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Abstract
Ultra-deep carbonate reservoirs have lowporosity, a complex pore spacewithmicrocracks of varying aspect ratio and dissolved
pores, that affect the seismic and transport properties. We propose a rock-physics model based on penny-shaped inclusions
in the framework of the double-porosity theory to estimate rock features, such as the crack porosity and aspect ratio, and stiff
porosity. Based on this model, a 3-D rock-physics template is built, calibrated at the ultrasonic and seismic frequency bands,
from attenuation, P-wave impedance and VP/VS ratio to quantitatively evaluate the effect of those features. Attenuation is
estimated by using the spectral-ratio and improved frequency-shift methods. The template is applied to ultra-deep carbonates
of the S work area of the Tarim Basin (China). The predictions agree with the well-log data and field production reports. In
general, the higher the crack aspect ratio, the higher the storage and transport capacity of the reservoir. Therefore, these crack
features can be used as indicators of these reservoir properties.

Keywords Penny-shaped inclusion · Double-porosity theory · Crack aspect ratio · Crack porosity · 3-D rock-physics
template · Ultra-deep carbonate reservoirs

1 Introduction

With the depletion of conventional reservoirs and the
improvement of oil exploration methods, ultra-deep carbon-
ates such as those in theTarimbasin andSichuan basin started
to be investigated [1]. Multi-phase structural development
and composite diagenetic history, resulting in various reser-
voir heterogeneities, characterize these Chinese basins [2].
The textural and mineral composition of carbonate rocks are
affected by complexdiagenesis,which leads to the generation
of a complex pore [3]. As a result, the primary porosity tends
to diminish, enhancing the secondary porosity caused by
mineral dissolution during deep burial conditions [4, 5] and
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generating microcracks, broad fractures, moldic and vuggy
pores, and caverns [6].

Low porosity, small pore-throat diameter, complex pore
space, clay content, and low permeability are features of tight
rocks [7–10]. The pore structure is an important factor that
affects the seismic and transport properties [11–20]. Aspect
ratio is another critical factor [21, 22]. Rocks with a high
aspect ratio (vuggy and moldic pores) are stiff and affect
less the seismic waves, whereas rocks with a low aspect
ratio (cracks) have amore pronounced effect [23–25]. Kumar
and Han [26] developed a model to evaluate aspect ratio and
density in carbonate rocks frombrine saturatedP-waveveloc-
ities, while Sayers [27] examined the relations between pore
aspect ratio and elastic properties. Smith [28] studied the
effect of pore aspect ratio on the velocities and resistivity
of tight-gas sand, with compliant (soft) porosity playing an
important role. Zhao et al. [29] used well-logs and seismic
data to propose a model that describes the pore-type distri-
bution of carbonates quantitatively.

Rock-physics templates (RPTs) establish a relationship
between the elastic attributes such as density, velocity, and
acoustic impedance, and the reservoir characteristic such
as porosity, lithology, fluid saturation, and permeability
[30–32]. The relationship between acoustic impedance (AI)
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and the phase-velocity ratio is often used in RPTs for fluid
and lithology identification [30, 33]. Li and Zhang [34] built
a 3-D RPT to characterize the composite pore system of car-
bonates from seismic data and well-logs. Tan et al. [35] used
ultrasonic data and effective-medium theory to build a rock-
physics template for the seismic prediction of tight-siltstone
reservoir brittleness, and Pang et al. [36] applied multiscale
RPTs to estimate the crack porosity of deep carbonate reser-
voirs.

This study establishes a model for the seismic prediction
of crack aspect ratio. The model employs the self-consistent
approximation (SCA) [37] in addition to the penny-shaped
inclusion theory [38] to build 3-D multiscale RPTs for
deep carbonate reservoirs. The templates are calibrated with
ultrasonic and seismic data to evaluate also the total and
microcrack porosities and their distribution in the subsur-
face.

