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Hybrid Modeling of P-SV Seismic Motion at Inhomogeneous

Viscoelastic Topographic Structures

by Peter Moczo, Enk Bystncky, Jozel Kristek, José M. Carcione, and Michel Bouchon

Abstract A new hybrid two-step method for computation of P-SV seismic motion
it inhomogeneous viscoclastic (epographic stmcture 5 presented. The method is
based on a combination of the discrete-wavenumber (DW). lnite-difference (1F13),
and finite-clement (FE) methods, o the Grst step. the DW method is used to caloulai
the source radiation and wave propagation in the background D medium. In the
second step., the FI2.FE algorithm 15 used to compuic the wave propagation along the
topagraphic structure.

The accuracy of the method has been separately tested Tfor inclusion of the atten-
uation and [or inclusion of the free-surface topography through numencal compar-
soms with analytical and independent nemerical methods.

The method is a pencralization of the hylrid DW-FD method of Zahradnik and
Moceo (1996) for localized stouctures with a flat free surface.

Numercal computations for a ridge. sediment valley, and the ndge neighboring
the sediment valley show that a ddge can considerably influence the response of the
nelghborng sedimend valley. This means that the neighboring topographic feature
should be taken into accounl even when we are only interested in the valley response.

Introduction

Combinatian af different computational methods resuls
in hybrid methods that offer advantages not provided by o
sinple methed on its own. This ix clear from numerous stud-
ics presenting a varicty of hybrid methods—e.g.. Alekseey
and Mikhailenke (1980, Chisuki and Flarumi {1983, Mik-
hailenko and Komeev (19843, Van den Berg (19847, Kum-
mer & af. (1987), Kawase (1988), Galfel and Boochon
(1989), Emmerich {1989, 1992}, Fbh ([%92), Fih et af,
(19%3), Rovelli ¢ af. {1994}, Bouchon and Congant (1994),
anl Zahradnik aned Woczo (1996).

Zuhradndk (1995a) and Zabradnik and Moczo (19960}
developed a hybrid discrete wavenumber—fnite-ditierence
method o compute the seismic wave felds ar localized 2D
near-surface structures cmbedded in a 1D hackgroond me-
dium eavited by a point soutce with arbitrary focal mecha-
nism_ The method represents an intovating allemative to the
method by Fah (1992) and Fih e ef (1993), The source
radiation and wave propugation in the backgeound muediom
iz cafculated by the discrete-wavenumber {12W) meathod of
Bouchon (1951). The wave propagation in and around the
facalized near-sudface structure is calculsted by the Gnite-
difference (FD) method, The two-step aloorithm is schemat-
tally depicted in Fipare 1a,

In the articte by Zahradoik amd Muoczo (1996), only a
Har free surface is considered. In this study, we apply the
mwethad o a more pencral case that includes a frec-surlace

wpography aml presemt 3 hybrid discrete wavenutiber
hinite-dilference—hnite-element (DW-F1-FI ) method Lo com-
pute the seismic wave ficld ar localized 2D near-surface an-
clastic structuses with @ free-surface  topography. Oar
algorithm is schematically depicted in Figure 15

Taking free-surface topography inlo wecount can he as
nnportant as considering peometry ol the sediment-rock in-
terface in the evaluation of site uffects for earthquakes and
seismic ground-motion modeling. Influence of wopography
on seisic ground motien has been studied in nomerous
articles cumnprehensive list of which can be Found in Bon-
chon e al. (1996),

The FD method Bs widely sceepted For modeling seismic
wive propagation because, despile ils relatve simplicity, it
ts applicable w complex realistic media ond, at the same
time, it is casy o implement in the computer codes. Tt is well
kitown, however, that the FI> method may have problems
with implementing conditions on boundarics of complex
peametric shapes, Obviously, the implementation of the
boundary conditions is not equally difficult in all specilic
cases and for all FD scheines.

For example, modeling a staircase Mree surface in the
cast of S wave poses ho sertous problem. An efficiem ap-
proach for heteropencous displacement fonnelalions was
suggested by Boore {1972)—setting Lumé vlastic parame-
ters and density 0 zera in Lhe grid poims ghave the fee
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Sehemes of the hyboil WA (diserete wivenumber—finite differcnce)

mcthod by Fahradnik and Moczo {1996) and the DW-FD-FE (discrete wavenumber—
finire differcnce—finite element) methed presented i this study.

surface and using the same scheme fur both intemat grd
points and grd points ai he free surface. The approach ap-
proximutes the teaction-free condition reasonably well, and
it can he calied a vaceum furmalism (e.g., Zabroadnik &4 af,
1993}

The implementation of the traction-free condition al a
nonplanar surface becomes a much more difficult task in the
F-5V case, This is clear from several studies adiressing the
problem in the displacement fonmulation. .., Alterman and
Ratenberg {19699, Alteninan and Laewenthal (197, 1972,

Munasinghe amt Farnell (1973, Alterman and Nathaniel
£1973). Ilan e af. (1975, llan and Loewenthal (1976}, Nan
(1977, 1978), Fuyuki and Matsumeoto (1950, and Jik et o
£1988), Al articles, except those by Nan (19771 and hh el
gl (1988), treat simple types of the free-surface wpogra-
phy- -4 quarter and three-guarter planes (i.e.. W and 270°
vornors), a (0, 180 -degree wedge, a downward verlical step
discontinuity, a valley with a vertical border, and a valley
with a steplike burder. Nevertheless, the free-surbace ap-
proximations developed in ihose studies ablowed useful nu-
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erical investigations of wave scattering by the FI> method,
for cxample, Ilan ¢t ol (1979), llan and Bond (1981}, Boorne
ef al (1981), Fuyuki and MNakano (1984). and Hong and
Bond { 19861,

