and anelastic solids: Geophysical Journal of Royal
Astronomical Society, 70, 621-638, doi: 10.1111/j.1365-246X.1982
.tb05976.

Borcherdt, R. D., 2009, Viscoelastic waves in layered media: Cambridge
University Press.

Borcherdt, R. D., and L. Wennerberg, 1985, General P, Type-I S, and Type-II
S waves in anelastic solids; Inhomogeneous wave fields in low-loss sol-
ids: Bulletin of the Seismological Society of America, 75, 1729-1763.

Buchen, P. W., 1971, Plane waves in linear viscoelastic media: Geophysical
Journal of Royal Astronomical Society, 23, 531-542, doi: 10.1111/j
.1365-246X.1971.tb01841 .x.


http://dx.doi.org/10.1121/1.421136
http://dx.doi.org/10.1121/1.421136
http://dx.doi.org/10.1121/1.421136
http://dx.doi.org/10.1016/S1365-1609(99)00092-1
http://dx.doi.org/10.1016/S1365-1609(99)00092-1
http://dx.doi.org/10.1121/1.1908239
http://dx.doi.org/10.1121/1.1908239
http://dx.doi.org/10.1121/1.1908239
http://dx.doi.org/10.1121/1.1908241
http://dx.doi.org/10.1121/1.1908241
http://dx.doi.org/10.1121/1.1908241
http://dx.doi.org/10.1063/1.1728759
http://dx.doi.org/10.1063/1.1728759
http://dx.doi.org/10.1063/1.1728759
http://dx.doi.org/10.1121/1.1918315
http://dx.doi.org/10.1121/1.1918315
http://dx.doi.org/10.1121/1.1918315
http://dx.doi.org/10.1111/j.1365-246X.1982.tb05976
http://dx.doi.org/10.1111/j.1365-246X.1982.tb05976
http://dx.doi.org/10.1111/j.1365-246X.1982.tb05976
http://dx.doi.org/10.1111/j.1365-246X.1982.tb05976
http://dx.doi.org/10.1111/j.1365-246X.1982.tb05976
http://dx.doi.org/10.1111/j.1365-246X.1971.tb01841.x
http://dx.doi.org/10.1111/j.1365-246X.1971.tb01841.x
http://dx.doi.org/10.1111/j.1365-246X.1971.tb01841.x
http://dx.doi.org/10.1111/j.1365-246X.1971.tb01841.x
http://dx.doi.org/10.1111/j.1365-246X.1971.tb01841.x
http://dx.doi.org/10.1111/j.1365-246X.1971.tb01841.x

Downloaded 05/22/20 to 37.125.78.0. Redistribution subject to SEG license or copyright; see Terms of Use at http://library.seg.org/

T224 Liu et al.

Carcione, J. M., 2014, Wave fields in real media. Theory and numerical
simulation of wave propagation in anisotropic, anelastic porous and
electromagnetic media, handbook of geophysical exploration, 3rd ed.:
Elsevier.

Carcione, J. M., and F. Cavallini, 1993, Energy balance and fundamental
relations in anisotropic-viscoelastic media: Wave Motion, 18, 11-20,
doi: 10.1016/0165-2125(93)90057-M.

Cerveny, V., and 1. Psencik, 2005, Plane waves in viscoelastic anisotropic
media — 1. Theory: Geophysical Journal International, 161, 197-212,
doi: 10.1111/5.1365-246X.2005.02589.x.

Cerveny, V., and 1. Psencik, 2006, Energy flux in viscoelastic anisotropic
media: Geophysical Journal International, 166, 1299-1317, doi: 10
A111/5.1365-246X.2006.03057 ..

Chen, A. H.-D., 2016, Poroelasticity, theory and applications of transport in
porous media: Springer.

Kelder, O., and D. M. J. Smeulders, 1997, Observation of the Biot slow wave
in water-saturated Nivelsteiner sandstone: Geophysics, 62, 1794-1796,
doi: 10.1190/1.1444279.

Liu, X., S. Greenhalgh, B. Zhou, and M. Greenhalgh, 2018, Effective Biot
theory and its generalization to poro-viscoelastic methods: Geophysical
Journal International, 212, 1255-1273, doi: 10.1093/gji/ggx460.