2 Work Area and Target Formations

The S area belongs to the zone of Shuntuoguole uplift, which
is located within the Northcentral of Tarim Basin, one of the
hydrocarbon accumulation basins of northwest China with
an area coverage of about 560,000 km2 [39, 40]. The tar-
get formations are the Yijianfang and Yingshan formations
(Ordovician) deposited and formed during the Caledonian-
Hercynian orogeny [41]. The reservoirs are characterized by
microcracks, dissolved pores, karst caves, and vugs formed
by multi-phase structural developments and complex dia-
genesis. An average thickness of 110 m characterizes the
reservoir, temperatures higher than 150 °C, and confining
pressures more than 160 MPa.

3 Model and Data

3.1 Conceptual Model and Thin Carbonate Section

The schematic representation in Fig. 1a shows a hostmedium
comprising spherical pores and cracks with varying aspect
ratios assumed to be penny-shaped inclusions randomly
oriented and distributed. The cracks are assumed to be penny-
shaped inclusions because they tend to capture some essential
properties such as the pressure dependency of elastic proper-
ties characterized by preferential closure of compliant pores
that gives an idealization of real cracks. The penny-shaped
microcrack inclusion is considered to have a radius Ro and
height h, with a crack aspect ratio of α � h/2Ro, as shown
in Fig. 1b. Figure 1c shows a thin slice of the carbonate sam-
ple, whose mineral constituents are calcite, dolomite, and
clay, having a composition of 92%, 6%, and 2%, respec-

Fig. 1 a Schematic representation of the spherical pores and penny-
shape microcracks, b Penny-shaped crack with the aspect ratio, c Rock
sample thin section showing microcracks with varying apertures

tively. The slice shows dissolved pores and microcracks with
varying aspect ratios and a very low surface porosity.

3.2 Experimental Analysis

3.2.1 Estimation of Crack Properties

Two carbonates (limestone) samples A and B from the S area
are used for ultrasonic wave experiments at 1MHz. The sam-
ples are cylindricalwith an average diameter of 25.2mm.The
reference material (aluminum block) with the same shape
as each sample is prepared. The measured porosities, per-
meabilities, and dry-rock densities of samples A and B are
2.5% and 0.71%, 0.023 mD and 1.559 mD, and 2.66 g/cm3

and 2.67 g/cm3, respectively. Guo et al. [42] setup is adopted
for the experiment andwave velocity is estimated at a temper-
ature and pore pressure of 140 °C and 10 MPa, respectively.
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The setup for the experiments consists of a digital oscillo-
scope and a pulse generator. The samples are saturated with
oil using the vacuum and pressure method and then kept in
a rubber jacket. We vary the confining pressure in the range
15–80 MPa with steps of 5 MPa. The first arrivals of the
waveforms are picked to obtain the velocities.

The inversionmethod [20, 43] is used to compute the crack
porosity from the confining and pore pressures, and P- and
S-wave velocities.

We assume stiff and compliant (cracks) pores. First, we
compute the bulk and shearmoduli of the rockwithout cracks
by adopting the Mori–Tanaka theory [44]:

Kstiff � Ks(
1 + φstiff

1−φstiff
Ps(αstiff, vs)

) , (1)

Gstiff � μs(
1 + φstiff

1−φstiff
Qs(αstiff, vs)

) , (2)

where φstiff is the stiff porosity, Ks and μs are the bulk and
shear moduli of grain, respectively, αstiff is the stiff pore
aspect ratio, vs is the Poisson ratio and Ps and Qs are the
normalized compressibility and shear compliances of the dry
pores (see Appendix A). At high differential pressure, when
the cracks are closed, the stiff pore aspect ratio αstiff can be
computed by a least-square algorithm applied to the elastic
moduli.

Then, we apply the Mori–Tanaka theory neglecting the
interaction between pores and cracks to obtain the effective
dry-rock bulk and shear moduli (Keff and Geff) with ran-
domly oriented penny-shaped cracks, which are compared
with the experimental data to determine the crack properties.