Ran's (19777 rreatment of an arhitrary polygonal free
sirface did not address 1the transition poinis between the seg-
ments of various slopes and, moreover, regoiced a non-
aniform grid that. as noted by Jih & af (1988). decreased
accuracy. An improved representation of the achitrary
polygonal free surface was developed by Jih er gf. ([98E)L
They implememed a trgction-frec condition using a local
rotated coordinate systein either paralis] w the inclined
boundary or aligned with the hisector of the conwer. Their
approdceh thus reguices g special reaoment for each type of
line segment end transitton point between the sloping sep-
miends. Cowmpared o the flat Iree surface, the accuracy of the
approsimation s lower and also the runge of stable Poisson's
ralin i more limied. The echnigue was used by Me-
Laughlin and Jhik (1988} ro cxamine the effect of 4 near-
snurce topography on short-pericd seismagrms,

An interesting approach to model a Tee surface of a
complicated shape was suggested by Juhn Vidale and used
by Frunkel und Teith (1992) In order 10 avoid the tedious
explicit implemnentation of the Trec-srlace condition, they
used a density wper above the free surface. Keeping veloe-
itics constant aod decreasing density 1o zero when approach-
ing the surlace approximates the ree-surlace condition. The
Lpering bas o be slew enough o prevent instabilittes. As
Ohinaner and Chouoet (in press) ooted on the tapering tech-
wique, putting £ and g 10 zero does not always propery siim-
ulate a troe-surface condition.

Cienerally, an implementation of free-surface topograt-
phy in the displacement formulation is not a irivial problem.
The more conoplex geometry, the lower the pocaracy aml
miore limitations on the physical parameters of the mediom
in order o keep the free-surface approximation stablo.

The implementation of the traction-lree condition is cas-
ier and more natural in the velocity-stress FD formulation
iMadartaga. 1976; ¥iriewx, 1986; Bayliss er af, 1986). This
way peinted oul by Bayliss of ol {1986) and Levander
[193853). Since it is the explicil presence of the steess tensor
compaonenls in the equations that makes the implementation
of the traction-free condition more natural, compared 10 1he
displacement formuiation, the advantzge obyioosly iy not
restrictod just o the velociry-stress formualation. This s demn-
vastrated by Ohminete and Chooet {in pressh, who employed
the parsimonious stazecred prid method of Loo and Schuster
(19901 e which the displucement-siress formuolation is used
insteadd of the velociry-steess one, Chminate und Chawet sup-
gested a new way of simply implenicating the siress-{ree
conditton for a three-dHimensional opography, Though much
easier than i e displacement forinulation, they model to-
pography in a staircasc shape.

The noticeable anificial dilfraction js penerated al the
urid-related s1eps ab intertal boundanes as was demonstred
by Muir et &l (19923, Ohviously, steps of the staircase free
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surface can produce even more pronounced undesired arti-
figial diffraction. ‘This diffraction may not be negligible, es-
pecially if the uppermurst layer s relatively very soft, The
dilfraction may consist of a physical diffraction and also,
depending on a particular FD oscheme, of a numerical dif-
fraction al relanvely low frequencies. We observed & non-
negligitle diffraction in our FD computatioos of the S re-
spinse of the Ashigars Valley and Shidian basin [see
Sawada (1992) aned Yyan af gl (19492), respectively, for the
streciure characterization]. In our Fi computations, the stair-
cuse free sorface 15 modeled using the vacuurn formalism
applicd o the beterogeneos, displacement-formulation FD
schetme presented in Mocro and Bard (19493). We observe
an artificial diffraction at wavelengths up to abiut 30 tmes
larger thin the height of the vertical step of the frec surface
fequal Lo the 2oid spacing). The step-related dilfraction may
ot he obviouws in the case of relatively comples wave ficids,
tor example, when the free surface of the ridge is modeled
in a staircase shape and no step 1s isolaed from nthers, We
recognized the step-related diffraction on the differential
seismogrants and also becaose the steps of the free swface
iminvestigated stouctures were isolated well enough, An ob-
viows wuy o lower the diffrscton a aotificial erigderelaied
slups s tor use a elatively small grid spucing, which, of
course, may lead to a considerable increase of the woial num-
brer oof the grid points. Using a rectangular grisd with varying
grid spacings can help to mode] 4 sluiccase free surface thar
is rmwre conlormuahle to the sctual shape, bt the efficiercy
of such a grid, compared 1o g regulst one, 13 030 % o0 as
the topographic feature (ridge, hill, or canvon) is covered
with a soft surface dayer,

The frec-swmface topography that is not easy w rreat in
an avcurate and stahle manner for the FD methad is sy and
natural for the finite-element (FE) method, When properly
cmployed, the FR method allows using jrmegular grids with
elements of different size, geometey, amed even order of ap-
prosimation. These sdvantageous features muke it possible
to treat o traction-free condition on the surface of a complex
geometry sufliciently sccurately and naterally,

Cne way 1o keep acbvantages of the ID method and, at
the same time, w avold a problematic treatment of the free-
surface topagruphy is (o combing the FIY method with the
FE method. This idea is, o fact, nut o new one. Ohtsuki and
Harumi (1983) and Ohtzoki «f af. (1984) comhined the par-
ticle model with the FE method to simulate the P51 wiave
propagation in 4 perfeetly elastic heteragenous medium with
the frec-sucface topography. In fact. their particle muodel
¥ields the F12 scheme that onby differs little from the standard
P scheme for o homogeneous elastic medivm in the dis-
placement formulation, Ohtsuki ef ol (1984} applied the FE
imcthod o irregular zanes (nonplanar puns of the free surface
aod intermal boundaries) while they used the particle mode]
For the jotemal homogeneous parts af the mediom and ho-
mogeneous patls witlt the horizomal free surface,

o thix adicle, we combine the FE method with the FD
method 16 compute the P-5V wave propugution inoa visco-
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elastic heterogensous medium with a free-surface lpopra-
phy. We use the FE method 1w cover fully or partially (e.g.,
in & narnew strip along the free surface) the wpographic fea-
ture and the FO method or & major part of the compuiational
rezion. This means that we use the FD metbod also for het-
erogeneaus paris of the medium thar include material dis-
contimuities,

In 1the following sections. we first present the equatians
of matian that pavem the P-8V wave propagatian in the vis-
coelastic heterogeneous medium. Then we continue with the
FD and FE algorithms thal solve the above equanions of mo-
tion. We culline 1he link between 1he FT and FE algorithms.
In order to tesr the developed hybrid method, we compare
our numencal solutions with those by intependent methods,
Firnt, we test the ingorpergivn of attenmation in our method
using viscoelastic models of an wnbounded medium and
half-space. Then, we st the inclusion of {ree-surface tow
pography using the canyos and ndge models. In the last
pumerical example, we demonstrate the two-step hybrid
computation of the wave field in models including a ridge
and a soft valley due to a localized source.

