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ABSTRACT

We have developed continuous and discrete-time finite-
element (FE) methods to solve an initial boundary-value prob-
lem for the thermo-poroelasticity wave equation based on
the combined Biot/Lord-Shulman (LS) theories to describe
the porous and thermal effects, respectively. In particular, the
LS model, which includes a Maxwell-Vernotte-Cattaneo re-
laxation term, leads to a hyperbolic heat equation, thus avoid-
ing infinite signal velocities. The FE methods are formulated
on a bounded domain with absorbing boundary conditions at
the artificial boundaries. The dynamical equations predict four
propagation modes, a fast P (P1) wave, a Biot slow (P2) wave,
a thermal (T) wave, and a shear (S) wave. The spatial discre-
tization uses globally continuous bilinear polynomials to
represent solid displacements and temperature, whereas the
vector part of the Raviart-Thomas-Nedelec of zero order is
used to represent fluid displacements. First, a priori optimal
error estimates are derived for the continuous-time FE
method, and then an explicit conditionally stable discrete-time
FEmethod is defined and analyzed. The explicit FE algorithm
is implemented in one dimension to analyze the behavior of
the P1, P2, and T waves. The algorithms can be useful for a
better understanding of seismic waves in hydrocarbon reser-
voirs and crustal rocks, whose description is mainly based on
the assumption of isothermal wave propagation.

INTRODUCTION

Thermoelasticity is the theory that couples the fields of deforma-
tion and temperature, where an elastic source gives rise to a temper-

ature field and attenuation and a heat source induces anelastic
deformations. The theory is useful in a variety of applications such
as seismic attenuation in rocks and material science (Zener, 1938;
Lifshitz and Roukes, 2000; Carcione et al., 2019a). The theory also
might be relevant in low-temperature physics, theories of shocks
and vibrations, and astrophysics.
The classical parabolic-type differential equations of thermoelas-

ticity (nonporous) for the Fourier law of heat conduction are
reported by Biot (1956), but his theory has unphysical solutions, such
as discontinuities and infinite velocities at high frequencies. Sub-
sequently, Lord and Shulman (1967) overcome these problems by
formulating hyperbolic-type differential equations, introducing Max-
well-Vernotte-Cattaneo (MVC) relaxation times into the heat equa-
tion (Rudgers, 1990). The thermoelasticity theory predicts an S wave,
two P waves, and a thermal wave. The fastest P wave and thermal
wave have characteristics similar to the fast and slow P waves of po-
roelasticity, respectively (Carcione et al., 2019a; Carcione, 2022).
The work of Zener (1938) already contains the concept of mode

conversion from a P wave to a thermal mode, e.g., he explains
P-wave dissipation due to the presence of “microscopic stress in-
homogeneities [which] arise from imperfections, such as cavities,
and from the elastic anisotropy of the individual crystallites,” in
the same way that the White model (White et al., 1975) describes
attenuation in porous media due to mesoscopic-scale inhomogene-
ities (as a P wave converted to Biot slow mode). Zener (1946)
anticipates the concept of attenuation due to diffusion, where he
mentions thermal, atomic, and magnetic diffusions as the causes.
However, the Biot slow mode represents loss due to fluid-pressure
diffusion. These attenuation mechanisms (and related velocity
dispersion) are essential in forward modeling and inversion to honor
the amplitude and phase of the wavefield.
Early works in geophysics worth mentioning in this sense were

conducted by Treitel (1959) and Savage (1966), who obtain the
P- and S-wave quality factors for empty round cavities or pores,
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and Armstrong (1984), who considers a finely layered medium. The
subject had been neglected in practice until recent works by Car-
cione and coworkers, who perform the first simulation of the ther-
mal wave in the context of thermoelasticity and poro-
thermoelasticity (Carcione et al., 2019a, 2019b, 2020; Wang et al.,
2020, 2021; Wei et al., 2020). In these works, the numerical sim-
ulation was performed with a direct method to compute the spatial
derivatives, namely, the Fourier pseudospectral differential operator
(e.g., Carcione, 2022). The development of a new technique, based
on the finite-element (FE) algorithm, will provide a more flexible
approach to represent the heterogeneities of the medium and will
provide a further crosscheck of algorithms and the physics of wave
propagation.
Santos et al. (2021) prove the existence and uniqueness of the Biot/