Keff � Kstiff(
1 + 16(1−(vstiff)2)�

9(1−2vstiff)

) , (3)

Geff � Gstiff(
1 + 32(1−vstiff)(5−vstiff)�

45(2−vstiff)

) , (4)

where � is the crack density and vstiff � (3Kstiff −
2Gstiff)/(6Kstiff+2Gstiff) is the Poisson ratio of the hostmate-
rial.

The aspect ratio is related to the differential pressure by
[20]:

α � 4
[
1 − (veff)2

]
Pd

πEeff
, (5)

where α is the crack aspect ratio, Pd is the differential pres-
sure, veff � (3Keff − 2Geff)/(6Keff + 2G) is the effective
Poisson ratio and Eeff � 3Keff[1 − 2veff] is the effective
Young modulus.

Fig. 2 Waveforms in the reference material and sample A

The crack porosity (φc) is related to the crack density by
[43]:

φc � 4πα

3
� (6)

3.2.2 Estimation of Ultrasonic Attenuation

The spectral-ratio method determines the quality factorQ by
adopting a high quality factor medium as a reference [9, 45].
The equation is

ln

[
A1( f )

A2( f )

]
� − πx

QV
f + ln

[
G1( f )

G2( f )

]
, (7)

where V is the sample wave velocity, x is the wave propa-
gation distance, f is the frequency, A1( f ) and A2( f ), and
G1( f ) and G2( f ) are the amplitude spectra and geometric
factors of the sample and reference material, respectively.

3.3 Experimental Data

The waveforms in the reference medium and sample A
are shown in Fig. 2, and Fig. 3 shows the results. Crack
porosity decreases with increasing confining pressure, and
P-wave velocity decreases with increasing crack porosity
while VP/VS increases. The P-wave attenuation increases as
the crack porosity increases.

4 Workflow the Procedure

4.1 Mineral Mixture

We assume that the carbonate is a mixture of two skeletons,
which contain intergranular pores and cracks. The domi-
nant mineral composition is calcite, with a small quantity of
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Fig. 3 Crack porosity and its relation with confining pressure (a), P-wave velocity (b), velocity ratio (VP/VS) (c), and P-wave dissipation factor (d)

dolomite and clay, having the following bulk and shear mod-
uli (in GPa): 64.5 and 32.5, 74.5 and 47.5, and 23.2 and 11,
respectively. The Voigt–Reuss–Hill (VRH) average [46–48]
is utilized to estimate the moduli of the mineral mixture:

MV �
N∑
i�1

fi Mi , (8a)

1
/
MR �

N∑
i�1

fi
/
Mi , (8b)

MVRH � MV + MR

2
, (8c)

where i , fi and Mi correspond to the mineral type, volume
fraction, and elastic modulus, respectively, while MV , MR

and MVRH are the Voigt, Reuss, and Hill averages, respec-
tively.

4.2 Dry-Rock Properties

According to the complexity and heterogeneity of the fabric,
we assume the inter-granular pores (stiff pores) and cracks
(soft pores) are spherical and penny-shaped, respectively.
The stiff pore aspect ratio is set to 1, and values within the
range of 10–5–10–2 [42] are considered for the soft pores.
The composite system of pores is assumed to be isotropic
and interconnected (see Fig. 4).

In the rock physics modeling of this study, as is shown in
Fig. 4, the SCA equation [49] is used to mix the pores and
penny-shaped cracks to compute the dry-rock elastic moduli,

∑
xi (Ki − K ∗

SC)P
∗i � 0, (9a)

∑
xi (μi − μ∗

SC)Q
∗i � 0, (9b)
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Fig. 4 Workflow of the methodology

Fig. 5 P-wave velocity (a) and dissipation factor (b) as a function of
frequency for different soft-pore aspect ratios

where xi , Ki and μi are the mineral phase volume fraction,
bulkmodulus, and shearmodulus, respectively, K ∗

SC andμ∗
SC

are the bulk and shear moduli of dry rock, respectively, P∗i
and Q∗i are the inclusion shape factors of the i phase (see
Appendix B).