Before we pet into the next section, let us note Lthat in
tns ariicle, we consider only pure 2D problems. Possible
extensions to 30 seismic sources are discussed o detadl in
the article by Fahradnik and Moczo {1996). We do not ex-
pect any theoretical problem with extending our method 1o
a 30 medium. In a 3D case. however, an efficiency of the
compuler code becomes a crucial question. The 31 exten-
sion of the present methad will e addressed elsewhere. Let
wi podit oul then that even if we restrict ourselves looa 20
excitation and 21 propagarion, It is sl advaimiuseons o
caleulate the sowrce radiation by the DW methad because of
completeness of the radiated wave field, simplicity and ef-
ficigney of the compuatational scheme. and possibilicy to sim-
ulate complex exlended seismic sources.

Equiations of Motion

We consider two-dimensional P-5V wave propagation
in two-dimensionally inhomogeneous viscowlastic mediom.
Viscoelasticity of the mediurn albows fur the atenuanon of
waves, Fmmerich and Kum (1987) sugrested a peneralized
Maxwe]l body s a cheological model of the viscoelastic
medium suituble o describe realistic atenvation laws in the
time-domain compuraiions of wave propagation. In their ar-
ticle, Emmetich and Kom (1287) gave a detailed explanation
of the approach as applied to the SH-wave propagation,
Laver. independently, Fmmench (1992} and [ih (1992} ap-
plied the approach to the P-5¥ case, Since we nse the time-
domain fnite-difference and finite-element methods Lo solve
the equations of mation. we adopt the same approach.

Lal us note that we applied Ermmerich and Kom'™s
methad in owr previous studies on seismic response of local
sedimentary structurcs— -¢.f., Zahradnik e ol {199,
Mo 2o and Hron {19923, Moczeo and Bard (1993), Zahradnik

E. Movzo, B, Bystricky, J. Kristek, J. M. Curciope, and M. Bouchon

et el {1994, Mocro of gl {1995, Zahradnik and Moceo
(19967, and bocro o7 al. (1996).

Let the computational reelon be an 12 plane and rhe
dengily j» and Lamé elastic coelficients £ and g be dependent
on both x and - coordinakes. Then the displacement vector
o (nlx, z, o, 0. wlx 7, o]y obeys the eguations

il

g — e Q)+ L, 4 (), — & &

it {1}
f}w = ILUIH:‘L + ('lﬂ'l'lz-:r + Lu“r}x + I:)—t”llw]': - E ‘I;;‘
ae
g:' o = T, ),
+ (AP, + e (2)
5: 1wl ol + kFw b (e,
+ {A}';"'u,}:l, i=1..... H.
Here
K= i+ u, {3)

and e (f = 1, ..., n)are the anpular refaxation frequencies,
The coclficients Y7 und ¥ (f = 1,..., #) are obamed,
respectively, from the systems of equations

PR a1 G S ST

j=1 @+ {UE ()
E=1...,28 — I,
and
o wy + ol ) 1
2 B = 05y,
=1 [ ﬂ'JJ {j}

E=1....2n - 1.

Qlen) and Qglend (= 1., 2r - 1) are dusired values
of the quality laclors for # and § waves, respectively, at the
specified frequencies oy It is reasonable that both the o, and
eiy, frequencies cover the frequency ringe of interest loga-
rithmically equidistantly, and @; = oy and iy, . = o,
The coefhcients }’j {f = 1,..., n} arc oblained from 1he
relation

= o 20 ©

The rheatogy of the medivim is represented by two gen-
eralized Muowell bodies. Each of ehem consists of 5 classical
Maxwell bodies {ie., 7 relaxation mechanizms) and a single
spring. all connected in parallel. Inthe generalized Maxwell
body. p ¥y is the clastic modulus and g ¥ /ey, 1s the viscosity
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of the jth classical Maxwell body, and ,u(l -2 ?}'J is
the elastic modolus of the single spring. Analogously, & ¥,
z(r 2 ,ﬂlundlﬂk@mtﬂwﬁhﬂﬁnﬁﬂﬂimdvﬁ—

cosities, respectively, in the other generalized Maxwell
body. The viscoelastic modulus of the generalized Maxwell
body 15

1

=H.(l I i ) 7
.!_,. I_,l I!J+If,ﬂ {]

A

M L)

M Lo and M, stand for g (eod and pr, respectively, in une
geocralized Maxwell body and For 4 feo) and /2 in the other.
The subscript £f means unrelaxed. Theno. in one peneralized
Maxwell body, for example, g represents the unrelaxed maod-
ulus, while the elastic modulus of the single spring, that is,

;:L] & E: L I’:f’) represents the relgxed moedulos M

In practice, we wanally know phase velocities of £ andf
or § waves gl certain redetence Teguency o, (ot necessarily
the same for both types of waves), Thus, we oeed a relation
between the phase veloeities and the comesponding unre-
laxed moduli that specify the computational model of the
medium. The phase velacity ¢{w) is given by the relation

1 [ (M) ”3}
R ' R{:[L frl ) ' (8)

Then we pet from equatians (7) and (&)

'5}1

My = ey & (%
Here, ¥ — (@ + 03" and
oot S et
i=h o + (o, frﬂ'll UD}
. w, fio;
o, = 3y 2%
: E Yl e )

Il we know the phase velocity for § waves, cdem,), then we
insent ¥ (7 = ..., n}into equations (10} and gel g from
equation {9). I we know the phase velocity for P-waves,
cples ), then we insert ¥f = 1, .., #) into equations (100
and gel « from equation (9); - is then obtained from equation
{3,

Numerical Solution

A major part of the computational region is coverad by
a reclangular gnd on which the D method is used, Topo-
graphic irregularities of the free surface arc fully or partially
coverad by, gencrally, an imegular mesh of fnite clements,

Both purs of the computational region may include material
mmhomogeneity.

