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Abstract

An important upscaling effect in heterogeneous poroelastic Biot media is the dissipation mechanism due to wave-induced fluid
flow caused by mesoscopic scale heterogeneities. A typical mesoscopic heterogeneity has a size of tens of centimeters and can be due
to local variations in lithological properties or to patches of immiscible fluids. For example, a fast compressional wave traveling across
a porous rock saturated with water and patches of gas induces a greater fluid pressure in the gas patches than in the water saturated
parts of the material. This in turn generates fluid flow and slow Biot waves which diffuse away from the gas—water interfaces
generating significant losses in the seismic range. In this work an iterative domain-decomposition finite-element procedure is
presented and employed to simulate this type of upscaling effects in alternating layers of poroelastic rock saturated with either gas or
water. The domain-decomposition procedure is naturally parallelizable, which is a necessity in this type of simulations due to the large
number of degrees of freedom needed to accurately represent these attenuation effects. The numerical simulations were designed to
show the effects of the wave-induced fluid flow on the traveling waves. Our results are the first numerical evidence of the mesoscopic
loss mechanism in the seismic range of frequencies for this type of porous heterogeneous media.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The propagation of waves in a porous elastic solid
saturated by a single-phase compressible viscous fluid
was first analyzed by Biot in several classical papers
(Biot, 1956a,b, 1962). Biot assumed that the fluid may
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flow relative to the solid frame causing friction. Biot also
predicted the existence of two compressional waves,
denoted here as P1 and P2 compressional waves, and one
shear or S wave. The three waves undergo attenuation and
dispersion effects in the seismic to the ultrasonic range of
frequencies. The P1 and shear waves have a behavior
similar to that in an elastic solid, with high phase
velocities, low attenuation and very little dispersion. The
P2 wave behaves as a diffusion-type wave due to its low
phase velocity and very high attenuation and dispersion.
One important cause of attenuation at seismic frequencies
in fluid-saturated porous media is wave-induced fluid
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Table 1

Material properties of the system

Solid matrix Solid grains bulk modulus, K 37 GPa
Dry matrix bulk modulus, K, 8 GPa
Dry matrix shear modulus, u 9.5 GPa
Solid grains density, pg 2650 kg/m?

Water Bulk modulus, K¢ 2.25 GPa
Density, p¢ 1040 kg/m’
Viscosity, 1 0.003 Pa's

Gas Bulk modulus, K¢ 0.012 GPa
Density, p, 78 kg/m®
Viscosity, 1 0.00015 Pa s

flow at mesoscopic scale heterogeneities, which are those
larger than pore size but smaller than wavelengths in the
seismic range (1-100 Hz). As pointed out by White
(White et al., 1975), sometimes gas saturation over a large
vertical section occurs in thin layers, separated by liquid-
saturated layers. This is the simplest case of mesoscopic
heterogeneities and White showed that in this case fluid
flow effects add up and play a major role. Numerical
simulations to analyze attenuation effects in an homo-
geneous sandstone saturated with brine and spherical gas
pockets at laboratory frequencies were presented by
Carcione et al. (2003) and Helle et al. (2003).

In this article we describe the use of a parallel iterative
finite-element domain-decomposition procedure to simu-
late the propagation of waves in laminated porous media in
the seismic range of frequencies. The algorithm employs
the nonconforming rectangular element defined by
Douglas et al. (1999) to approximate the displacement
vector in the solid phase. The dispersion analysis presented
by Zyserman et al. (2003) shows that using this non-
conforming element allows for a reduction in the number of
points per wavelength necessary to reach a desired ac-
curacy. It is also the case that the use of nonconforming
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Fig. 1. Inverse of the quality factor Q(w) for a sandstone saturated with
water and gas for cases A and B.
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Fig. 2. Phase velocity cy(w) for a sandstone saturated with water and
gas for cases A and B.

