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a b s t r a c t

Bottom simulation reflectors (BSR) are seismic events generally corresponding to a partially saturated
layer with gas separating hydrate-bearing sediments from brine-saturated sediments. Seismic attenua-
tion and velocity dispersion affects the waveform of the BSR event. In this work, we consider a 1D
methodology to study the effects of seismic Q, velocity dispersion, layer thickness and properties and
characteristics of the overburden on the reflection coefficients and waveform of such event. We describe
the media by using a rock-physics model based on poroelasticity, calculate the reflection coefficient of
the BSR layer of varying thickness and compute the waveforms with a full-wave pseudospectral method.
The proposed rock-physics/modeling methodology is fast in terms of computer requirements and can be
used to quantify the seismic properties and compute waveforms useful for seismic interpretation and
inversion of quantities such as porosity, hydrate content, gas saturation, clay content and thickness of the
BSR layer. We show that in many cases the interpretation can be counterintuitive and a proper rock-
physics methodology is essential to reach valid conclusions about the influence of the different pa-
rameters on the wave properties.

© 2015 Elsevier B.V. All rights reserved.
1. Introduction

Gas hydrates may represent an important source of fuel energy
(e.g., Makogon, 2010). The most common detection and quantifi-
cation technique is seismic surveying. Bottom simulating reflectors
on seismic profiles are interpreted to represent the seismic signa-
ture of the base of gas hydrate formations overlying a layer partially
saturated with free gas. It is observed that the seismic response of
the BSR is characterised by low frequencies, called the “low fre-
quency shadow” by Taylor et al. (2000) (see also Geletti and Busetti,
2011). The shift to low frequencies is interpreted as attenuation due
to partial saturation with free gas (e.g., Vanneste et al., 2001).
However, some caution is required since the presence of low fre-
quencies may be due to other causes, such as NMO stretching,
which is important at far offset traces (Dunkin and Levin, 1973).
adrouh), jcarcione@inogs.it
This effect will be investigated in a future work. Here, we focus on
intrinsic attenuation by using a 1D model, keeping the description
of the physics, while providing a fast and efficient tool for seismic
interpretation. Scattering attenuation is not taken into account,
since it is important at high (sonic-log) frequencies.

Recently, Dewangan et al. (2014) analysed the effect of gas hy-
drate and free gas on seismic attenuation. The zones of gas hydrate,
identified by the increase in seismic velocity, show high quality
factors (Q), a result that agrees with the rock-physics models pro-
posed by Carcione and Tinivella (2000), Gei and Carcione (2003),
Carcione and Gei (2004) and Carcione et al. (2005a), and with the
experimental results in Rossi et al. (2007). On the other hand, they
show that the presence of free gas within the gas hydrate stability
zone increases seismic attenuation.

In this work, we study the normal-incidence reflection coeffi-
cient of a layer as a function of the layer thickness and quality factor
and perform numerical simulation of transient wavefields to obtain
the seismic events. The modeling is based on a spectrum of relax-
ation mechanisms and the differential equations are solved in the
space-time domain by using a direct method based on the Fourier
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pseudospectral method (e.g., Carcione, 2015). The media are
described by a poroelastic model based on a generalisation of
Gassmann equation. In particular, the upper medium containing
gas hydrates is a sediment whose skeleton has three phases,
namely, quartz, clay and gas hydrate, forming three frames. The
model describes also the BSR layer partially saturated with gas as a
particular case. To quantify the seismic loss (Q), we use the meso-
scopic White model (White, 1975; Carcione, 2015).

Several effects due to wave loss are investigated here. Attenu-
ation in the BSR layer is very low, due to mesoscopic-loss effects
because of the presence of gas (e.g., Carcione and Picotti, 2006) and
this fact affects the reflection coefficient and the amplitude related
to the BSR event. Moreover, the thickness of the BSR layer generates
interference effects which also affect the reflection coefficient and
the waveform. In order to analyze these phenomena, we compute
1D synthetic seismograms by varying the quality factor and thick-
ness of the BSR layer. In addition, the intrinsic attenuation of the
upper layers induces a shift of the spectrum centroid to low fre-
quencies as the traveled distance increases.