Lord-Shulman formulation in linear thermo-poroelastic isotropic me-
dia, with bounded domains under appropriate boundary and initial
conditions. The analysis shows the existence of a unique solution,
given in terms of displacements of the solid and fluid phases and tem-
perature, and proves its regularity in the space and time variables. The
FE spaces used for the spatial discretization of the initial boundary-
value problem (IBVP) are as follows. The components of the solid
displacement vector and the temperature are represented by globally
continuous piecewise bilinear functions. For the fluid phase, we use
the locally vector part of the Raviart-Thomas-Nedelec space of zero
order. First, we derive a variational formulation of the continuous-
time FE IBVP problem and show the existence and uniqueness of the
continuous-time FE solution. Then, a priori error estimates are given,
which are optimal for the FE spaces used and the assumed regularity
of the solution. A novel explicit discrete-time FE algorithm is defined,
and the conditional stability of the explicit FE procedure is analyzed.
Finally, the implementation of the explicit FE algorithm is illustrated
for the 1D case, with numerical experiments showing the behavior of
all waves when using this nonisothermal model.

MODEL EQUATIONS

We consider a porous medium saturated by a single phase and
compressible viscous fluid and assume that the whole aggregate is
isotropic. Let us ¼ ðusi Þ and uf ¼ ðufi Þ denote the average displace-
ment vectors of the solid and relative fluid phases, respectively, and
set u ¼ ðus; ufÞ. Let εðusÞ ¼ ðεijðusÞÞ be the strain tensor of the
solid. Also, let σðu; θÞ ¼ ðσijðu; θÞÞ and pf ¼ pfðu; θÞ denote
the stress tensor of the bulk material and the fluid pressure, respec-
tively, with θ being the increment of the temperature above a refer-
ence absolute temperature θ0 for the state of zero stress and strain.
The stress-strain relations are

σijðu; θÞ ¼ 2μεijðusÞ þ δijðλu∇ · us þ B∇ · uf − βθÞ; (1)

−pfðu; θÞ ¼ B∇ · us þM∇ · uf − βfθ; (2)

where μ is the wet- or dry-rock shear modulus; λu ¼ λþ α2M;
α ¼ 1 − ðKm=KsÞ; M ¼ ðððα − ϕÞ=KsÞ þ ðϕ=KfÞÞ−1; ϕ is the
porosity; and B ¼ αM, with λu being the Lamé coefficient of the
fluid-saturated frame and Ks; Km, and Kf denoting the bulk moduli
of the grains, solid, and fluid, respectively. The positive coupling co-
efficients β and βf are the coefficients of thermoelasticity of the bulk
material and fluid, respectively.

Dynamical equations

Let ρb ¼ ð1 − ϕÞρs þ ϕρf denote the mass density of the bulk
material, with ρs and ρf being the mass densities of the grains and
fluid, respectively. Let the positive definite matrix P and the non-
negative matrix B be defined by

P ¼
�
ρbI ρfI
ρfI gI

�
; B ¼

�
0I 0I
0I η

κ I

�
; (3)

where I is the identity matrix in Rd×d, with d ¼ 2; 3, η is the fluid
viscosity, κ is the permeability, and g ¼ ðSρf=ϕÞ, where S is the
tortuosity.
Let us define the differential operator Lðu; θÞ ¼ ð∇ · σðu; θÞ;

−∇pfðu; θÞÞ: Then, Biot’s dynamical equation taking into account
temperature is

Püþ B _uf − Lðu; θÞ ¼ f: (4)

Following Sharma (2008) and Carcione et al. (2019a), the general-
ized heat equation is