elements reduces the amount of information that needs to
be exchanged in any parallel implementation of the algo-
rithm, as compared with the corresponding procedure using
conforming elements of the same order. The displacement
in the fluid phase is approximated using the vector part of
the Raviart—Thomas—Nedelec mixed finite-element space
of zero order, which is a conforming space (Raviart and
Thomas, 1975; Nedelec, 1980). The convergence analysis
of this type of iterative algorithm was presented by Santos
and Sheen (in press). The numerical experiments were run
in the IBM SP2 and the community cluster parallel com-
puters at Purdue University under the MPI standards. The
simulations show clearly the mesoscopic loss mechanism
due to the wave-induced fluid flow, and the observed
attenuation is in very good agreement with that predicted
by the White theory.

2. Review of Biot theory

We consider a porous solid saturated by a single
phase, compressible viscous fluid and assume that the
whole aggregate is isotropic. Let «°=(uf) and i1 =(ii}),
i=1, ..., d denote the averaged displacement vectors of
the solid and fluid phases, respectively, where d denotes
the Euclidean dimension. Also let

uf = g -w),
be the average relative fluid displacement per unit

volume of bulk material, where ¢ denotes the effective
porosity. Set u=(u*, u") and note that

ﬁz—V’uf,

represents the change in fluid content.
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Let ¢; (u°) be the strain tensor of the solid. Also, let
o i, j=1, ..., d, and p¢ denote the stress tensor of the
bulk material and the fluid pressure, respectively.
Following Biot (1962), the stress—strain relations can
be written in the form:

oij(u) = 2pe;i(u®) + 04(A. V -t 0Ky £), (2.1a)

pr(u) = —oKy V- 1* + Ky & (2.1b)

The coefficient u is equal to the shear modulus of the
bulk material, considered to be equal to the shear
modulus of the dry matrix. Also

2
le = Kc_a.ua
with K. being the bulk modulus of the saturated
material. Following Santos et al. (1992) and Gassmann
(1951), the coefficients in Egs. (2.1a), (2.1b) can be

obtained from the relations
Km7 Kav _ ((X—(]s d)

-1
K. + ]<f> Ko =Ky + azKaw

(2.2)

where K, K, and K¢ denote the bulk modulus of the solid
grains composing the solid matrix, the dry matrix and the
saturant fluid, respectively. The coefficient o is known as
the effective stress coefficient of the bulk material.

2.1. The equations of motion

Let us consider an open bounded domain QC R of
bulk material with boundary I'=0Q. Let p, and p¢
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Fig. 3. Vertical component of the particle velocity of the solid phase as
a function of time for the periodic gas—water saturated porous medium
of case A.
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Fig. 4. Vertical component of the particle velocity of the solid phase as
a function of time for the water-saturated porous medium related to
case A.

denote the mass densities of the solid grains and the
fluid and let

Py = (1=0)ps + dp¢

denote the mass density of the bulk material. Let the
positive definite matrix P and the nonnegative matrix 5
be defined by

[ pl pel (0 0f
P= <pf1 g]>7 5= (01 bl )"

Here I denotes the identity matrix in R¥*?. The mass
coupling coefficient g represents the inertial effects
associated with dynamic interactions between the solid
and fluid phases, while the coefficient b includes the

viscous coupling effects between such phases. They are
given by the relations

_no S 1 1
b= g="g 52<1+¢), (2.3)

where 7 is the fluid viscosity and k the absolute per-
meability. S is known as the structure or tortuosity
factor. Next, let £(u) be the second order differential
operator defined by

L(u) = (V-0(u),~Vpr(u))".

Then if w=27f"is the angular frequency and F(x, )=
(F3(x, ), F'(x, w)) is the external source, the equations of
motion, stated in the space—frequency domain, are (see
Biot, 1956a,b)

—*Pu(x, ) + ioBu(x, w)—L(u(x, »))
=F(x,w), xeQ. (2.4)
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It was shown by Biot (1956a,b) that two compres-
sional waves, denoted here as P1 and P2, and one shear
or S wave can propagate. The P1 and S waves cor-
respond to the classical compressional and shear waves
propagating in elastic or viscoelastic isotropic solids.
The additional P2 slow mode is a wave strongly at-
tenuated in the low frequency range, associated with the
motion out of phase of the solid and fluid phases.