Regarding temperature effects as the gas-hydrate stability zone,
Gei and Carcione (2003) have compared two empirical equations to
ODP data showing a very good agreement. The BSR is deeper for
lower geothermal gradients, increasing depth and decreasing
temperature of the seafloor. Moreover, temperature and pressure
affect the acoustic properties of the fluids, mainly those of the free
gas. The relevant equations can be found in Gei and Carcione
(2003). In this work, we focus the research on the geometrical
and intrinsic attenuation effects. For clarity in reading, we include a
list of symbols in Appendix A.
2. Petro-elastical model

Fig. 1 shows the media (denoted by j ¼ 1,2,3) and interfaces
composing the system, where the BSR event is due to a composite
Fig. 1. Geological model. Composition of the BSR system (a) and gen
reflection related to layer 2. The sediments above the BSR (medium
1) are saturated with brine containing clay and gas hydrate. This
rock can be considered as a composite material with n ¼ 3 frames,
i.e., the rock (quartz) frame, the clay frame and that of the hydrate
network. In the following i ¼ 1, 2 and 3 indicate the properties of
quartz, clay and gas hydrates, respectively. Carcione et al. (2005b)
obtained the wet-rock (Gassmann) bulk modulus of a medium
with n frames and one fluid. If fi is the fraction of the i-th solid and

f is the porosity, such that
Pn

fi þ f ¼ 1, the Gassmann modulus is

KG ¼
Xn
i¼1

Kmi þ
 Xn

i¼1

ai

!2

M; (1)

where

M ¼
 Xn

i¼1

f0
i

Ki
þ f

Kf

!�1

; (2)

f0
i ¼ ai � bif; ai ¼ bi �

Kmi

Ki
; bi ¼

fi

1� f
: (3)

bi is the fraction of solid i per unit volume of total solid. Here Ki,
i¼ 1,…n and Kf are the solid and fluid bulkmoduli, respectively, and
Kmi, i ¼ 1,…n are the frame moduli.

A generalization of Krief's model for a multi-mineral porous
medium is used to obtain the frame moduli,

Kmi ¼ ðKHS=vÞbiKið1� fÞA=ð1�fÞ; i ¼ 1;…;n; (4)

where A is a dimensionless parameter, v ¼Pn
i¼1biKi is the Voigt

average, and KHS ¼ (Kþ þ K�)/2, where Kþ and K� are the
HashineShtrikman (HS) upper and lower bounds (Mavko et al.,
eral model (b). The velocities and quality factors are indicated.
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1998; Carcione et al., 2005a,b). The expression (Carcione, 2015) is
such that the composite modulus Km ¼PnKmi is consistent with
the HS bounds when f ¼ 0.

On the other hand, the dry-rock (and wet-rock) modulus of the
composite is

mm ¼
Xn
i¼1

mi

Ki
Kmi; (5)

where mi is the rigidity modulus if the i-th solid.
Finally, the P-wave modulus is

E ¼ KG þ 4
3
mm: (6)

Themodel is used to characterise all themedia in Fig.1, to obtain
the elastic (lossless velocity) as

c ¼
ffiffiffi
E
r

s
; (7)

where r is the composite density, given by

r ¼ ð1� fÞ
Xn
i¼1

biri þ frf ; (8)

where ri and rf are the densities of the i-th solid phase and fluid,
respectively.