τcθ̈ þ c_θ − ∇ · ðγ∇θÞ þ βθ0∇ · _us þ βθ0∇ · _uf

þ τβθ0∇ · üs þ τβθ0∇ · üf ¼ −q: (5)

In equations 4 and 5, f ¼ ðfs; ffÞ is an external force and q is a heat
source. Also, γ ¼ ð1 − ϕÞγm þ ϕγf is the bulk coefficient of heat
conduction (or thermal conductivity), with γm and γf being the heat
conduction of the frame and the fluid, respectively; c ¼ ð1 − ϕÞcm þ
ϕcf is the bulk specific heat of the unit volume in the absence of
deformation; and τ is an MVC relaxation time. These equations as-
sume thermal equilibrium between the solid and the fluid, i.e., the
temperature in both phases is the same. Thermal equilibrium is valid
when the interstitial heat transfer coefficient between the solid and
fluid is very large and the ratio of pore surface area to pore volume
is sufficiently high. Here, we consider βm, βf , γ, and c as strictly
positive parameters, obtained from experiments or from a specific
theoretical model.

IBVP

The IBVP is formulated in the 2D case (with obvious extension
to the 3D case) for the case of thermal equilibrium in an open
bounded domain Ω with piecewise smooth boundary and a time
interval J ¼ ð0; TÞ as follows: find ðu; θÞ satisfying equations 4
and 5 with initial conditions

uðx;0Þ¼u0¼ðu0;s;u0;fÞ; _uðx;0Þ¼u1¼ðu1;s;u1;fÞ; x∈Ω;
(6)

θðx; 0Þ ¼ θ0; _θðx; 0Þ ¼ θ1; x ∈ Ω; (7)

and absorbing boundary conditions

−GΓðu; θÞ ¼ DSðu̇Þ;−γ∇θ · ν ¼ τcvθθ̇; x ∈ Γ; t ∈ J;

(8)

where
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Gðu; θÞ ¼ ðσν · ν;σν · χ;−pfÞðu; θÞ;
Sðu̇Þ ¼ ðu̇s · ν; u̇s · χ; u̇f · νÞ: (9)

In equations 8 and 9, ν and χ are the unit vector outer normal and
unit vector tangent on Γ oriented counterclockwise. The absorbing
boundary condition (equation 8) is derived in Santos et al. (1988),
with the matrix D being positive definite. Also, vθ ¼

ffiffiffiffiffiffiffiffiffiffiffi
γ=ðτcp Þ is

the heat speed (e.g., Carcione et al., 2020).
In the 3D case, the formulation of the IVP (equations 6–9) re-

mains valid if two tangents (i.e., χ1;χ2) are used in equation 9.
An existence and uniqueness result for the solution of equa-

tions 4–7 with different boundary conditions than those in equa-
tion 8 are given in Santos et al. (2021).

A VARIATIONAL FORMULATION

To obtain a variational formulation, we need to introduce some
notation. For Ω ⊂ R2 with boundary Γ ¼ ∂Ω, let ð·; ·ÞΩ and h·; ·iΓ
denote the L2ðΩÞ and L2ðΓÞ inner products, respectively, for scalar,
vector, or matrix-valued functions. Also, for s ∈ R, k · ks;Ω and j ·
js;Γ will denote the usual norms for the Sobolev space HsðΩÞ and
HsðΓÞ, respectively (Adams and Fournier, 2003). If X ¼ Ω or
X ¼ Γ, the subscript X may be omitted such that ð·; ·Þ ¼ ð·; ·ÞΩ,
·; ·¼·; ·Γ, or j · js ¼ j · js;Γ. Let

Hðdiv;ΩÞ ¼ fv ∈ ½L2ðΩÞ�2∶∇ · v ∈ L2ðΩÞg; (10)

provided with the norm kvkHðdiv;ΩÞ ¼ ½kvk20 þ k∇ · vk20�1=2: We
also will refer to the space:

H1ðdiv;ΩÞ ¼ fv ∈ ½H1ðΩÞ�2∶∇ · v ∈ H1ðΩÞg: (11)