Let us state a boundary condition needed to com-
pletely define our differential model. Denote by v the
unit outer normal on I In the 2D case let x be a unit
tangent on ['so that {v, x} is an orthonormal system on
I'. In the 3D case let ' and % be two unit tangents on I"
so that {v, ', x*} is an orthonormal system on I". Then,
in the 2D case set

Gr(u) = (a(u)v-v,o(u)v-1,pe(w))’, (2:5)

SF(”) = (us ) ut X uf ’ v)tv

and in the 3D case set

Gr(u) = (au)v-v,a()yv- 1", o)y 22, pe(w))", (2.6)
Sr(u) = (usv,us -yt us - 2 ub )

Let us consider the solution of Eq. (2.4) with the
following absorbing boundary condition

~Gr(u(x, @)

The matrix D in Eq. (2.7) is positive definite. In the
2D case it is given by the following relations, with the
obvious extension to the 3D case: D = AN7.Az, where

N = AZMA™ and

= iwDSr(u(x,w)), xerl. (2.7)

Py 5 Pr
A=|o p-lo0) , (2.8)
Ps 0 g

Ae+2u 0 o Ky
0 In 0
O(Kav 0 Kav

M

2.2. A variational formulation

In order to state a variational formulation for Egs.
(2.4) and (2.7) we need to introduce some notation. For

XC R with boundary 0., let (-,-)yand (-,-) 5y denote the
complex L*(X) and L? (6X) inner products for scalar,
vector, or matrix valued functions. Also, for s &R, || - ||s.x
and | - |;_x will denote the usual norm and seminorm for
the Sobolev space H*(X). In addition, if X=0Q or X=T,
the subscript X may be omitted such that (-,-)=(",")o or
(-,7={",") . Also, set

H(div; Q) = {v e [LX(Q)" : V-vel?(Q)},
H'(div; Q) = {ve[H' (Q)]" : V-veH' (Q)},
with the norms

10l iy = Hlollg + 11V - l[6]7;

1/2

[0l i iy = [I0I + 11V w712
Letus introduce the space V = [H'(Q)]¢ x H(div; Q).
Then multiply Eq. (2.4) by vE V), use integration by parts
and apply the boundary condition (2.7) to see that the
solution u of Egs. (2.4) and (2.7) satisfies the weak form:

~? (Pu, v) + io)(Bu,v) + Y (i (1), £m (')
Im

—(pr(u), Vv 'v(2>) +iow(D Sr(u), Srv) = (F,v),
v= (v v?@Yey. (2.9)

The argument presented by Santos and Sheen (in
press) for a generalized composite Biot model can be
used here to show that problem (2.9) has a unique
solution for any w#0.

3. Simulation techniques

In order to analyze the attenuation effect due to wave-
induced fluid flow, Eq. (2.9) was solved in a rectangular
poroelastic domain @ in the (x, y)-plane. Let 7"(Q) be a
non-overlapping partition of € into rectangles €; of
diameter bounded by 4 such that Q = U/, Q.

Two different finite-element spaces associated with
the partition 7"(Q) were employed to discretize the
solid and fluid displacement vectors. Each component
of the solid displacement vector was approximated
using the 2D non-conforming finite-element space N C"
presented in Douglas et al. (1999), while to approximate
the fluid displacement the vector part of the Raviart—
Thomas—Nedelec space (Raviart and Thomas, 1975;
Nedelec, 1980) of zero order, denoted W", was chosen.
Appendix A describes these finite-element spaces and
their approximation properties.
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Then, if V' = (NC")? x W', the global finite-
element procedure is defined as follows: find " =",
u®My' eV such that

—0? (Pu,v) + io(Bu", v) + Y [(01m(u), am(v)) g,

J

~(pr(u), V )] +iox(D Sr(u"), Sr(v))
= (F,v), v= (v v@) eV (3.1)

To perform the numerical simulations needed to re-
present the mesoscopic loss mechanism, the computer
implementation of the global procedure (3.1) would
require the solution of a huge linear system of equations
due to the large number of degrees of freedom needed to
represent the phenomenon. Since the algebraic problem
associated with Eq. (3.1) is complex valued and non-
coercive, no known efficient iterative global solvers can
be employed. To tackle this problem, a parallel iterative
domain-decomposition algorithm was employed as
described in Appendix A.