Medium 2 has brine and gas in the pores. When the fluids are
not mixed in the pore volume, but distributed in patches, the
effective bulk modulus of the fluid at high frequencies is higher
than that predicted by Wood's model (White, 1975; Mavko et al.,
1998; Carcione and Picotti, 2006). To obtain the bulk modulus of
the gaseliquid mixture, we use an empirical law introduced by Brie
et al. (1995). The effective bulk modulus is given by

Kf ¼
�
Kb � Kg

�
Se þ Kg; (9)

where Kb and Kg are the brine and gas bulk moduli, S is the brine
saturation and e is an empirical parameter. Equation (9) gives
Voigt's mixing law for e¼ 1 and an approximation toWood's model
for e ¼ 40. The fluid density in this medium is simply given by
rf ¼ Srb þ (1 � S)rg, where rb and rg are the brine and gas densities,
respectively.
2.1. Anelastic characterisation of the layer

In this case, c becomes complex and frequency dependent in
Equation (7). In that equation, c corresponds to the high-frequency
limit velocity and E to the unrelaxed modulus EU. The phase ve-
locity, attenuation factor and quality factor of a viscoelastic medium
are

cp ¼
�
Re
�
1
c

���1

; a ¼ �uIm
�
1
c

�
and Q ¼ Re

�
c2
�

Im
�
c2
� ; (10)

respectively, where here c denotes the complex velocity of the P-
wave, u is the angular frequency u ¼ 2pf and “Re” and “Im” take
real and imaginary parts (e.g., Carcione, 2015).

We consider a constant quality factor, Q , obtained with a spec-
trum of L Zener relaxation mechanisms, whose peak locations are
equispaced in logu scale (see Section 2.4.6 in Carcione (2015)). We
then have to find the relaxation times t

εl and tsl that gives an
almost constant Q in a given frequency band centered at u0m ¼ 1/
t0m. This is the location of the mechanism situated at the middle of
the band, which, for odd L, has the indexm¼ L/2þ 1. The minimum
quality factor of the L peaks is the same and is given by

Q0 ¼ Q
L

XL
l¼1

2u0mt0l

1þ u2
0mt

2
0l

; (11)

where u0m is defined below and u0l ¼ 1/t0l are the peak locations.
Then, the relaxation times are

t
εl ¼

t0l
Q0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0 þ 1
q

þ 1
�

and tsl ¼
t0l
Q0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0 þ 1
q

� 1
�
:

(12)

If f0 is the central frequency of the source wavelet, we assume
that the centre peak is located at u0m ¼ 2pf0.

Finally, the complex P-wave modulus is given by

EðuÞ ¼ EU

 XL
l¼1

t
εl

tsl

!�1XL
l¼1

1þ iut
εl

1þ iutsl
(13)

(Carcione, 2015; Eq. (2.196)), where EU is the unrelaxed, high-
frequency limit modulus, obtained from the model introduced in
the previous section (Equation (7)) and i ¼ �1. If u / ∞, E / EU,
Taking into account that E ¼ rc2, the quality factor is given by
Equation (10).

The cause of the high attenuation in the layer can be due to
mesoscopic loss by wave-induced fluid flow (Müller et al., 2010;
Carcione, 2015). It is assumed that the medium has patches of gas
in a brine saturated background. White's model (White, 1975;
Carcione and Picotti, 2006) describes wave velocity and attenua-
tion as a function of frequency, patch size, permeability and vis-
cosity. Attenuation and velocity dispersion are caused by fluid flow
between patches of different pore pressures. The critical fluid
diffusion relaxation scale is proportional to the square root of the
ratio permeability to frequency. At seismic frequencies the length
scale is very large, and the pressure is nearly uniform throughout
the medium, but as frequency increases, pore pressure differences
can cause an important increase in P-wave velocity (Carcione and
Picotti, 2006).

3. Reflection coefficient of the BSR

The P-wave reflection coefficient of the layer of thickness h in
Fig. 1 is similar to the electromagnetic expression given in Eq. (5.18)
of Brekhovskikh (1960) and Section 1.6.4 [Eq. (57)] of Born andWolf
(1964). These authors report the expressions for the transverse-
electric (TE) case. TE waves are equivalent to acoustic (P) waves
propagating in liquids, while TMwaves are equivalent to shear (SH)
waves propagating in solids (Carcione and Robinson, 2002).
Moreover, the equation in Born and Wolf (1964) is given for purely
dielectric media but the lossy version can be obtained by replacing
the real dielectric constant by the complex permittivity. Here, we
have obtained a complex velocity describing attenuation with the
Zener model. The reflection coefficient at normal incidence is

