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A key element to verify the drill-bit signal processing is the estimation of the time delay of the
guided waves transmitted through the drill string from the bit to the surface. This delay can be
measured from drill-bit vibrations or calculated using the mechanical properties of the drill string.
The calculation of the complete solution and the exact dispersion relations requires expensive
numerical modeling. In this work, a simple approach to compute the group velocity of extensional
and torsional waves by averaging the drill-string properties in the low-frequency approximation is
used. The result is a generalization of the group velocity for periodic systems in which stationary
distribution of properties is assumed. Results obtained with real strings show that the group velocity
in the bottom-hole assembly is greater than the velocity in a uniform rod and lower than the velocity
in the drill pipes. © 2001 Acoustical Society of America.
@DOI: 10.1121/1.1354196#
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I. INTRODUCTION

Drill-string guided waves contain information about th
drilling conditions1,2 and can be used to transmit data fro
the bit location to the surface. For instance, Rector a
Marion3 and Mirandaet al.4 investigated the potentials o
these waves for while-drilling prediction ahead of the b
The drill bit acts as a seismic source and, in addition, gen
ates extensional and torsional vibrations in the drill strin
whose wavelengths are much longer than the diameter
the drill string. These signals are used to correct the arr
time of the data acquired at the surface by a deployed s
mic line. Because the correction is based on the group ve
ity of the guided waves, it is important to determine wi
accuracy this velocity, which depends on the drill-stri
acoustic properties and geometrical features.

Several authors investigated the behavior of guid
waves in drill strings. Barnes and Kirkwood5 analyzed the
passband and stop band effects caused by the presen
tool joints in the drill pipes of an idealized~periodic! drill
string. Drumheller6,7 investigated the acoustic vibrations
the drill string for transmission of while-drilling information
between the drill bit and the surface. Using the dispers
equation, Drumheller6 calculated the group velocity of th
extensional waves for different lengths and cross section
the drill pipes and tool joints. He considered a periodic s
tem. Using a full-wave modeling algorithm, Carcione a
Poletto8 solved the differential equations describing wa
propagation through the drill string. They computed wav
forms of the extensional, torsional, and flexural waves
modeling the geometrical features of the coupling joints,
cluding piezoelectric sources and sensors.

In this letter, we propose a method to compute the gro
velocity of extensional and torsional waves in a drill stri
composed of several elements of arbitrary acoustic prope
and geometrical characteristics. The method is based on

a!Electronic mail: fpoletto@ogs.trieste.it
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eraging the forces, the mass, and the polar moment of ine
of the different components of the drill string. The conditio
of stationarity is required, that is, in a given length of dr
string the proportion of each element~e.g., drill pipes, tool
joints, etc.! remains constant. The resulting equations for
group velocity are not restricted to periodic systems.

II. ACOUSTIC PROPERTIES OF THE DRILL STRING

A drill string is composed of several sections and e
ments of different weights, diameters, and mechanical pr
erties. It is divided into two main parts. The upper part, be
the predominant one, is composed of several sections of
pipes and coupling joints. The lower part is the bottom-h
assembly~BHA!, which is heavier and of rather comple
composition. The main parts of the BHA are the heav
weight drill pipes and the drill collars. The drill string i
normally made of steel with uniform elastic properties, b
parts of the BHA are made of aluminum and hard rubbe

Each element of drill string is characterized by a dens
r, a lengthd, an internal radiusr i , an external radiusr e , a
Young modulusE, and a shear modulusm. Because at seis
mic frequencies the wavelengths of the guided waves
long compared to the drill-string lateral dimensions, the d
string can be approximated as an effective rod.

Let z be the axial coordinate of the drill string,u the
relative axial displacement, andu the relative angular dis-
placement. The axial and angular strains are

e5
]u

]z
and s5

]u

]z
, ~1!

respectively. The strains~1! vary in the drill string according
to the properties of the different elements. We assume
low-frequency approximation, which holds for wavelengt
that are much longer than the length of the drill-string s
tions. At the low-frequency approximation, these sectio
can be seen as homogeneous rods, with constant diam
and elastic properties, where constant axial and torsio
1743(4)/1743/4/$18.00 © 2001 Acoustical Society of America
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stresses generate constant axial and angular strains, re
tively.

If k is the wave number andv is the angular frequency
the exact equations for the phase and group velocities
given by

vp5
v

k
and vg5

]v

]k
5S ]k

]v D 21

, ~2!

wherev5v(k) @or k5k(v)# is the dispersion relation. In
stead of using the exact dispersion relation, which wo
require a lengthy and unnecessary numerical calculation
invoke the long-wavelength approximation and substitute
nonuniform drill string by an effective rod of similar averag
properties. Then, the group velocity at seismic frequenc
can be easily calculated from these average properties.