4. Numerical example

We consider wave propagation in a poroelastic
medium Q of uniform porosity ¢»=0.3 and permeability
k=0.986923 10~ ' m?, saturated with either gas or
water. The value of the structure factor S'in Eq. (2.3) was
chosen to be 1. The other material properties of the system
are given in Table 1. The domain Q is a square of side
length L divided into two subdomains £},omo and £p,cr.

In case A, L=800 m and Qpomo={0<x<800 m,
0<y<8.8 m}, Q,,={0=<x<800 m, 8.8<y<800 mj},
while in case B, L=320 m and Q},o={0<x<320 m,
0<y<4.4m}, Q,,={0=<x<320 m, 4.4<y<320 mj.

In both cases the region Qo is fully saturated with
water, while the region Q. consists of horizontal layers
of width 0.4 m for case A and 0.2 m for case B,
alternatively saturated with either gas or water.

In order to analyze the mesoscopic loss mechanism it
is convenient first to approximate the saturated porous
medium Q by a viscoelastic solid and use the concept of
complex velocity as follows (see, for example, Car-
cione, 2001). Recall that in a viscoelastic solid, the
quality factor Q(w) is defined by the relation

where v, is the complex compressional velocity given

vp(w) = Eﬁb. (4.1)

In Eq. (4.1) py, is the average bulk density over £ and
E=E(w)=|Ele" is the complex plane wave modulus
associated with the domain Q as defined by White et al.
(1975), which complicated expression involving all
coefficients in Biot’s equations of motion (2.4) is in-
cluded in Appendix B.

The quality factor is related to the loss angle 6 by the
formula

0 Y(w) = tan 0.

Fig. 1 displays the inverse of the quality factor O(w)
for both cases, showing that the minimum value of Q(®)
is approximately equal to 28 for cases A and B, cor-
responding to the frequencies 20 Hz and 77 Hz for cases
A and B, respectively. These frequencies were chosen as
the dominant frequencies of the external source to be
used in our numerical simulations, which allowed us to
better visualize the attenuation effects being analyzed.

Fig. 2 shows the phase velocities ¢, (w) for both
cases, obtained from the expression

-l

where it can be observed the velocity dispersion as-
sociated with the wave-induced fluid flow mechanism.

The source function (F*, F") is a compressional point
source located inside the region Q,me at (x5, Vs)=
(400 m, 4 m) for case A and at (xg, y5)=(160 m, 4 m) for
case B, applied to the solid frame. It has the form

Fs(x7y7 w) = Véxs‘ysg(a))a Ff = 07

where 0, , ydenotes the Dirac distribution at (xs, ys).
Also, g(w) is the Fourier transform of the waveform

g(t) = —2&(t—tp)e S,

with £=8 £, to=1.25/f;, where the value f; was chosen
such that the source central (dominant) frequency be
equal to 20 Hz for case A and 77 Hz for case B.

The parallel iterative procedure (A.3a)—(A.3b)
described in Appendix A was used to find the time
Fourier transforms of the displacement vectors of the
solid and fluid phases for 110 equally spaced temporal
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Fig. 5. Vertical component of the particle velocity of the solid phase as a
function of time for the gas-saturated porous medium related to case A.

frequencies in the interval (0, 60 Hz) for case A and (0,
242 Hz) for case B. The algorithm was implemented
employing a uniform partition 7" of Q into squares of
side length #=0.4 m for case A and ~#=0.2 m for case B.
The time domain solution was obtained after performing
an approximate inverse Fourier transform. The numer-
ical experiments were run in the IBM SP2 and the
community cluster parallel computers at Purdue Uni-
versity under the MPI standard. To better observe the
mesoscopic attenuation effects, in case A we also run the
same experiment but when the subdomain Q,, is fully
saturated with either water or gas.