R ¼ r12 þ r23expð�gÞ
1þ r12r23expð�gÞ ; (14)

where

g ¼ 2iuh
c2

; r12 ¼ Z1 � Z2
Z1 þ Z2

and r23 ¼ Z2 � Z3
Z2 þ Z3

; (15)
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where h is the thickness of the layer,

Zj ¼ rjcj; j ¼ 1;…;3 (16)

is the impedance. The quantity g is complex and defines the phase
(imaginary part) and attenuation (real part) properties of the wave
in the layer.

Equation (14) differs from that of Born and Wolf (1964) in the
minus sign of the exponent, which arises from the fact that herewe
use the convention exp(þiut) instead of exp(�iut).

In the case in which the media above and below the layer have
the same properties, i.e., when r23 ¼ �r12 ¼ �r, Equation (14)
becomes

R ¼ r½1� expð�gÞ�
1� r2expð�gÞ : (17)
4. Numerical modeling method

The synthetic seismograms are computed with a modeling code
based on the viscoacoustic stressestrain relation corresponding to
the spectrum of relaxation mechanism introduced in the previous
section. The equations are given in Section 2.10.4 of Carcione
(2015). The 1D particle velocity-stress formulation for propaga-
tion along the z-axis is

_vz ¼ 1
r
vzs;

_s ¼ EU
	
vzvz þ

XL

l¼1
el


þ s;

_el ¼ 4lvzvz �
el
tsl

; l ¼ 1;…; L;

(18)

where vz is the particle velocity, s is the stress, s is the source
(explosion), el are memory variables,

4l ¼
1
tsl

 XL
l¼1

t
εl

tsl

!�1�
1� t

εl

tsl

�
: (19)

and a dot above a variable denotes time differentiation. The nu-
merical algorithm is based on the Fourier pseudospectral method
for computing the spatial derivatives and a 4th-order RungeeKutta
technique for calculating the wavefield recursively in time (e.g.,
Carcione, 2015).
5. Examples and simulations

The medium properties are shown in Table 1, where the sub-
indices along the first horizontal row denote quartz (1), clay (2) and
gas hydrate (3), while the first column indicates the medium as
given in Fig. 1. Values of the quality factor as low as 5 can be found
in high porosity unconsolidated sediments saturated with gas and
can be explained with the mesoscopic attenuation theory. For more
details about the model see Carcione et al. (2012). The other
Table 1
Medium properties.

Medium F1 f2 f3 f c [m/s] r [Kg/m3] Q

1 0.34 0.22 0.04 0.4 2130 1937 60
2 0.34 0.22 0 0.44 1360 1906 5
3 0.6 0.05 0 0.35 2700 2086 100
properties are: K1 ¼ 35 GPa, K2 ¼ 20 GPa, K3 ¼ 8 GPa, Kb ¼ 2.4 GPa,
Kg ¼ 0.007 GPa, m1 ¼ 35 GPa, m2 ¼ 10 GPa, m3 ¼ 3.3 GPa,
r1 ¼ r2 ¼ 2.65 g/cm3, r3 ¼ 0.92 g/cm3, rb ¼ 1.04 g/cm3, rg ¼ 0.07 g/
cm3, S ¼ 91.6% (the gas saturation is 8.4%), A ¼ 3 and e ¼ 20.5. The
unrelaxed P-wave velocities are shown in Table 1, which agree with
those of Fig. 9c in Geletti and Busetti (2011). The simulations
consider the model shown in Fig. 1. We consider L ¼ 3 relaxation
mechanisms, with the centre peak located at the source dominant
frequency fp (see below), where the first peak is located at
fp � 10 Hz.