The following known results will be used (Girault and Raviart, 1981):

jv · νj−1=2;Γ ≤ CkvkHðdiv;ΩÞ; (12)

jvj0;Γ ≤ Ckvk1=20;Ωkvk1=21;Ω ≤ Ckvk1;Ω: (13)

Here, and in what follows, C denotes a generic constant that may take
different values at different places. Also recall Korn’s second inequal-
ity (Duvaut and Lions, 1976):

Z
Ω

�X
i;j

ðεijðvÞÞ2
�
dΩþ kvk20 ≥ Ckvk21: (14)

Next, we introduce the space V ¼ ½H1ðΩÞ�2 ×Hðdiv;ΩÞ; provided
with the natural norm:

kvkV ¼ ðkvsk21 þ kvfk2Hðdiv;ΩÞÞ1=2;
vs ∈ ½H1ðΩÞ�2; vf ∈ Hðdiv;ΩÞ: (15)

Also, for any Banach space Y, let

L2ðJ; YÞ ¼
�
f∶J → Y∶kfk2J;Y ¼

Z
T

0

kfðtÞk2Ydt < ∞
�
;

(16)

L∞ðJ; YÞ ¼ ff∶J → Y∶kfk∞J;Y ¼ ess: supt∈JkfðtÞkY < ∞g:
(17)

To obtain a variational formulation of the IBVP (equations 4–8),
multiply equation 4 by vs and equation 5 by vf such that v ¼ ðvs; vfÞ
∈ V; we use integration by parts and the boundary conditions equa-
tion 8 to obtain

ðPüðxÞ;vÞþ
�
η

κ
u̇f;vf

�
þΛðu;vÞ−ðβθ;∇ ·vsÞ−ðβfθ;∇ ·vfÞ

þðτcθ̈;wÞþðcθ̇;wÞþðγ∇θ;∇wÞþðβθ0∇ · u̇s;wÞ
þðβθ0∇ · u̇f;wÞþðτβθ0∇ · üs;wÞþðτβθ0∇ · üf;wÞ
þhDSðu̇Þ;SðvÞiþhτcvθθ̇;wi
¼ðf;vÞ−ðq;wÞ; v¼ðvs;vf;wÞ∈V×H1ðΩÞ; t∈J; (18)

where Λðu; vÞ is the bilinear form

Λðu; vÞ ¼ ðE~εðuÞ; ~εðvÞÞ: (19)

In equation 19, the matrix E and the column vector ~εðuÞ are defined by

E¼

0
B@
λuþ2μ λu B 0

λu λuþ2μ B 0

B B M 0

0 0 0 4μ

1
CA; ~εðuÞ¼

0
BB@
ε11ðusÞ
ε33ðusÞ
∇ ·uf

ε13ðusÞ

1
CCA: (20)

The term ðE ~εðuÞ; ~εðvÞÞ in equation 19 is associated with the strain
energy of the system, so that the symmetric matrix E must be positive
definite. Furthermore, Λðu; vÞ ≤ CkukVkvkV .
Also, note that, using equation 14, if ξE� is the minimum eigen-

value of E, the following Gärding inequality holds:

Λðv; vÞ ≥ C1kvk2V − ξE�kvk20: (21)

FE FORMULATIONS

Wewill find an FE solution of equation 18 as follows. Let T hðΩÞ
be a quasiregular nonoverlapping partition of Ω into rectangles Ωj

of diameter bounded by h such that Ω ¼∪J
J Ωj. Let us denote by

WhðΩÞ the space of globally continuous piecewise bilinear poly-
nomials to be used to approximate each component of the solid dis-
placement us and the temperature θ. Also, let VhðΩÞ be the vector
part of the Raviart-Thomas-Nedelec space of zero order (Raviart
and Thomas, 1977; Nedelec, 1980) used to approximate the fluid
displacement vector uf. Then, let

ZhðΩÞ ¼ WhðΩÞ ×WhðΩÞ × VhðΩÞ ×WhðΩÞ: (22)