Figs. 3, 4, and 5 show the vertical component of the
particle velocity of the solid phase as a function of time,
for the case A and the corresponding homogeneous
experiments, i.e., the periodic gas—water saturated case
A, and the homogeneous water and gas saturated
experiments, at three receivers r; with receiver locations
(x> ¥)» j=1, 2, 3, where x,;,=400 m, j=1, 2, 3 and
¥,1=230m, y,,=456 m, ,3;=682 m.

The amplitude peaks corresponding to the arrival of
the fast P1 wave for the case of periodic gas—water
saturation are lower than the corresponding peaks for the
cases of homogeneous water saturation in Fig. 4 and of
homogeneous gas saturation in Fig. 5, showing clearly
the mesoscopic loss mechanism predicted by White
et al. (1975). This effect is more easily observed in
Fig. 6, where the vertical component of the particle
velocity of the solid phase at the receiver 75 is shown for
the periodic gas—water case and for the homogeneous
water and gas experiments. Note also the delay in the
arrival time of the pulse for the periodic case as
compared with the homogeneous experiments, showing
the velocity dispersion effects caused by the mesoscopic
scale heterogeneities.
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gas saturated
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-2e-05 ! . !
200 300

time (ms)

Fig. 6. Vertical component of the particle velocity of the solid phase as
a function of time at receiver 73 located at x=400 m, y=682 m for the
periodic gas—water case A and the related water and gas saturated
experiments, respectively.

Notice that the decay rate of the peaks associated with
the arrival of the fast P1 wave in Fig. 3 is much larger
than the corresponding decay rates in Figs. 4 and 5,
which are associated only with geometrical spreading
effects. The fast decay rate of the peak amplitudes in
Fig. 3 is then caused by the wave-induced fluid flow
between the gas and water layers.

Fig. 7 shows the vertical component of the particle
velocity of the solid phase as a function of time for case B
at three receivers 7;, with receiver locations (x,;, y,), /=1,
2, 3, where x,=160 m, j=1, 2, 3 and »,4=49 m,
V,2=139 m, y,5=229 m. This figure shows again the fast
decay rate in the peak amplitudes associated with the fast
P1 arrivals, due to the wave-induced fluid flow mechan-
ism. The corresponding homogeneous experiments
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Fig. 7. Vertical component of the particle velocity of the solid phase as
a function of time for the periodic gas—water saturated porous medium
of case B.
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behave in a similar way to case A and the figures are not
included here for brevity.

The quality factor Q(w) associated with this decay
rate can also be evaluated by using the frequency-shift
and spectral-ratio methods. Here we briefly describe
these procedures. Let A(f, r;) be the value of the
amplitude spectrum of the vertical component of the
displacement of the solid phase (as a function of time),
observed at the receiver 7, located at a distance d from
the source at the frequency f=w/2w. Let f; be the
centroid of A(f, r;), defined by the formula

f= J, (S rs)df
VA

The frequency-shift method analyzed by Quan and
Harris (1997) relates the quality factor O with the centroid
frequencies f; and f; of two receivers 7, and 7y, respectively,
considering the signal at the receiver 7, as the source for
the receiver ry. For the special case when the amplitude
spectrum of the signal A(f, r) at the receiver ry is
Gaussian with variance o2, the following equality holds
(Quan and Harris, 1997)

m(d—dy)
QCp

where c;, is the average compressional phase velocity in a
region containing the receivers 7 and 7, in the frequency
band of interest. The value of ¢, was estimated from the
arrival times at the corresponding receivers.