The simulations have 495 grid points with a grid spacing of 5 m.
The source s ¼ d(x)g(t) has the time history

gðtÞ ¼
�
u� 1

2

�
expð�uÞ; u ¼

�
pðt � tsÞ

T

�2
; (20)

where T is the period of the wave and ts ¼ 1.4 T is a delay to make
the wavelet causal. The peak frequency is fp ¼ 1/T. The Runge Kutta
algorithm uses a time stepping of 0.5 ms. For simplicity, to avoid
reflections from the upper layers, source and receiver are located at
1230 m. In this way, we have the seismic response of the BSR layer
without the effects of the overburden.

The normal incidence reflection coefficient versus layer thick-
ness is shown in Fig. 2a and b shows 1D simulations, where the
Fig. 2. Normal-incidence reflection coefficient as a function of the layer thickness (a)
and 1D simulations (b). The arrow indicates the two-way traveltime of the top of the
BSR layer.



Fig. 4. Comparisons between the seismic responses for hydrate concentrations of 4%
(solid line) and 20% (dashed line). The thickness of the layer is h ¼ 30 m and the signal
frequency is 35 Hz. The arrow indicates the two-way traveltime of the top of the BSR
layer.

A. Qadrouh et al. / Journal of Natural Gas Science and Engineering 24 (2015) 510e517514
source dominant frequency is 15 Hz. The lossless case is also shown,
where all the Q factors are infinite. We can see in Fig. 2a that the
difference between reflection coefficients of the two cases in-
creases with increasing thickness whereas the difference sharply
decrease for a thickness greater than 45 m, and the reflection co-
efficients for the lossy case is slightly higher than that of the lossless
case. The fact that the results present this non-intuitive behaviour
means that these type of calculations are important to reveal the
physics. In Fig. 2b, the amplitudes of the signal for 5 m and 30 m
thickness are comparable, while that corresponding to 20 m is
higher, in agreement with the results of Fig. 2a.

Fig. 3 shows other simulations, where we compare the BSR
response for different source dominant frequencies (a) and the
lossy and lossless cases (b). In the latter case, the source peak fre-
quency is 35 Hz. The thickness of the BSR layer is h¼ 30m. The time
step of the RungeeKutta algorithm is 1 ms. For 15 Hz a single
wavelet can be seen, while the two interfaces of the BSR can be
resolved for a 35 Hz dominant frequency. The importance of
considering attenuation is evident in Fig. 3b, where the response of
the lower interface of the BSR layer is highly attenuated as well as
the lower-interface event at 0.65 s generated at 1700 m depth.

According to Table 1, we have considered a hydrate
Fig. 3. Comparisons between the seismic responses for different source dominant
frequencies (a) and between the lossy and lossless cases (fp ¼ 35 Hz) (b). The thickness
of the layer is h ¼ 30 m and its quality factor is Q ¼ 5. The arrow indicates the two-way
traveltime of the top of the BSR layer.

Fig. 5. Wave velocity (a) and quality factor (b) as a function of gas saturation for three
values of the clay content C ¼ f2/(f1 þ f2).
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concentration of 4%. Let us now assume a hydrate concentration of
20%, which gives a velocity of 2050 m/s and a density of 1660 kg/
m3. We kept the same values of clay content, porosity and atten-
uation. We have assumed the same value of Q for the two con-
centrations, because the purpose of the calculation is to analyze the
effect that the concentration has on the waveforms, which are
shown in Fig. 4. As can be seen, the responses of the layer and lower
interface are delayed and the amplitude have increased. This plot
shows the importance of performing full-wave calculations with
the available parameters. Changes in concentration may be
confused with Q effects, although in this case there are variations in
both arrival time and amplitude of the wavefield.