4.3 Fluid Substitution

Batzle and Wang [50] equations are used to estimate the
fluid bulk modulus and density at in situ conditions. The

Fig. 6 P-wave velocity (a) and dissipation factor (b) as a function of
frequency for different stiff porosities

Biot–Rayleigh theory describes the fluid flow between the
pores and penny-shaped inclusions caused by the periodic
oscillations of the waves [38, 51]. The penny-shaped inclu-
sion model [38] is used for fluid substitution to obtain
the saturated rock’s wave properties. The local fluid flow
mechanism between the host and penny-shaped inclusions,
induced by the periodic oscillations of waves, generates
the wave dissipation. The relevant differential equations,
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Fig. 7 P-wave velocity (a) and dissipation factor (b) as a function of
frequency for different soft porosities

stiffness coefficients, and dispersion equations are given in
Appendices B, C, and D.

4.4 Wave Properties

The mineral components include calcite, dolomite, and clay,
with a composition of 92%, 6%, and 2%, respectively. The
inclusion radius is set based on the carbonate sample thin
section, and the inclusion porosity ranges within 0.005–0.1.
The inclusion can be modeled as a cylinder containing a
transverse crack with an average effective aperture of sev-
eral microns [36, 52, 53]. Thus, based on [36], the radius and
porosity of the inclusion are set as 50 µm and 0.01, respec-
tively. The oil bulk modulus, density, and viscosity are 1.789
GPa, 0.698 g/cm3, and 0.00239 Pa s, respectively. The VRH
average moduli and SCA equations are adopted to compute
the mineral mixture and rock frame properties, and we ana-
lyze the relation between crack aspect ratio, total and crack
porosities, and P-wave properties by assuming full oil satu-
ration.

Figures 5, 6, and 7 show the P-wave velocity and atten-
uation for different crack aspect ratios, porosity, and crack
porosity. In Fig. 5, the host and crack porosities are, respec-
tively, 10% and 0.02%. The crack porosity and aspect ratio

Fig. 8 P-wave velocity (a) and dissipation factor (b) as a function of
crack porosity for different crack aspect ratios at 1 MHz

Fig. 9. 3-D Rock-Physics template at 1 MHz

are fixed at 0.02% and 0.0034, respectively, and the total
porosity varies, as indicated in Fig. 6. In Fig. 7, the total
porosity and aspect ratio are 10% and 0.0034, respectively.
It can be seen that the higher the crack aspect ratio, the relax-
ation peak moves to the high frequencies, while the peak
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Fig. 10. 3-D Rock-Physics template at 35 Hz

dissipation factor remains constant, but attenuation increases
with frequency (see Eq. 2.123 in [54]) with a slight increase
in the relaxation frequency as the crack aspect ratio increases.
Moreover, the higher the total or crack porosity, the higher
the peak dissipation factor and the higher the P-wave disper-
sion. Figure 8a, b shows stronger attenuation and higher
dispersion with a higher crack aspect ratio.

5 3-D Rock-Physics Template

A quantitative interpretation of reservoir log and seismic
data can be achieved with rock-physics templates [55, 56].
Indeed, the relation between seismic properties and crack
aspect ratio, and total and crack porosities can be used to

build 3-D RPTs based on P-wave attenuation, impedance,
and P/S velocity ratio. Such templates at 1 MHz and 35 Hz
are shown in Figs. 9 and 10, respectively, where the color bar
denotes VP/VS. With an inclusion radius of 50 mm, we have
the attenuation peak at the seismic frequency band.

5.1 Calibration of the Template at Ultrasonic
Frequencies

The 3-D RPT is calibrated at 1 MHz using two of the sam-
ples, whose data are scatters in Figs. 11 and 12. The black,
blue, and red curves indicate constant crack aspect ratio, total
porosity, and crack porosity, respectively. Figures 11 and 12
show the same trend, e.g., with an increasing porosity, the
VP/VS ratio and attenuation increase and P-wave impedance
decreases. Also, with an increasing crack aspect ratio, the
VP/VS ratio and attenuation increase, and P-wave impedance
decreases, while the attenuation and VP/VS ratio increase
with crack porosity. As indicated by the color bar, the crack
aspect ratio and crack porosity data points agree with the
template.