Another procedure to estimate the quality factor Q is
the spectral-ratio method as described by Carcione et al.
(2003). The method uses the following relation between
the amplitude spectrum of two receivers r, and 7y
(Carcione et al., 2003):

where G and G, are the corresponding geometrical
spreading factors, assumed to be independent of the
frequency w. Thus, the quality factor O can be determined
from the slope of the line fitting In (A(w, r)/A(w, ry)).

= (LA)/a2, (4.2)

Table 2
Estimated Q using the frequency-shift and spectral-ratio methods

Source Receiver Frequency-shift method Spectral-ratio method

r s 29.96 22.52
r 3 28 21.71
7 r3 24.63 20.96
Case A.

Table 3
Estimated Q using the frequency-shift and spectral-ratio methods

Source Receiver Frequency-shift method —Spectral-ratio method

I3 7 28.33 30.45
7 r3 25.32 24.79
7 3 22.21 20.9
Case B.

Picotti and Carcione (2006) compare the performances of
the two Q-evaluation methods, and show how to use them
in the case of noisy signal.

Tables 2 and 3 show the estimated values of O using
the two methods. The Q-estimates are in very good
agreement with the theoretical value (O=28 for cases A
and B) of the quality factor predicted by White et al.
(1975) as shown in Fig. 1.

5. Conclusions

Numerical experiments of wave propagation in alter-
nating porous layers saturated with either gas or water
have shown that the mesoscopic loss mechanism can be
significant in the seismic band, confirming the results
obtained by White et al. (1975).This is a simple example
of how microheterogeneities in the fluid and frame
properties can affect observations at the macro scale.
Similar results were presented by Carcione et al. (2003)
and Helle et al. (2003) in partially saturated rocks in the
high-frequency range.

The experiments show that the finite-element proce-
dure employed is accurately representing the attenuation

@ solid dofs
O Fluid (x-—component) dofs

O Fluid (y—component) dofs

Fig. 8. Local degrees of freedom (dofs) associated with each
component of the solid displacement and the fluid displacement vector.
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effects, and could be used to analyze this phenomenon in
highly heterogeneous porous materials, such as in the case
of patchy saturation or fractal porosity—permeability
distributions.
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Appendix A. Description of the numerical procedure

Here the finite-element spaces A'C" and W", and the
numerical procedure employed in the simulations are
briefly described.

The finite-element spaces are defined locally on a
reference square R=[—1, 1]* as follows. For each
component of the solid displacement, set

—_

./\/'C(ﬁ) = Span{lv X, ¥, oc()?)*g(()?)h
u(3) = $2-2 5
3 bl

with the degrees of freedom being the values at the
midpoint of each edge of R.
Next, for the fluid displacement vector, if (%) =

L PR =) = LT (5) = B et
W(R) = Span{(¥"(%),0)', (¥*(%),0)", (0, ¥2(5))",
0,97 ().

Fig. 8 shows the local degrees of freedom (dofs)
associated with each component of the solid displace-
ment and the fluid displacement vector.

Now the finite-element spaces associated with the
partition T" are defined by scaling and translations in the
usual fashion as follows. For each &, let Fy;: ﬁ—»Qj be an
invertible affine mapping such that Fy, (ﬁ):Qj, and define

./\/th ={v=(v,vn):v= ﬁcFé/‘,@e/\?b(ﬁ),i:l,Z},

W) = {w:w=weFo , we W(R)}.

Setting
NC" = {v v = vl eNC v(&) = vl &)V, 0}
W = {weH (div; Q) : w; = W‘QJEVVJ}-'},

the global finite-element space to approximate the
solution u of Eq. (2.9) is defined by

V= (NCH? x W
Standard approximation theory implies that, for all

p=(p", @) E[HX Q)] xH'(div;Q),

%
inf (M- h M2 <Ch2 |l
nf [II@D llo+r| D lleMplli, le® Iz,

J

(A.la)

inf (|0 pllo=Chllo® ;. (A1b)
peEW

inf ||€0(2)_P||H(div;9)5Ch( @1, (A.lc)

peEW
+1V o2 1ly).