Liu, X., S. Greenhalgh, B. Zhou, and H. J. Li, 2020, Explicit Q expressions
for inhomogeneous P- and SV-waves in isotropic viscoelastic media:

Journal of Geophysics and Engineering, 17, 300-312, doi: 10.1093/
jgel/gxz106.

Lockett, F. J., 1962, The reflection and refraction of waves at an interface
between viscoelastic materials: Journal of the Mechanics and Physics of
Solids, 10, 53-64, doi: 10.1016/0022-5096(62)90028-5.

Mandelis, A., 2000, Diffusion waves and their uses: Physics Today, 53,
29-34, doi: 10.1063/1.1310118.

Picotti, S., and J. M. Carcione, 2017, Numerical simulation of wave-induced
fluid flow seismic attenuation based on the Cole-Cole model: Journal of
the Acoustical Society of America, 142, 134-145, doi: 10.1121/1
.4990965.

Plona, T., 1980, Observation of a second bulk compressional wave in porous
medium at ultrasonic frequencies: Applied Physics Letters, 36, 259-261,
doi: 10.1063/1.91445.

Pride, S. R.,J. G. Berryman, and J. M. Harris, 2004, Seismic attenuation due
to wave-induced flow: Journal of Geophysical Research, 109, B01201,
doi: 10.1029/2003JB002639.

Pride, S. R., and M. W. Haartsen, 1996, Electroseismic wave properties:
Journal of the Acoustical Society of America, 100, 1301-1315, doi:
10.1121/1.416018.

Turgut, A., and T. Yamamoto, 1988, Synthetic seismograms for marine sedi-
ments and determination of porosity and permeability: Geophysics, 53,
1056-1067, doi: 10.1190/1.1442542.


http://dx.doi.org/10.1016/0165-2125(93)90057-M
http://dx.doi.org/10.1016/0165-2125(93)90057-M
http://dx.doi.org/10.1111/j.1365-246X.2005.02589.x
http://dx.doi.org/10.1111/j.1365-246X.2005.02589.x
http://dx.doi.org/10.1111/j.1365-246X.2005.02589.x
http://dx.doi.org/10.1111/j.1365-246X.2005.02589.x
http://dx.doi.org/10.1111/j.1365-246X.2005.02589.x
http://dx.doi.org/10.1111/j.1365-246X.2005.02589.x
http://dx.doi.org/10.1111/j.1365-246X.2006.03057.x
http://dx.doi.org/10.1111/j.1365-246X.2006.03057.x
http://dx.doi.org/10.1111/j.1365-246X.2006.03057.x
http://dx.doi.org/10.1111/j.1365-246X.2006.03057.x
http://dx.doi.org/10.1111/j.1365-246X.2006.03057.x
http://dx.doi.org/10.1111/j.1365-246X.2006.03057.x
http://dx.doi.org/10.1190/1.1444279
http://dx.doi.org/10.1190/1.1444279
http://dx.doi.org/10.1190/1.1444279
http://dx.doi.org/10.1093/gji/ggx460
http://dx.doi.org/10.1093/gji/ggx460
http://dx.doi.org/10.1093/jge/gxz106
http://dx.doi.org/10.1093/jge/gxz106
http://dx.doi.org/10.1093/jge/gxz106
http://dx.doi.org/10.1016/0022-5096(62)90028-5
http://dx.doi.org/10.1016/0022-5096(62)90028-5
http://dx.doi.org/10.1063/1.1310118
http://dx.doi.org/10.1063/1.1310118
http://dx.doi.org/10.1063/1.1310118
http://dx.doi.org/10.1121/1.4990965
http://dx.doi.org/10.1121/1.4990965
http://dx.doi.org/10.1121/1.4990965
http://dx.doi.org/10.1063/1.91445
http://dx.doi.org/10.1063/1.91445
http://dx.doi.org/10.1063/1.91445
http://dx.doi.org/10.1029/2003JB002639
http://dx.doi.org/10.1029/2003JB002639
http://dx.doi.org/10.1121/1.416018
http://dx.doi.org/10.1121/1.416018
http://dx.doi.org/10.1121/1.416018
http://dx.doi.org/10.1190/1.1442542
http://dx.doi.org/10.1190/1.1442542
http://dx.doi.org/10.1190/1.1442542