Finite-Difference Algorithim

Fguations (1) and (2) can be solved using the eaplicit
heterogeneous FIY scheme suzpesied recontly tor perlectly
vlastic media by Zahradnik (1995h) and wsted by Zahradnik
and Priolo (1995). Lot w)f and wi be discrete approximations
of the displacerment components w(x. g0 snd wix.z.r ),
g}‘,}" and & discrete approximations of the Tunctions
Sixznd, ) and St g, an effective density at a prid
point J Af o time step, and Ax, Az spatial prid spacings.
Then we replace differential equations (i} and (2) by their
FD approximations:

T B Ty S

w

2
+ —’ [L“I:A'.n]l + L) + Lofiw) + Lluw)

L

| o .

- ("r.';:|+l.l'2 + E?IT' ]-'_)];

2 %{I Mo b i 1:]]:}
whitl = 2wl — Wi

A2 .
¢ [foduwy + L) + Loua) + Loiian

of

1 L)
_Z I N PR Frme L2y,
2 _Z ‘PJI RTRh :}1 l:l_z)
gam-1 _'E_:?JE miean s 1 Z{uér ”
ol 2+ et ! 2+
|Lbrc¥] ) + L {u¥lu) + £ 0¥ (13
+ LL:‘;”}:FJ‘":'L f=1L...,m
-1 _ 2 - md.r;___,,, 12y Zwér .
et 2+ e hat 2+ wht
[LoduFw) + Lax¥iw) + Le¥an (14

+ LAY ], =0 n

If a grid point i is an internal poing, the £, L. L, and £,
nperitars have the form

et
A — £

i
bult 3 = 2

'f-".'H Wfi — £, {15)

1
Ltafy = AL bty — f
—ay. A - 0L (16
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Loda, f} = = (e {fif
'f'.-":"?url __Ilrl'T-l mJ’:‘TH-J - ﬂiq—u e {l?j
tfasy - fZuo — f- 0l
! Vo
Loda, f} = AAA- lag (F2
R ST AT AT _“H R FARTI {14)
+ f.”: W f.‘m— V-1 - fs’i ubl.

where aff and a!) are the horizontal and verucal effective
piramelers

il Ylat

fh(‘ { “::;}J_I,a_.‘; o ([. g

If the prid point # 15 at the faf ree surface, the L, operaot
has the same form as in equation (15}, but only half-values
of the parameters af and o« |, in the medium without the
free surface have to be comsidered. The other operators have
the form

(1%

| .
Lo fy = E“EUEM Ak (20}
L ir o
Lta f) = m CHIRER E
+ B I8 - v (21)
- “f— AP TZRS P O AR TR Tl Ml ST P
! * ' - " - .
'[u.-_(ﬂ.f] = 1_1-&1'.-."'57' la, g U - A5 0 — 00— A0
- ﬂ:'r- S ey — X |]‘1~ {2:]

The aperators for the Hit free sutface follow from the ap-
plication of the vaeuum lormalism ta the full-form FLy
scheme of Yahradoik {19950

Since the above schemes tor the displacement compo-
nenks are second-order accurate both in space and time, the
number of gricd points per minimum wavelength and tme
step ate contrelled by the standard dispersion and stabilily
refations. fo all pumedcal compuolations, we used

08Ax,

* 21
{“ELII + ;izﬂm}.f

e 3
Ay = T (23)

and As =

where As stands for Ax and Az, f and o are, respeclively,
the Y-wave and F-wave velocilies in a2 medium, and f is

P. Muczo, E. Bystrick$, 1. Kristek, 1. M. Carcione. and M. Bouchen

the: frequency up to which we want 1o have oor computation
sufficiently accumte.

If the FO scheme is used in combinadon with the FE
algorithm deseribed helow. 3 more restrictive condition for
Ar has to b used.

Finite-Flerment Algenthm

In the FE method {e.g., Lenkiewicz and Taylor, 1989,
Smith, 1975; Serdn e of., 1989, 194, Seron and Badal,
19920, o the case of o perfectly elastic mediem, we solve
the syatern of the second-order, linear, ordinacy differential
LOuHlionS

Md + Kd - { (24)
insteud of the second-order, linear panial differential equa-
fion of mion

lr)"..i - GI_,I._,I t .ilrr {25.}
In equarion (24), M is the mass mairix determaned by the
denzity distribution in the medium, K is die stiffness matox
determined by the clastic properties of the medium, d is the
displacement vector consisting of discretized displacements
in the nodes. and £ is the load vector determined from the
source and boundary conditions. Thercfore, the vectar T is
present in the systen of equations (24 even if the body force
term f; s not considered In equation (250 (a5 i the case aof
equations 1) @y, slands foc (the partial spatial degivatives of
the stress wnsor.