We denotemext ~in kg/m! and mtor ~in kg m! the mass
per unit length and the polar moment of inertia per u
length, respectively. They are given by

mext5rA, and mtor5rI , ~3!

whereA is the cross section of the effective rod andI is its
polar moment per unit mass and unit length, given byI
5(p/2)(r e

42r i
4). Because in a uniform rod, the group v

locities of extensional and torsional waves equal the resp
tive phase velocities, that is,vg(ext)5(E/r)1/2, and vg(tor)

3(m/r)1/2,9 the group velocities of the effective rod can b
calculated as

Vg~ext!5AEA

mext
, and Vg~ tor!5A mI

mtor
, ~4!

whereEA andmI are the average axial force per unit stra
and the average torque per unit strain, respectively.

III. AVERAGE PROPERTIES

Let the drill string be composed ofN elements, of axial
lengthsdi and cross sectionsAi , i 51,...,N. We calculate the
average of a given property or field variablea by

^a&5S (
i 51

N

di D 21F(
i 51

N

diai G . ~5!

A. Average dynamical properties

The axial force~Newton’s law! and the torque per uni
length are,9

Fi5Air i

]2ui

]t2 , and Mi5I ir i

]2u i

]t2 , i 51,...,N. ~6!

The average axial force and torque per unit lenght are t
given by

F5^Fi&, and M5^Mi&, ~7!

respectively. We obtain the average massesmext5Ar and
mtor5Ir by assuming that the average axial force and tor
are related to the average axial and angular displacem
^ui& and ^u i& by

F5Ar
]2^ui&

]t2 , and M5Ir
]2^u i&

]t2 . ~8!
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Averaging Eq. ~6! and using ~7!, ~8!, and ]2^ui&/]t2

5^]2ui /]t2& and]2^u i&/]t25^]2u i /]t2&, we have

K Air i

]2ui

]t2 L 5Ar K ]2ui

]t2 L ,

and ~9!

K I ir i

]2u i

]t2 L 5Ir K ]2u i

]t2 L .

Moreover, assuming statistical independence10 betweenui

andAir i and betweenu i and I ir i , we have

K Air i

]2ui

]t2 L 5^Air i&K ]2ui

]t2 L ,

and ~10!

K I ir i

]2u i

]t2 L 5^I ir i&K ]2u i

]t2 L
@for instance, sinceui , in the long-wavelength limit, varies
linearly and very slowly from element to element, we m
assume~omitting the time derivative! ^Air iui&5^Air i&^ui&,
even if Air i varies by large fractions from element to el
ment#.

Comparison of~9! and ~10! yields

mext5Ar5^Air i&, and mtor5Ir5^I ir i&. ~11!

B. Average static properties

Let F be a constant axial force andM a constant torque
acting on the drill string and lete ands be the average axia
and torsional strains, respectively. The strains are relate
the axial force and torque by

e5
F

EA
, and s5

M

mI
, ~12!

whereEA andmI are the averaged properties.
On the other hand, the average value of the axial a

torsional strains are

e5^e i&, and s5^si&, ~13!

respectively. Because

e i5
F

EiAi
, and si5

M

m i I i
, ~14!

we obtain

^e i&5F K 1

EiAi
L , and ^si&5M K 1

m i I i
L . ~15!

Comparison of Eqs.~12! and ~15! and use of~13! and ~14!
yields

EA5 K 1

EiAi
L 21

, and mI 5 K 1

m i I i
L 21

, ~16!

respectively. Equations~16! are averages of the reciprocal o
the acoustic properties. They are similar in form to the eff
tive elasticity constantc33 of a thinly layered medium in the
long-wavelength limit.11
1744F. Poletto and J. M. Carcione: Letters to the Editor
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IV. GROUP VELOCITY

Substituting Eqs.~11! and~16! into ~4! yields the group
velocities for extensional and torsional waves in the lon
wavelength~low-frequency! approximation

vg~ext!5S K 1

EiAi
L ^Air i& D 21/2

5S (
i 51

N

di D F S (
i 51

N

di r iAi D S (
i 51

N
di

EiAi
D G21/2

, ~17!

and

vg~ tor!5S K 1

m i I i
L ^I ir i& D 21/2

5S (
i 51

N

di D F S (
i 51

N

di r i I i D S (
i 51

N
di

m i I i
D G21/2

. ~18!

These equations are not restricted to periodic systems
provide a good approximation in the frequency range u
for while-drilling investigations.