5.2 Estimation of Seismic Attenuation

The sensitivity of seismic attenuation to hydrocarbon accu-
mulation and fluid saturation in fracture systems has been
acknowledged as a helpful tool for reservoir characteriza-
tions [57, 58]. To estimate the seismic reservoir attenuation,
we adopt the improved frequency-shift method [59], with an
assumption of a Rickerwavelet to calculate the quality factor,

Q �
√

π5t fc1 f 2c0
16( f 2c0 − f 2c1)

, (10)

Fig. 11 The 3-D RPT at 1 MHz
data. The color bar gives the
crack aspect ratio
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Fig. 12. 3-D RPT at 1 MHz
data. The color bar gives the
crack porosity

Fig. 13 2-D Seismic profiles. a Amplitude and b Dissipation factor

where t , fc0, and fc1, respectively, correspond to travel time,
centroid frequency of the signal before wave propagation,
and centroid frequency of the signal after wave propagation.

The target formation seismic amplitude and dissipation
factor are, respectively, given in Fig. 13a, b, where the
location of two wells is indicated. The red and blue colors,
respectively, indicate strong and weak attenuation regions.

5.3 Calibration of the Template at the Seismic Band

Figures 14 and 15 show seismic properties and calibration at
35 Hz, respectively, whereVP/VS and P-wave impedance are
derived from 3-D pre-stack inversion and the log porosity is
extracted from Well B. It shows that the seismic data agrees
with the template (Fig. 15), with the color bar corresponding
to porosity. The data indicates a low reservoir porosity that
corresponds to the target-formation geological properties.
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Fig. 14 Inversion results of a 2-D seismic line crossing Wells A and B. a P-wave impedance and b VP/VS

Fig. 15 The 3-D RPT at 35 Hz
and field seismic data
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Fig. 16 Total porosity (a), crack aspect ratio (b), and crack porosity (c) on a 2-D profile crossing Wells A and B

6 Estimation of Reservoir Porosity, and Crack
Aspect Ratio and Porosity

The rock properties are estimated around Wells A and B
by overlaying the P-wave impedance, VP/VS, and dissipa-
tion factor on the template, where porosity, crack aspect
ratio, and crack porosity correspond to the ranges 2–11%,
0.000003–0.000012, and 0.01–0.09%, respectively. Fig-
ure 16a indicates that a great part of the target formation
has low porosity, suggesting tight rocks, and a higher poros-
ity, crack aspect ratio and crack porosity in Well B than Well
A (Fig. 16a–c).

A 3-D horizontal section of the crack aspect ratio, total
porosity, and crack porosity is shown in Fig. 17.Well B shows
a higher porosity, crack aspect ratio and crack porosity than
Well A. The results agree with the actual production reports,

which reveal a production capacity of 48.72 tons at well A
and 90.26 tons at well B. Therefore, the results validate the
predictions of the model.

7 Conclusions

We predict the pore microstructure of carbonate rocks from
a poroelasticity model and rock-physics templates calibrated
at ultrasonic and seismic frequencies. Basically, the method-
ology yields the crack (soft) porosity and aspect ratio, and
the total (stiff) porosity. We use the self-consistent approxi-
mation to obtain the properties of the rock skeleton and the
Biot–Rayleigh poroelasticity theory, based on penny-shaped
inclusions to calculate the seismic rock properties (phase
velocity and dissipation factor). P-wave impedance, VP/VS
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Fig. 17 3-D horizontal section
showing porosity (a), crack
aspect ratio (b), and crack
porosity (c)
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and attenuation are used to build 3-D rock-physics templates.
The results agree with the production reports, showing that
the methodology can be used to predict the characteristics of
deep and ultra-deep carbonate reservoirs.
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Appendix A: Factors P andQ

Following [20, 43], we have

Ps � (1 − vs )