It is obyious that in a peoncral case, a solution of equation
(243 may be inconsistent with a solution of cquation (23):
the solution of eguation (24} may not be as smooth as the
sefution of cquation (23} if certain condiions for the nght-

FE
3 - A
- FREE SURFACE
o
TN
FD A B

FE and FD regions overlap in the zone
bounded by A and B lines

Figure 2. Contact hetween e regions covercd by
the finite-difforence and finike-element grids.
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UNBOUNDED HOMOGENEQUS MEDIUM  (UHM)

or=2000 m s A=115% s p=1000 kg/m®
Qufu)=30 Qafeu)=20 iy = 211
5 (Om, Om)
RE{Om. 500m) F2(5008rm, Om) RI{50m, S00m}
HOMOGENEOUS HALFSPACE (HH)
_ il v R2 _— EREE SURFACE
LI s '
o=200 s =1155 mfs p=1000 kgfmd
Qo fun)=30 Qalea =20 wy =Fr-11
5 [ Om, 1.86m})
RI1ff0m, Om} R2{040m, Prn} R 40m, 121m])
WELDED QUARTERSPACES (WQ)
* .. e S
a=3MH /s -
F=1155 mJ= ]
p=1000 kgfm®
Qalon =30
alw]=-20
wh =2r 11
: 5 { O, dm}
I R1[480m, Om) F2{13%0m, fm) R3{320m, 348m})

Figure 3. ‘Three models used w wst dhe in-
clusion of the attenuation. The dashed lines in-
dicate the areq covered by the linile clements

hand side of equation (24) and a horder of the solution do-
main are not satisfied. Consisteney of buth selutions is prin-
cipally guaranteed if the horder of rthe solution domain 15
sufitceently smooth and if the domain itself can he soffi-
ciently well approsimated by o convex polygon. As ir fol-
lows from the numetical cxpetiments, however, good results
can be ohtained even in the case when the shove condition
is not satished—see, for example, the vase of the rapesoidal
ridge in the secthon o test computations,

Since we want f combine the FE method with the FD
imethod, we have 10 use the same attenuation in both—the
FE and FD- vomputationa] regions, Referring o cquations
(1}, we add the additional tern W the load vectar T in eyua-
tiom {24)

in the FI¥ FE maukcling,

M+ Kd =F -3 E,

J=h

(26}

where £, is the vector consisting of discretized fungtions £ f
in the nodes. It satisfies aquations {compare with equations
2)

it mjé_,- = —rquJ?'d, J=1....,n, (27

where K] is the imodified stifiness matrix, The K niatrix is

defingsl tn the sume way as the stiffness marmx except that
the elasticily matnx (relaing the siress and stmain In the ma-
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Comparisen of hree solations for the models shown i Figore 3001

and w components of the displaceiments in the three receivers R BT in the model
of an unbounded homogeneouws mediom (UHMIL FD solution, selid lne; aoalytieal
sobution. dushed line, Th) iand w compobets of the displacements in e three receivers
R1 1o B3 in the models of the homoegeneows hali-space (HH) and welded guaner-spaves
(W), FO solution, solid line; TD-FE solation., [ong-dash lime; the paeudospeateal tech-
nagjue {Careione, 19492, short-dash line, Inall cases, the e amd w componems arc sualed

separatcly of vach uther

iz formulation of Hooke's law) is replaced by the modified
elasticiiy matrx

a a0
Yii Yoo D
hn0 ¥u

Several different time jntcgration schemes cun be used
to inlegrale equatian (26}, sce Serdn of af. (198Y. 1990). We
use the ceniral dilference scheme because we need 1o link
the caleolations by the FE method with tha by the rD
method at the contact of e two comesponding Compta-
licaial tepions during the process of me integration. In (he
cenral diiference scheme, as applied 10 equation (26}, we
solve a sparse symmetric system of lnear cquations

1

— Md™~' = h.
At

(28)

where

a

—= ¥d™
7, ¥

!
- Kl i _ — Md™ L
b= EY - K A A B

lngd | =

E [E;q oy Eﬂr;u—l.'z}l ng}
P

The time slep A has to satisfy the slability condition (Bam-
herier of e, 1480

At Avon _
{3t + Pl

"

{300
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a SEMICIRCULAR CANYON

subjected to a plane P-wave
impinging vertically from below

20 OESERVATHN
PCHNTS

20 CASERVATION
POINTS

31 OBSERVATION
POINTS

Ricker wavelet with a characteristic frequency f.

fo=1 and Bm/fs] =a[mis] — ‘J‘I =a
o = 2f - }.f:_ = Ja
T = lﬂ — nondimensional tims

— nondimensional frequency

P

Moz, L. Bysteick#, I, Krstek. I M. Carcione, and M, Bouchan

]

Fipure 5. Weodel of a semi-circular canyen, (a) Goomeltry and recciver positions. (b)
Part of the spatial gAd. The shaded ares 15 2 gansition zone between the finile elements

and finite-difference prid as in Figurs 2.

As meniioned earlier, this condifion 15 more estrictive than
the one {eguation 23) for the FD scheme. As in the FLY grid,
we use 12 elements per minimum wauleugﬂ;

We approdimale the ime dervative of ﬁ and the func-
Llion P, el in equations (27) in the sane way as 2 ‘ and &,

in equations (2). This leads to equations

o .
P o P e il 5F . R P
K 2+ mA Y
Zen A .
- K =1,
2 e

Link between the Finie-Difference
and Finite-Elerent Algorithmy

The FI» and FE alporithms have to communicate at the
comtact of the pwo corresponding computational regions dus-
ing the entire process of lime egration, We describe the
link using the example ol 2 purtion of the compiaiensl grid
arauned the free surface of the semicircular canyon shown in
Figure 5. The portien of the grid 15 shown in Fipure 2. Nodes
on line A are inteenal for the [T algorithm. At the saine time,
they are Dhivichlet-boundary nodes For the FE reglon. There-
fure. the I'E alzaritho regquires e displacement values cal-
eulwied by the 1D algovithm at these nodes ax well as the
acceleration values. The uceclerations loave (o be calealuled
from the displacements with the second-urder accuracy.
Therefore, we approximate the weceleration in a node al (he

emeth tinne level for which we vse a central diffcrence formula
and displacements al the e levelsm — 1 e and m + |
in the same node. This implies the use of the above-ten-
noned central difference scheme for the lme integration.
The tme integration procedore can be then sumumarized i
the following steps:

L. calculation of displacements at time level mr 4 1 from
those at time levels m o - 1 and m in the FD region;,

2. caleulation of gecelerations at the sl nme level in the
rondizs on Hne A

3, valeulation of displacements in the ¥E region at thine level
u -+ | from the displacements at time levelsm — 1 and
pr and {rom boundary conditions at the mih ume level;
and

4. proscribing displacements al time fevel m F 1 in the
noddes on line B as a boundary condition for the FD re-
g,

v is obvious that cuvering cenain parts of the computational
region by linite elements instead of & Gnite-difference grid
impdies same addilional costs— increase in conmputational
Lite and memaory requirerneats. Let us consider M points in
the FI grid. Consider then that we replace & grid points by
N nodes of [niee elements, Restnel surselves o perfectly
elustic mediwm singe, in pringiple, the attenoation may be
imrodoced in ditferent ways—aat necessurily using the rhe-
vlogy ol the generalized Maxwell by, 1o cur F1Y seheme,
each grid point is assigned seven valugs {effective density.
three horizontal and three verticu! harmanic averspes of elas-
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Figurc 5,
lution by Kawase (19688, Fig. 12p gl our FTGFE solution for the mode] of the semi-
vircular canyo shoaen it Figone 5.

tic muduli} deserihing medicem properties. For & {inite-ele-
ment nodes, we consruct mass and stiliness marrices, Then
the lumped mass markx cansists of 28 nonzere values, The
maximum number of ponzero values in the sufiness ma-
Irii— 2N 0 1H.—pives the uppet estimaie of number of val-
ugs thar have 1o b stored in cure memory. Depending on
the medivm and linite-elemen mesh, the nomber of nonzere
values in the stilfness matrix may be kower  usually by
1057 TRS, i ineremse in memary reydiremient 15 conbrolled
by the mumber of fioite-elemem nodes and the fuite-element
ntesh (shapes of elements and theit configuration}. Based on
wur comprlatonnl expericned, we can approximately esti-
Imale the ratio of memery reynirements in the combined FD-
Fi god o those in an equivatent B grd as

Mo 4N
A

Similarly, we estemate the ratio of the computational rimes
a5

A+ 6N Al
M .'l'i.i',.-r_1

wihere An,, and As - oare fime steps according to equations
(23 and (300 We conclude that it is desirable 1o use jiniie
elements only for 4 smal| portion of the entire computitional
i'Eglﬂn.

Comparison of the DW%-RE liscrete wveoumber boundary eletients »o-

Test Compulalions

In order o test the accoraey of the developed mietiod,
we campare oumercal results far selected prohlems with
resulls ubtained by independem methods of caleulation.

Inglusion af Artenuatiun

First we consider a madel of an unbounded honoge-
neous imednt and two half-space madelsi— a honogencogs
anid @ welded quarter-space modlels, The ebastic paramerers
and wave-field excitation in the half-space models arc taken
froan the article by Zahrudnik and Priola (1995), Ail the
medels wre shown i Figure 3. 1n all cases, the wave field is
excited by o Yine sonrce. The somtrce is a verfical bady force.
[t Hime dependenee in the case of the umbounded medium
i given by a sero-phase Ricker waveler

Lty = enpl —0LEF7L — i) cos|mfiir — K]
where f, — 22 He and ¢, = 0.136 sec. In bath half-space
mexdels, the sowrce is applied near the sorface. Tts time func-
liom is given by (e Girst derivative of the ahove Ricker
wivelet

Adt) = - exp(B)lf, cosicdt — 5 + = sinlcd],
b= =050t — 0 ¢ = qfit - 5.

with f, — 22 Hz and r, = (.136 sec.
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TRAPEZOIDAL RIDGE

subjected to a plane SV-wave
impinging vertically from below

1T abservation points

Gabor wavelet with a dominant frequency fp = 5H:
5= 1000m/s
a = 2000m/ s

}LSC = 200m
F _
A 5= 100m

Figare 7. Model of a irapervidal ridge- -peometry
and receiver positions. The shaded area indicates the
strip covered with the finite elements.

Figure 8.

k. Mocro, B, Bysiricky. ). Katstek, 1 M. Carcione, und M. Bouchon

Fur an unbounded medium. we compars the FL salunion
with the comesponding analyrica! solution [e.g., Cancione ef
al, 1938). The romparison is shawn in Figoere da. Boih so-
lutions are in very good agreement.

in the cave of the viscoelastic Lamb™ prablem and quar-
ler-space muklel, we compare the FO and FO-FE solutions
with that obtained by Cgrcione (1992). In the F13-FE mod-
eling, we covercd a parl of the half-space hy the hnite ele-
ments a5 indicated by dashed Jines in Figure 3. Carcione
£19923 uses o Zener rheolngzical model and 2 pseudospecteal
technique o compute the spalial derivatives, Assuming ane
relaxalion mechanism (v — 1 in equalions 2 and 27) for
each wave 1ype, we can strictly solve the same problem with
both algorithms.

The agreement of all three solutions is very 2ol in the
case af the homogeneaus hall-space (HY, the upper part of
Fig. 4k}, In the case of the welded quartter-spaces {W0. the
lower part of Fig. 40, we observe a small discrepancy in
the amplitude of the reflected Rayleigh wave armving at
ahtr 1.33 sew in the B recgiver. We performed additional

Comparizon of the [PW-BIE (discrete wavenumbsr—boundary integml
cywation] and [BE (indirect bugmiary clement; computed by H. A, Pedersen) sulutions
with uir FI3-UE solution fur the model of the trapezoidal ndge shown in Figure 7,
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computations for the purely elastic medium (o find oul
whether the incorporation of the attenuation or the modeling
o dhe internal discontinuity is responsible For the smal) dis-
crepancy. Based on the compariscen with the finite-difierence
(PS1) and spectral clement (SPEM}Y muthids in Zahradnik
and Pricla (199353, we suspect that the diserepaney is due to
the uncenzinty in the verical interface position {ooc grid
point} present io the pseudospectra] method and not due o
the: incurporation of the attenoation. Abl theee solutions agree
very well in the R2 receiver and satisfaciorily in the R3
receiver {realizing the small amplitudes in B3 compared with
those in B | and R2).