If the density and the Young modulus are constant, a
the drill string is composed of a periodic system of pipes a
coupling joints, Eq.~17! becomes the group velocity ob
tained by Drumheller.7 Moreover, if the shear modulus i
constant, Eq.~18! simplifies to

Vg~ tor!5Am

r
~d11d2!Fd1

21S I 1

I 2
1

I 2

I 1
Dd1d21d2

2G21/2

, ~19!

where d1 and d2 and I 1 and I 2 are the lengths and pola
moments of the pipes and coupling joints, respectively.

V. EXAMPLE

We consider wave propagation through the drill colla
~part of the BHA! for two different cases. They are referre
to as systems 1 and 2 in Table I, whered indicates the length
of each element of the drill collar. In system 1, the radii a
quite uniform, and in system 2 the radii show a larger var
tion. Each element has the same acoustic properties:r57840
kg/m3, E5206 GPa, andm578.5 GPa. These values giv
rod velocities of 5126 and 3164.3 m/s for the extensional
torsional waves, respectively. The group velocities obtai

TABLE I. Dimensions of the drill-collar elements.

System 1 System 2

r e ~in.! r i ~in.! d ~m! r e ~in.! r i ~in.! d ~m!

6.5 2.8125 0.47 8.0 2.8125 0.7
6.5 2.875 27.58 8.0 2.875 18.37
6.25 2.05 10.33 7.094 3.125 5.3
6.5 2.875 75.40 7.094 3.0 5.95
6.25 2.8125 1.89 8.0 2.875 55.4
6.5 2.875 18.65 8.0 2.75 2.0
6.75 2.8125 1.48 8.0 2.875 9.25
6.75 2.8125 1.48 8.0 2.8125 9.2
6.5 2.875 9.46 8.0 2.75 2.22
6.25 2.8125 0.66 9.25 2.875 0.3
8.5 0.1 0.25 9.625 2.0 9.64

12.25 0.1 0.31
1745 J. Acoust. Soc. Am., Vol. 109, No. 4, April 2001
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from Eqs.~17! and ~18! are 5123 and 3156.8 m/s and 507
and 3044 m/s for the extensional and torsional waves co
sponding to systems 1 and 2, respectively. As expected,
to uniform distribution of masses, the values for system 1
close to those of the uniform rod.

Let us consider now the drill pipe/coupling joint syste
above the BHA, with dimensionsr e55 in., r i54.275 in.,d
59.2 m ~pipes!, and r e56.625 in., r i52.75 in., d50.5 m
~tool joints!. Assuming a periodic system, the extension
and torsional group velocities are 4727 and 2860 m/s,
spectively. Note that the wave velocities in the drill colla
for system 2~with an uneven distribution of masses! are in
between the velocities of a uniform rod and the velocities
the drill pipe/coupling joint system.

Figure 1 shows an example of real drill-bit signal aut
correlation corresponding to system 2~see Table I!. Each
trace corresponds to approximately 30 min of listening tim
These data are measured by an axial accelerometer on th
of the drill string, when drilling from 1900- to 3200-m depth
The direct arrival is aligned at 1 s. The dipping events
long period multiples of the drill string. Short-period reve
berations are observable after the direct arrivals and after
long-period multiples. These events correspond to reverb
tions in the main parts of the BHA, i.e., drill collars~DC!
and heavyweight pipes~HWDP!. The analysis of the mul-
tiples in the DC gives a velocity of 5050 m/s, in good agre
ment with the calculated group velocity.

A similar analysis for the waves in the HWDP, assum
ing E5206 GPa, gives a velocity of 4740 m/s. Because
the different group velocities, the internal reverberations
HWDP and DC of equal length have different periods. T
difference can be of 4 ms for a length of 150 m.

In summary, we obtained the group velocities for exte
sional and torsional waves in drill string at the lon
wavelength~low-frequency! limit. For wavelengths longer

FIG. 1. Drill-bit axial pilot autocorrelation. Short- and long-period multiple
have different group velocities in the BHA and in the drill pipes.
1745F. Poletto and J. M. Carcione: Letters to the Editor
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than a characteristic length~for which the system is station
ary!, the drill string behaves like a uniform, or nearly un
form rod, whose mass is the average mass and whose e
coefficients are algebraic combinations of the elastic coe
cients of the single elements. The results are a generaliza
of well-known expressions for periodic systems, which a
not expressed as averages, and therefore cannot sugg
generalization to nonperiodic media or media in which
acoustic and geometrical parameters and density can
more than two values. The results can be used to estimat
delays of low-frequency acoustic signals in the differe
drill-string sections.
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