6(1 − 2vs )
×

4(1 + vs ) + 2α2stiff(7 − 2vs ) −
[
3(1 + 4vs ) + 12α2stiff(2 − vs )

]
g

2α2stiff + (1 − 4α2stiff)g + (α2stiff − 1)(1 + vs )g2
,

(A1)

Qs � 4(α2
stiff − 1)(1 − vs )

15
{
9(vs − 1) + 2α2

stiff (3 − 4vs ) +
[
(7 − 8vs ) − 4α2

sti f f (1 − 2vs )
]
g
}

×

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

8(1 − vs ) + 2α2
stiff (3 + 4vs ) +

[
(8vs − 1) − 4α2(5 + 2vs )

]
g + 6(α2

stiff − 1)(1 + vs )g2

2α2
stiff + (1 − 4α2

stiff )g + (α2
stiff − 1)(1 + vs )g2

−3

[
8(vs − 1) + 2α2

stiff (5 − 4vs ) +
[
3(1 − 2vs ) + 6α2

stiff (vs − 1)
]
g

−2α2
stiff +

[
(2 − vs ) + α2

stiff (1 + vs )
]
g

]

⎫
⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
(A2)

where

g �

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

α2stiff

(1 − α2stiff)
3/2

(
arccos α2stiff − α2stiff

√
1 − α2stiff

)
(α2stiff < 1)

α2stiff

(1 − α2stiff)
3/2

(
α2stiff

√
1 − α2stiff − arccos h α2stiff

)
(α2stiff > 1)

(A3)

where vs � (3Ks − 2μs)/(6Ks + 2μs) is the Poisson ratio.

Appendix B: Factors P*i andQ*i

Following [60, 61], we have

P∗i � Ks + 3
4μi

Ki + 3
4μi + παβs

(B1)

Q∗i � 1

5

[
1 +

8μs

4μi + πα(μs + 2βs)
+ 2

Ki + 2
3 (μi + μs)

Ki + 4
3μi + παβs

]

(B2)

where βs � μs
(3Ks+μs )
(3Ks+4μs )

.

Appendix C: Wave Propagation Equation
of Penny-Shaped InclusionModel

Following [38], the wave propagation equations based on
penny-shaped inclusion are

2G∇ei j+λc∇e − α1M1∇(ξ (1) − φ1φ2ς) − α2M2∇(ξ (2) + φ1φ2ς)

� ρ0 ü + ρ f ẅ
(1)
i + ρ f ẅ

(2)
i (C1)

α1M1∇e − M1∇(ξ (1) − φ1φ2ς) � ρ f ü + m1ẅ
(1)
i +

η

k1

φ10
φ1

ẇ(1) (C2)

α2M2∇e − M2∇(ξ (2) + φ1φ2ς) � ρ f ü + m2ẅ
(2)
i +

η

k1

φ10
φ1

ẇ(2) (C3)

(
3

8
+

φ20

2φ10
ln

L + R0

R0

)
φ2
1φ2ρ f R

2
0 ς̈

+

(
3η

8κ2
+

η

2κ1
ln

L + R0

R0

)
φ20φ

2
1φ2R

2
0 ς̇

� φ1φ2(α1M1 − α1M2)e + φ1φ2

(
M2ξ

(2) − M1ξ
(1)

)

+ φ2
1φ

2
2(M1 + M2)ς (C4)

where ei j � 1/
2
(
δ j ui + δi u j

)
are the solid strain compo-

nents, with i, j � 1, 2, 3, e � ∇ · u, ξ (1) � −∇ · w(m)

is the fluid content increment (m � 1, 2 refer to the host
and penny-shaped inclusions, respectively), and w(m) � φm