Next, let Π∶H2ðΩÞ → WhðΩÞ be the interpolant operators associ-
ated with the space Wh and set Πð2Þ ≡ Π × Π → ½WhðΩÞ�2: Let
Q∶H1ðdiv;ΩÞ → VhðΩÞ be the projection defined by

hðQψ − ψÞ · ν; 1iB ¼ 0; B ¼ Γjk or B ¼ Γj: (23)

The approximating properties of Π and Q are (Raviart and Thomas,
1977; Nedelec, 1980)
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kφ−Πφk0þhkφ−Πφk1≤Ch2kφk2; φ∈H2ðΩÞ; (24)

kφ−ðΠÞð2Þφk0þhkφ−ðΠÞð2Þφk1≤Ch2kφk2; φ∈ ½H2ðΩÞ�2;
(25)

kψ −Qψk0 ≤ Chkψk1; (26)

k∇ ·ðψ−QψÞk0≤Chðkψk1þk∇ ·ψk1Þ; ψ∈H1ðdiv;ΩÞ:
(27)

Continuous-time FE procedure

We find ðUðtÞ;ΘðtÞÞ ∈ ZhðΩÞ such that

ðPÜ;vÞþ
�
η

κ
U̇f;vf

�
þΛðU;vÞ− ðβΘ;∇ · vsÞ− ðβfΘ;∇ · vfÞ

þðτcΘ̈;wÞþðcΘ̇;wÞþðγ∇Θ;∇wÞþðβθ0∇ · U̇s;wÞ
þðβθ0∇ · U̇f;wÞþðτβθ0∇ · Üs;wÞþðτβθ0∇ · Üf;wÞ
þhDSðU̇Þ;SðvÞiþhτcvθΘ̇;wi
¼ ðf;vÞ− ðq;wÞ; v¼ðvs;vf;wÞ∈ZhðΩÞ; t∈ J: (28)

Next, we state Theorem 1 where the existence and uniqueness of the
solution of the problem (equation 28) are demonstrated, and Theo-
rem 2 where a priori error estimates for this FE procedure are pre-
sented. Their proofs are given in Appendix A.

Theorem 1

Assume that the matrices P and B in equation 3 are positive def-
inite and semidefinite, respectively, and that the matrix E in equa-
tion 20 is positive definite. Also, assume that the coefficients
τ; c; γ; β, and βf in equation 5 are bounded above and below by
positive constants.
Then, there exists a unique solution ðU;ΘÞ ∈ Zh of the continu-

ous-time FE procedure (equation 28) that satisfies the inequality:

kUðtÞk2L∞ðJ;VÞ þ k _UðtÞk2L∞ðJ;VÞ þ kÜðtÞk2L2ðJ;½L2ðΩÞ�4Þ

þ kΘðtÞk2L2ðJ;L2ðΩÞÞ þ k _ΘðtÞk2L2ðJ;H1ðΩÞÞ

≤CðkUð0Þk2V þk _Uð0Þk2V þk _Uð0Þk20þkÜð0Þk20
þk _Θð0Þk20þkΘð0Þk21Þ
≤Cðkfk2L2ðJ;½L2ðΩÞ�4Þ þ k_fk2L2ðJ;½L2ðΩÞ�4Þ þ kqðsÞk2L2ðJ;L2ðΩÞÞÞ:

(29)

Theorem 2

Assume that the matrices P and B in equation 3 are positive
definite and semidefinite, respectively, and that the matrix E in
equation 20 is positive definite. Also, assume that the coefficients
τ; c; γ; β, and βf in equation 5 are bounded above and below by
positive constants. Then, the solution ðU;ΘÞ ∈ Zh of the FE pro-
cedure (equation 28) satisfies the a priori error estimate:

kEu̇kL∞ðJ;½L2ðΩÞ�4Þ þ kEükL∞ðJ;½L2ðΩÞ�4Þ

þ kEukL∞ðJ;VÞ þ kEu̇kL∞ðJ;VÞ

þ kEθkL∞ðJ;H1ðΩÞÞ þ kEθ̇kL∞ðJ;L2ðΩÞÞ

≤ Chðku0;sk2 þ ku0;fk1 þ k∇ · u0;fk1 þ ku1;sk2
þ ku1;fk1 þ k∇ · u1;fk1
þ kθ0k2 þ jθ1k2 þ kf̈ð0Þk0 þ kq̈ð0Þk0
þ ku̇skL2ðJ;½H2ðΩÞ�2Þ þ ku̇fkL∞ðJ;½H1ðΩÞ�2Þ