Next, we assume variations in clay content and saturation in the
BSR layer. So far, the Q values have been assumed. In order tomodel
the physics explicitly, we use White's mesoscopic-loss model to
obtain realistic values of the velocity and quality factor as a function
of clay content and saturation. The equations can be found in Sec-
tion 2.2 and Appendix A of Carcione et al. (2012). In addition to the
values already defined, we assume the viscosities for brine and gas
to be hb ¼ 0.0012 Pa s and hg ¼ 0.0002 Pa s, quartz and clay grains
with radii 50 ms and 1 ms, respectively, A ¼ 3.9 and gas patches of
10 cm size. The permeability is calculated with Equation (18) of
Carcione et al. (2012). Fig. 5 shows the wave velocity and dissipa-
tion factor as a function of gas saturation for three values of the clay
Fig. 6. Wave velocity (a) and quality factor (b) as a function of frequency for a gas
saturation of 8%. The vertical line indicates 35 Hz.
content and 35 Hz. Attenuation decreases with increasing clay
content. Since the permeability of the medium is 0.15 D, 0.04 D and
0.012 D for C ¼ 0.2, 0.4 and 0.7, respectively, decreasing perme-
ability moves the mesoscopic relaxation peak to the low fre-
quencies outside the exploration frequency band (see Eq. (7.449) in
Carcione (2015) for the expression of the peak frequency). This
effect can be seen in Fig. 6, where the seismic properties are rep-
resented as a function of frequency for a gas saturation of 8%. Fig. 7
shows the same properties for a clay content of 40% and different
gas saturations. In this case, the peak moves to higher frequencies
with increasing gas saturation. As can be seen in these plots, the
interpretation is not intuitive and a proper rock-physics model is
essential to reach valid conclusions about the influence of the
different parameters (clay content, frequency, saturation, etc.) on
the wave properties. The full waveform is displayed in Fig. 8, where
(a) C¼ 0.4 and (b) Sg ¼ 8%. The solid curve in (a) and (b) is the same
seismic trace, while the dashed curve in (a) corresponds to Sg¼ 0.02
and the dashed curve in (b) corresponds to C ¼ 0.2. At Sg ¼ 8% the
attenuation of the layer is higher than at Sg ¼ 2% (see Fig. 5b) and
this fact explains that the event reflected from the interface below
the BSR at 0.7 is more damped (see Fig. 8a). Similarly, since at
C ¼ 0.2 the attenuation of the layer is higher than at C ¼ 0.4
(Fig. 5b), this event is more attenuated (see Fig. 8b). However the
event coming from the BSR is in both cases stronger. This shows
that the effects can be counterintuitive and modeling is required.

Finally, we quantify the effects of overburden. The average Q
Fig. 7. Wave velocity (a) and quality factor (b) as a function of frequency for a clay
content of 40%. The vertical line indicates 35 Hz.



Fig. 8. Full waveforms, where (a) C ¼ 0.4 and (b) Sg ¼ 0.08. The solid line in (a) and (b)
is the same seismic trace, while the dashed line in (a) corresponds to Sg ¼ 0.02 and the
dashed line in (b) corresponds to C ¼ 0.2. The thickness of the layer is h ¼ 30 m and the
signal frequency is 35 Hz.

Fig. 9. Spectra of the signal as a function of source-receiver distance for the reflection
event corresponding to the BSR layer. Changes are due to intrinsic attenuation of the
upper layers. The curves are normalised with respect to that of zero distance. The
maximum amplitudes are 1 (0 km), 0.2 (2.6 km) and 0.07 (4 km).
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factor of a sequence of N layers of thickness hi and quality factor Qi

is given in Appendix B, Equation (26). At normal incidence and
down to the BSR layer, the average quality factor is Q ¼ 117, with an
average velocity v ¼ 1596 m/s and a two-way propagation distance
of 2.6 km at normal incidence (with values given in Fig. 1 and
Table 1). We then assume a larger distance of 4 km for comparison.
In Appendix C we show how the centroid fc of the spectrum of a
signal moves as a function of the traveled distance due to intrinsic
attenuation. The damping values, represented by the exponential
decay (see Equation (28)), are 0.33 and 0.18, respectively. Fig. 9
shows the spectra of the signal as a function of traveled distance,
where we have assumed a source peak frequency of 25 Hz. The
centroids are 26.4 Hz, 20.9 Hz and 18.6 Hz at the source location,
2.6 km and 4 km, respectively. Hence, there is a frequency shift of
approximately 8 Hz for a distance of 4 km, due to the loss of high
frequencies by intrinsic attenuation in the upper layers.
6. Conclusions