The following a priori error estimates for the
procedure (3.1) has been presented by Santos and
Sheen (in press).

Theorem A. 1. Let u= (', ) EV and u" EV" be the
solutions of Egs. (2.9) and (3.1), respectively. We then
have the following energy-norm error estimate: for
sufficiently small h> 0,

”us_u(s,h) || ' 4 || V- (Llf_ll(f‘h)) ||0 + ‘u(s)_u(s‘h)‘o.r 4 ‘(uf_u(f.h)) 'V|0,l"
<C@h[llully + la Il + 11V w1,

As explained in Section 3, the algebraic problem
associated with the global procedure (3.1) cannot be
efficiently solved with iterative global solvers due to the
large number of degrees of freedom needed to represent
the mesoscopic loss mechanism. For this reason, the
following iterative domain-decomposition algorithm
was used in this work.

Set I;=0Q2N 09;, 1}=0;N0£, and denote by &;
and & the midpoints of I and I}, respectively. Let us
denote by vy the unit outer normal on I from Q; to £
and by v; the unit outer normal to I}. Let y; and ;. be two
unit tangents on I and I so that {v;, x;} and {vy, %}
are orthonormal systems on I} and [, respectively.

Consider the decomposition of problem (2.4) and
(2.7) over ©; as follows: for j=1, ..., J, find uix, )
satisfying

~0*Pu; + ioBu—L(w) = F, &, (A.2a)
Gry (wj) + ioBySr,, (u;)

= gpk/(uk)—ia) ijFk/ (uk)7 ij, (A2b)
7g11/( j) - iwDSF/(uj)’ Ff7 (Azc)
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where G I and G I, are defined as in Eq. (2.5). Here By is
a positive definite matrix function defined on the interior
boundaries Ij. The Robin transmission conditions
(A.2b) impose the continuity of the solid displacement,
the normal component of the fluid displacement and the
stresses at the interior interfaces .

Next, following Douglas et al. (1999) and Santos and
Sheen (in press), let us introduce a set of Lagrange
multipliers L associated with the values of the forces at
the midpoints &, of I, in the sense that
;yk Gk (1) (Ejx ). The Lagrange multipliers A, belong
to the following space of functions deﬁned on the
interior interfaces I :

A= {30, = ZelPo(Tn)) = A, ViKY )
where Py(1 ;) denotes the constant functions on .

Moreover, for I'=T} or I'=Ty let {u, v)  denote the
approximation of (-, ) by the mid-point quadrature:
Cu, 0d r=(u, U)(Eﬂ()\ﬂ where || is the measure of I

The domain-decomposition iteration is defined as
follows: For all j=1, J choose an initial guess
(u {“},;j,j“’}) eNCI x W” x Al Then, for n=1,2, 3,
.., and j=1, J compute (u]{h n /{: "})GNC”
VVJ X Ahk as the solutlon of the equations

2(77u{h‘"} v), +lw(8u{h"}, v);
+ Z (T ("), em(v)),

(Pf( {h"}) v- e ))
+io(DSr, ("), S, (V) ,
+ 3 lioBSr, ™), Sr, (),
k

= <F7 1)) _Z<lwﬁjksrﬂ<( o 1}) Sr/k(U)>F/k
Z i{h" 1} SF;L )>>ij’ UENCh( )vah7
(A.3a)

A = i [Sp, ™+ Spy (uf)
X (&), on I, Vk.
(A.3b)

Eq. (A.3b), used to update the Lagrange multipliers,
is obtained directly from Eq. (A.2b) evaluated at the
midpoint .