Inclusion of Topography

We consider bwo basic types of lopographic irrepulari-
tigs: g canyon and a ridge. For the first companson, we take
4 muode! of a senicircular canyon lirst studied by Trifunac
(1971). The model is shown in Figure 3. Since we want o
compare in the time domatn, we take a soiution obtamed by
Kawase (1988) who used the discrete wavenumber—boumnd-
ary element method. Kawase demonstrated the accuracy of
his method by comparing his solution in the 5if case with
Trifunae's analytical solution.

The cunyon ts subjecied o a plane P-wave impinging
vertically from betow. The tme function of the incident
wave 15 given by o Hicker wavelet defined as

wdr) = (2mfrr — lexpl—af o

where f_ is the charactertstic frequency of fhe wavelet and
7 = tfifa ix the nondimensional time (which in the frequency
domain ¢omesponds o the nundimensional frequency f, =
ey, o being the radius of curvalure of the canyon amd &
the Sowave velocity. Seting £ = | and § (mdsee) equal 1o
a (m), we get the wavelength of 5 wave at the characteristic
frequency equal to the canyon radius. The P-wave velocity
is set o he 2f, Based on the prid wsed in our computation,
our siluticon should be theoretically accurake up o 4f. Both
soluligns are shown in Figere 6. 11 15 clear that they are in
very guod agreement. The only slight difference is in the
velocity of the Rayleigh waves propagating away from the
canyon.

The second topoaraphic geomelry thal we consider is a
ndge of trapezaidal shape (Fig. 7). The buse of the rdpe is
400 m wide, and irs elevation is 150 n. The Qanks of the
ndge are steeply incliped at 457 from the vertical, while diwe
survmital plarforn is llat and LK} m wide. The S-wave and
Powave velocities of the medivm are 1000 and 2000 misaec,
respectively. The incident seismic wave tield s a vertically
impinging plane ¥V wave having the fime dependence of a
Grarher wavelel

ity = expf — ekt — P} casfouir - Ly or o

withir = 2gf. fp = SHat, = D30 sec. y = 4, and w —
af2. Receivers are arranged in a lincar profile cxtending fram

/N

* SOURCE

! * saurce

* sopRrce

* SOURCE

Figure 9. Three models of local structures: (a)
rupocoical ridge. (b) sediment valley, and {e) com-
bincd topographic-sedimentary  structure. (4} The
source radiation and wave propagation in the back-
ground medimm (e, homogensous half-space} 15
computed only onve. The wave Beld reconded along
the excilation Hnes (dashed lines) is then used in re-
SpOnSE coinplilation {or each of the sinectores,

. _ —
i o 2 o 1"1'!
5

Figure [l The combined B % f and 2 % 24
spatictl prid, The finite elements are wsed as a fransi-
tion oo belween the twa grids. The shaulowed e
has the same meaning as that in Figore 2.
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Freure 11,

the center of the sununital plarform to a distance of 200 m
from the fous of the ridge. They are equally spaced at 23-m
imiervils along the borizontal direction. The resulting hori-
zontal ane verticy! displacemant seismograms are presented
in Figure #. We compare our solution with two independent
ones: a discrete wavenumber—houndary integral equation
methed (Galfet and Bouchon, 1989) and an indirect hound-
ary clement mathod (Pedersen of of, 1994),

The agreement between our solution and the ooe cal-
culated by the indircet boundary clement method is excel-
lent. The results obtained by the discrete wavenumber—
boundary integrl equation method, atthough in gesd gen-
cral agrecment with the oiher two solutions, shightly under-
estimule: the strength of the diffracted waves. This small dis-
crepancy s attgbuted w the presence of sharp comers in the
topozraphy thal are siaothed o in the boundary inegral
eguation formulation,

Based on these numericad wsls, we conchude the tollow-
ing: (1) The presented FI scheme and the FD-PE algorithim
accutately mne] anelastic atenvation, (23 The FD-FE al-
gorithm accuritely models frec-surlace topography.

The horizoatal {0 and verteal (w) components of the displacements ar
the reccivers glong 1he hee surtace of the combined topegraphic-sedimentany strogtare.

Hybrid Modeling

As shown in gure 1h, our hybrid mrodeling consists of
iwo sleps. In the frst step, the sonrce radiston and wave
propagaiion in the backgrouwnd mediom is culeolated by e
W method, and the computed wave field £ is reconded
along lines a and b In the second step, the wave Reld 17 is
applied on lines a and b to excite the wave held in the lo-
calized structure and link the ol wave field I7 with the
residual wave field 17

We have shown in the provious sections that the devel-
oped kD scheme aml FI-FE algorithm can be used w cal-
culab: wave propagation in the £, and £ regions {(sce Fig.
1h), respeciively, Zahrudnik and Mogao (19940) have dem-
anstrated the validity of the 19W-FD coupling algorithm. This
is the same merhod used here {or the OW-FD-FE coupling.
With respeet to the coupling algodthm. the free-surface Lo-
popraphy does not mean any change compargd 1o a sedi-
mentary stmacture with the flal free surface: they both scatter
the wnchkdent wave feld.