We propose a simple 1D methodology to analyze the seismic
response of a BSR layer, based on rock physics and numerical
modeling, focused mainly on the effects of intrinsic loss. The model
is based on poroelasticity and the modeling provides the full
wavefield. Quantities such as signal frequency, clay content,
porosity, permeability, hydrate concentration and fluid saturation,
in addition to the thicknesses of the various layers involved in the
system, can be varied to study their effects on the seismic proper-
ties (velocity and attenuation) and on the waveform of the reflec-
tion events. Moreover, the effects of the overburden due to
attenuation are quantified.

The results show that many of the effects can be counterintui-
tive, indicating that proper rock-physics modeling is essential. The
dimensionality of the space (2D, 3D) can add more geometrical and
physical effects that can make the problem more complicated. An
example is offset effects due to NMO processing and intrinsic loss. It
is known that NMO stretching removes high frequency compo-
nents of the signal and this can be confused with intrinsic attenu-
ation effects. This and other features related to the BSR problem,
will be tackled in a future work.
Appendix A. List of symbols

a Attenuation factor.
c Complex velocity.
cp Phase Velocity.
e Memory variable.
F Porosity.
f Frequency.
g Source time history.
h Layer thickness.
k Wavenumber.
K Bulk modulus.
m Shear modulus.
Q Quality factor.
R Reflection coefficient.
Р Mass density.
s Stress.
t Relaxation time.
t Traveltime.
yz Particle velocity.
u Angular frequency.
X Spatial distance.
Z Seismic impedance.
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Appendix B. Timeeaverage equation for the quality factor

Wyllie et al. (1956) obtained the so-called time average equa-
tion, which they applied to porous media. A similar version can be
used to compute the average velocity of a stack of N layers

v ¼
 
1
h

XN
i¼1

hi
vi

!�1

; h ¼
XN
i¼1

hi (21)

(e.g., Carcione, 2015), where hi is the thickness of the ith layer and vi
is its phase velocity.

Here we obtain a similar equation to obtain an average quality
factor of the stack of layers. Consider that the N layers have quality
factors Qi, i ¼ 1,…,N. A plane wave in a lossy medium attenuates as

YN

i¼1
expð�aihiÞz

YN

i¼1
exp

�
� u

2viQi
hi

�
; (22)

(e.g., Carcione, 2015), where ai is the attenuation factor. Wemay re-
write (22) as

exp

 
� u

2

XN
i¼1

hi
viQi

!
; (23)

or

exp
�
� uh
2vQ

�
; (24)

where

Q ¼
 
v

h

XN
i¼1

hi
viQi

!�1

(25)

is the average quality factor. Note that if we define the traveltime of
each layer as ti ¼ hi/vi, the average or equivalent quality factor is

Q ¼
XN
i¼1

ti

,XN
i¼1

ti
Qi
; (26)

i.e., the weighted average of the single Q factors where the weighs
are the transit times.

Appendix C. Centroid of the signal spectrum

The 1D wavefield displacement in a viscoelastic medium is
given, for instance, in Carcione et al. (2010):

Uðu; xÞ ¼ GðuÞexpð�ikxÞ; (27)

where G is the source spectrum and k is the complex wavenumber.
The power spectrum is

PðuÞ ¼ jUðuÞj2 ¼ jGj2expð�2axÞ; (28)

where

GðuÞ¼
�

tpffiffiffi
p

p
�
oexpð�o� iutsÞ; o¼

�
u

up

�2
; up ¼2pfp; (29)
obtained as the Fourier transform of (20), and a is given by Equation
(10).

The centroid frequency of the power spectrum when the signal
has traveled the distance x is then

fcðxÞ ¼

Z ∞

0
uPðu; xÞdu

2p
Z ∞

0
Pðu; xÞdu

¼

Z ∞

0
ujGj2expð�2axÞdu

2p
Z ∞

0
jGj2expð�2axÞdu

: (30)
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