þ ku̇fkL2ðJ;½H3=2ðΩÞ�2Þ þ k∇u̇fkL2ðJ;H1ðΩÞÞ

þ küskL2ðJ;½H2ðΩÞ�2Þ þ küfkL2ðJ;½H1ðΩÞ�2Þ þ kθ̇kL∞ðJ;H2ðΩÞÞ

þ kθ̈kL2ðJ;H2ðΩÞÞÞ: (30)

TIME-STEPPING PROCEDURE

Let

∂2Un ¼ Unþ1 − 2Un þ Un−1

Δt2
; ∂Un ¼ Unþ1 − Un−1

2Δt
;

DtUn ¼ Unþ1 − Un

Δt
: (31)

An explicit time discretization of equation 18 can be stated as
follows: we find ðUn;ΘnÞ ∈ Zh such that

ðP∂2Un;vÞþ
�
η

κ
∂Uf;n;vf

�
þΛðUn;vÞ−ðβΘn;∇ ·vsÞ

−ðβfΘn;∇ ·vfÞ
þðτc∂2Θn;wÞþðc∂Θn;wÞþðγ∇Θn;∇wÞþðβθ0∇ ·∂Us;n;wÞ
þðβθ0∇ ·∂Uf;n;wÞþðτβθ0∇ ·∂2Us;n;wÞþðτβθ0∇ ·∂2Uf;n;wÞ
þhDSð∂UnÞ;SðvÞiþhτcvθ∂Θn;wi
¼ðfn;vÞ−ðqn;wÞ; v¼ðvs;vf;wÞ∈ZhðΩÞ; n¼1;2; ···;M:

(32)

Conditional stability of the discrete FE procedure

We choose v ¼ ∂Un ¼ ð∂Us;n; ∂Uf;nÞ andw ¼ ∂Θn in equation 32
to obtain

ðP∂2Un; ∂UnÞ þ
�
η

κ
∂Uf;n; ∂Uf;n

�
þ ΛðUn; ∂UnÞ

− ðβΘn;∇ · ∂Us;nÞ − ðβfΘn;∇ · ∂Uf;nÞ
þ ðτc∂2Θn; ∂ΘnÞ þ ðc∂Θn; ∂ΘnÞ þ ðγ∇Θn;∇∂ΘnÞ
þ ðβθ0∇ · ∂Us;n; ∂ΘnÞ
þ ðβθ0∇ · ∂Uf;n; ∂ΘnÞ þ ðτβθ0∇ · ∂2Us;n; ∂ΘnÞ
þ ðτβθ0∇ · ∂2Uf;n; ∂ΘnÞ
þ hDSð∂UnÞ;Sð∂UnÞi þ hτcvθ∂Θn; ∂Θni
¼ ðfn; ∂UnÞ − ðqn; ∂ΘnÞ; n ¼ 1; 2; · · · ;M: (33)
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Next, we use the identities

2ΔtΛðUn; ∂UnÞ ¼ 1

2
½ΛðUnþ1;Unþ1Þ − ΛðUn−1;Un−1Þ

þ ΛðUn − Un−1;Un − Un−1Þ
− ΛðUnþ1 − Un;Unþ1 − UnÞ�; (34)