(Um − u), whereU � (U1,U2,U3)
T and u � (u1, u2, u3)T

are the fluid and solid displacements, respectively, and the
dot above a variable denotes a partial time derivative. The
variation in fluid flow between the host medium and inclu-
sion is denoted by ς . φ10 and φ20 are the local porosities of
the two skeletons (stiff pores and cracks), φ1 � φ10v1 and
φ2 � φ20v2 are the absolute porosities of the two pore types,
with v1 and v2 their respective volume ratio which satisfy
v1 + v2 � 1, the total porosity is φ � φ1 + φ2, η is the fluid
viscosity, κ1 and κ2 are the host and inclusion permeabili-
ties, respectively, ρ0 and ρ f are the composite and pore-fluid
densities, with ρ0 � (1 − φ)ρs + φρ f where ρs is the grain

density, m1 � τ1ρ f
φ1

and m2 � τ2ρ f
φ2

with τ1 � 1
2

(
1 + 1

φ1

)

and τ2 � 1
2

(
1 + 1

φ2

)
as the host medium and inclusion tor-

tuosities, respectively. G � μ∗
SC is the bulk shear modulus

of dry rock and the stiffnesses λc, α1, α2, M1 and M2 are
given in Appendix D. The characteristic flow length is L �
(

R2
0

12

)1/2
and R0 is the inclusion radius.

Appendix D: Stiffness Coefficients

The expressions of the stiffness coefficients are

λc � (1 − φ)Ks − 2

3
G +

(
2 − Ks

K f

)
(φ1α1M1 + φ2α2M2)

−
(
1 − Ks

K f

)(
φ2
1M1 + φ2

2M2

)
(D1)

α1 � βφ1Ks

γ K f
+ φ1, α2 � βφ2Ks

γ K f
+ φ2 (D2)

M1 � K f(
β
γ
+ 1

)
φ1

, M2 � K f(
1
γ
+ 1

)
φ2

(D3)
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γ � Ks

K f

(
βφ1 + φ2

1 − φ − Kb
Ks

)
(D4)

β � φ20

φ10

[
1 − (1 − φ10)

Ks
Kb1

1 − (1 − φ20)
Ks
Kb2

]
(D5)

where K ∗
SC � Kb is the bulk modulus of the dry rock, Ki

� Kb1 and Kb2 are the dry-rock moduli of the host medium
and inclusions.

Appendix E: Dispersion Equations

Substituting a plane-wave kernel into the differential equa-
tions (C1) - (C4), the complexwave number k can be obtained
from

∣∣∣∣∣∣
a11k2 + b11 a12k2 + b12 a13k2 + b13
a21k2 + b21 a22k2 + b22 a23k2 + b23
a31k2 + b31 a32k2 + b32 a33k2 + b33

∣∣∣∣∣∣
� 0, (E1)

where

a11 � λc + 2
3G + φ1φ2(α1M1 − α2M2)q1, b11 � −ρω2

a12 � −α1M1 + φ1φ2(α1M1 − α2M2)q2, b12 � ρ f ω
2

a13 � −α2M2 + φ1φ2(α1M1 − α2M2)q3, b13 � ρ f ω
2

a21 � −α1M1 − φ1φ2M1q1, b21 � b12
a22 � M1 − φ1φ2M1q2, b22 � −M1ω

2 + iωb1/φ
2
1

a23 � −φ1φ2M1q3, b23 � 0

a31 � −α2M2 − φ1φ2M2q1, b31 � b13
a32 � φ1φ2M2q2, b32 � 0

a33 � M2 + φ1φ2M2q3,

(E2)

with

q1 �φ1φ2(α1M1 − α2M2)/Z

q2 � − φ1φ2M1/Z

q3 � − φ1φ2M2/Z

Z � − ω2
(
3

8
+

φ20

2φ10
ln

L + R0

R0

)
φ2
1φ2ρ f R

2
0

+ iω

(
3η2
8κ2

+
η1

2κ1
ln

L + R0

R0

)
φ20φ

2
1φ2R

2
0

− φ2
1φ

2
1(M1 + M2) (E3)

The complex wave velocity is

v � ω

k
(E4)

where k is the complex P-wavenumber. The P-wave phase
velocity is

Vp �
(
Re

(
1

v

))−1

(E5)

and the quality factor is

Q � Re(k2)

Im(k2)
(E6)

with ω � 2π f , where f is the frequency [54].
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