Eq. (A.3a) yields a 12 x 12 linear system of equations
for the degrees of freedom associated with the vector
displacements of the solid and fluid phases on each
subdomain €, at the n-iteration level. The iteration

(A.3a)—(A.3b) is a Jacobi-type iteration that converges to
the solution u” of Eq. (3.1) (see Santos and Sheen, in
press). A twice as fast iteration may also be defined by
using a red—black type iteration (see Douglas et al.,
2001; Ha et al., 2002; Santos and Sheen, in press). The
iteration parameter matrix f3;; is chosen to have the same
form of the matrix D in Eq. (2.7), with entries obtained
by averaging the coefficients in the definition of the
matrices .4 and M in Eq. (2.8) on both sides of the
boundary I

The space—time solution is obtained by solving Eqgs.
(A.3a)—(A.3Db) for a finite number of temporal frequen-
cies and using an approximate inverse Fourier transform
(Douglas et al., 1993).

Appendix B. Complex bulk modulus of a periodic
system of porous layers

We consider a periodic layered system composed of
porous media 1 and 2 with thickness d;, /=1, 2 and
period d; +d,. White et al. (1975) obtained the complex
modulus for a P1 wave traveling along the direction
perpendicular to the stratification. It is given by

-1

po |l ) (B.1)
a Ey iw(d1 +d2)(]1 +12) ’ '
where
-1
Ep = + , B.2
’ (EGI EGz) ( )

with p,;=d,/(d,+d,), [=1, 2. Omitting the subindex /
for clarity, we have for each medium

4
Eq; =K. +§,U, (B'3)

where K, is given by Eq. (2.2).
Moreover,

= (B.4)

is the ratio of fast P wave fluid tension to total normal
stress,

n kd
I =—coth B.
A <2> (B.5)

is an impedance related to the slow P wave,

Please cite this article as: Rubino, J.G. et al. Simulation of upscaling effects due to wave-induced fluid flow in Biot media using the finite-
element method. J. Appl. Geophys. (2006), doi:10.1016/j.jappgeo.2006.11.003



http://dx.doi.org/10.1016/j.jappgeo.2006.11.003

10 J.G. Rubino et al. / Journal of Applied Geophysics xx (2007) xxx—xxx

ion
KKE

(B.6)

is the complex wavenumber of the slow P wave, and

EmKElV
Kr = B.7
E EG ) ( )
is an effective modulus, with
4

the dry-rock fast P wave modulus.

Let us assume in the following analysis that the
properties of the frame are the same in media 1 and 2
and that the contrast is due to two different saturating
fluids (for example, water and gas). The approximate
transition frequency separating the relaxed and unre-
laxed states (i.e., the approximate location of the
relaxation peak) is

- 81(31]('5I

S = (B.9)

i
where the subindex 1 refers to water for a layered
medium alternately saturated with water and gas. At this
reference frequency, the Biot slow-wave attenuation
length equals the mean layer thickness or characteristic
length of the inhomogeneities (Gurevich et al., 1997)
(see below). Eq. (B.9) indicates that the mesoscopic-loss
mechanism moves towards the low frequencies with
increasing viscosity and decreasing permeability, i.e., the
opposite behaviour of the Biot relaxation mechanism.

The mesoscopic mechanism is due to the presence of
the Biot slow wave and the diffusivity constant is
v =kKg/n. The critical fluid-diffusion relaxation length
L is obtained by setting |kL|=1, where k is the
wavenumber (Eq. (B.6)). It gives L = +/v/w. The
fluid pressures will be equilibrated if L is comparable to
the period of the stratification. For smaller diffusion
lengths (e.g., higher frequencies) the pressures will not
be equilibrated, causing attenuation and velocity
dispersion. Notice that the reference frequency (Eq.
(B.9)) is obtained for a diffusion length L=d, /4.

At enough low frequencies, the fluid pressure is
uniform (isostress state) and the effective modulus of the
pore fluid is given by Wood’s (1955) law:
L_pm P

= . (B.10)
Ky Kp Kp

It can be shown (see Johnson, 2001) that E(w=0) is
equal to the plane-wave modulus (Eq. (B.3)) for a fluid
whose composite modulus is given by Eq. (B.10). On

the other hand, at high frequencies, the pressure is not
uniform but can be assumed to be constant within each
phase. In such a situation Hill’s (1964) theorem gives
the high-frequency limit E(w=00)=E, (see Eq. (B.2)).
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