In the nexl numerical example, we wanl b compae the
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Figure 17

respanse of three localized structures——a ndpe, sediment
vatley, and the ridge neighboring the sediment valley—ta
the same spurce radiativon (see Figs. 9a through 9¢). We can
avoid camputing the source radiation and background wave
propagation three limes {i.e., for cach of the three struclurey)
by making use of the conpling algarithm. Thus, we fitst com-
pute the source radiation and backgrownd propugation o the
absence of both irreguelanities (i.e.. in the hamegencous hatf-
space) and recond the wave field along two excitation lines
[sec Fig. Yd). Second. we upply the recorded wave field an
the excriation lines 1o each of the three campurations (one
camnpatation for gach of the theee structures} withowl includ-
ing the physical localized seurce in the computttions.
Befare we show the memerical resolis, Tet us expluin one
uther possthle use of the FILFE combination. n order ta
nwake the second-step compuiation maore efficivin, we use o
2k X 2h =patial grid for the U, region (e, outside the ex-
citation recrengle). while we use an < & spatial grid inside
the excitation rectangle. The link between the i > fand 24
# 2k grids s accomplished using a strip of finite ¢lements
{see Fig. 10 We have checked the performance and acow-

The hodzontal [re) anel venlical (w) eoraponents of the displacemeonts at
the peceivers along e free sorfaee of 1he half-space with sediment valley.

rucy of such a combined grid by comparing it with the reg-
war # ¥ A grid coverdng both regions. The use af finite
clenents between the two FL prids is reguired becanse we
have not found a stable B0 algocithm to link the two grids
as in the 5H case (see Mocoo e al, 1996).

In the numerical simulations, we considercd the Tollos-
ing mendel and source parameters. The topographic feature
1s the same frapezoidal ridge as in Figure 7. The sediment
valley s 275 und 175 m wide at the surface and at the bot-
lanl, respective]ly. The valley is 35 m deep. The P- amd 3-
wiave velocitics and the density inside the valley wre Y00 my
sec. 400 misec, and 1500 kgdm®. The P- and S-wave quakiy
Factors are 60 and 40 ar g frequency of 6 He, and the Fut-
wrman Hes) law is asstioed. It is approximated using three
réfusution mechanisms (# = 3} and ca; = 2xé taclfsec, The
wave field is due 1o the downward vertical foree acting along
1he line source that is in 304 m depeh and GF0 m o the left
of the ridge. The tinwe function of the toree is given by Gubur
waveled with # dominant frequency f, = 2.3 He, ¢, = 1172
sec. ¥ = <hoand w = =2, The spatial grid spacing is & =
Smoan the U region and 1 moin the 1, region. The time
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Figure 13.

prams i Fig. 12).

step 35 0.001 <ec, The weeivers are equally spaced at 20-
anicd 10-m intervals in the horizomal direction,

Figurz 11 shows seismograms at the free surface of the
cumbined 1opegraphic-sediment structure. Figure 12 shows
seasmurgrams at the {ree surface of the hulf-space with sed-
iment valley. Comparison of seistmograms in both figares
wpgests that thore are certain differences in the responses
of the sedimeni valleys with and without peighboring ridge.
Mifferences in the waveforns ane clearly visible mainly in
the horzontal () compunent, Difference seismorrams (.2,
seismograms in Fig. 11 minus seismoprams in Fig. 12) o
Uigure 13 exhibit amplitudes and durations that are compa-
rable to those in Figures 11 and 12, Futher, we computed
the Fouter wransfer functions (FTF) hy dividing the Fourter
spectra of the local responses by the Fourier spectrum of the
input signal. In Figure 14, we show the FIF only for the
horizontal colnponents sinee there 1s practically no differ-
ence between the FIE for the vertical components in the
valleys with and withow neighbonng ridge, Buth the dif-
ference seismograns and FTF confirm that there 15 a con-

The ditference selsmoprams (seismogems m B 1) minus seisme-

sidetuble dillerenee in the hodeonial compunents in the
responses of the sediment valleys with and without neigh-
boring ridge while the vertical compongnts are very close in
both cases (the katter means that the vertical component of
the difference selsmoerams is mainly due 1o phase shift of
very cluse signals), Thus, we have o strong incdication that
tuking the free-surfuce wpography neighboring the valley
can be (depending on the specthic structuret important even
in the case when we are wnly inlercsted in the valley e
spumse. W do nat show the seisinograns tor purcly topa-
eraghic Imegularily and cormesponding ditference seisma-
arams since in this example the presence of the valley does
ool chanpe the response of the tidge cansiderably.

Conclusions

Wwe have developed a new hybrid imethod o compule
the £-517 selsinic motion al inhomozensaus viscoslstic w-
prezraphic stractures. The mwthod combines the 1AW (dis-
crete-wavenumber), FO (Bndic-difference), and FE (linite-
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and i she nusdel withenst the ddge (than lime).

Fourier transfer functions a1 silgs |
theough 26 alunp the free surtaee of Lhe sediment val-
ey in the mudel with neighboring ddge (thick line)

element) methods. It represents a generalization of the
hybrid DW.FD method suppested recently hy Zahrudntk
{1995a) and Zabradnik and Moceo {1996) for modeling
near-surface structures along with free-surfaoce topography.
While the source rudiation and wave propagalivn in the
hagkgronnd medium are solved using the DW method. 45 in
the DW-FD method, the inclusion ol a frec-surface Lopos-
raphy is solved by a combined FId FE algorithm.

In developing the FD-FE alporithin for viscoelastic me-
dia, we

+ applied the explicit heterogeneous elastic FD scheme of
Zahradnik {940} 1o the viscoclastie medium whose the-
alogy 15 represented by two generalized Maxwell hodies,
vhecked the accuracy of the FIy scheme in the wiscoclastic
medium through numerical comparisons with analytical
and independent nwmerical solutions,

suggested o way of including the witenuatiun comespoend-
ing o rhealory o two generalized Maxwell bodies iow
the standard FE formulation.

supgesied 4 hme-integration scheme for the FO-FL algo-
rithin,

+ have shown that o strip of findee elements can be used as
a transilion zone between the & x & and 2 X 2 FIr
sparial grids in the combined grid, and

checked the accuracy of the FD-FE algorithun through mo-
merical comparisons with analytical and independent nu-
merical methods for viscoelastic models with o flat free
surface aml perectly elastic models with {ree-surface -
[vaniphy.

Mumertcal comparisons witlt independent  methods
shawed that cur methad 15 sulficiently accucate.

Using numerical vompations, we have siown that ac-
counting for the free-surface topography neighboring a sed-
iment valley can be impartant even in the case when we ate
only interested in the valley response. In other words, the
rdge can considerahly influence the response of the neigh-
honing wediment valley,
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