Δtðγ∇Θn;∇∂ΘnÞ¼1

2
½ðγ∇Θnþ1;∇Θnþ1Þ−ðγ∇Θn−1;∇Θn−1Þ

þðγ∇ðΘn−Θn−1Þ;∇ðΘn−Θn−1ÞÞ−ðγ∇ðΘnþ1−ΘnÞ;
∇ðΘnþ1−ΘnÞ�; (35)

and add to equation 33 the inequalities

ζ

4Δt
½kUnþ1k20−kUn−1k20�≤

ζ

4
ðkUnþ1k20þkUn−1k20

þkDtUnk20þkDtUn−1k20Þ;
1

4Δt
ðγΘnþ1;Θnþ1Þ−ðγΘn−1;Θn−1Þ

≤CðkΘnþ1k20þkΘn−1k20þkDtΘnk20þkDtΘn−1k20Þ; (36)

to obtain

1

2Δt
½ðPDtUn;DtUnÞ−ðPDtUn−1;DtUn−1Þ�

þ 1

4Δt
½ΛζðUnþ1;Unþ1Þ−ΛζðUn−1;Un−1Þ�

þ 1

4Δt
½ΛðUn−Un−1;Un−Un−1Þ−ΛðUnþ1−Un;Unþ1−UnÞ�

þ 1

2Δt
½ðτcDtΘn;DtΘnÞ−ðτcDtΘn−1;DtΘn−1Þ�

þ 1

4Δt
ðkγ1=2Θnþ1k21−kγ1=2Θn−1k21Þ

þ 1

4Δt
½ðγ∇ðΘn−Θn−1Þ;∇ðΘn−Θn−1ÞÞ−ðγ∇ðΘnþ1−ΘnÞ;

∇ðΘnþ1−ΘnÞ�

þ
�
η

κ
∂Uf;n;∂Uf;n

�
þðc∂Θn;∂ΘnÞþhDSð∂UnÞ;Sð∂UnÞi

þhτcvθ∂Θn;∂Θni
þðβθ0∇ ·∂Us;n;∂ΘnÞþðβθ0∇ ·∂Uf;n;∂ΘnÞ
þðτβθ0∇ ·∂2Us;n;∂ΘnÞþðτβθ0∇ ·∂2Uf;n;∂ΘnÞ
≤CðkUnþ1k20þkUn−1k20þkDtUnk20þkDtUn−1k20
þkΘnþ1k20þkΘn−1k20þkDtΘnk20þkDtΘn−1k20Þ
þðfn;∂UnÞ−ðqn;∂ΘnÞþðβΘn;∇ ·∂Us;nÞ
þðβfΘn;∇ ·∂Uf;nÞ; n¼1; ···M: (37)

To obtain estimates for the last two terms on the left side of equa-
tion 37, we use the following discrete-time form of equation A-11 in
Appendix A:

ðτβθ0∇ ·∂2Us;n;∂ΘnÞþðτβθ0∇ ·∂2Uf;n;∂ΘnÞ

≥
Cτ

2Δt
1

2
½ðP∂2Unþ1;∂2Unþ1Þ−ðP∂2Un−1;∂2Un−1Þ�

þ Cτ

2Δt
½ΛðDtUn;DtUnÞ−ΛðDtUn−1;DtUn−1Þ�

þCτ

��
η

κ
∂2Uf;n;∂2Uf;n

�
þhDSð∂2UnÞ;Sð∂2UnÞi

−ð∂fs;n;∂2Us;nÞ−ð∂ff;n;∂2Us;nÞ
�
; n¼1;2; ···;M: (38)

Next, note that

ζ

4Δt
½kDtUnk20 − kDtUn−1k20�

≤ CðkDtUnk20 þ kDtUn−1k20 þ k∂2Unk20Þ: (39)

Then, we use equation 38 in equation 37 and add equation 39 to the
resulting inequality to obtain

1

2Δt
½ðPDtUn;DtUnÞ−ðPDtUn−1;DtUn−1Þ�

þ Cτ

4Δt
½ðP∂2Unþ1;∂2Unþ1Þ−ðP∂2Un−1;∂2Un−1Þ�

þ 1

4Δt
½ΛζðUnþ1;Unþ1Þ−ΛζðUn−1;Un−1Þ�

þ 1

4Δt
½ΛðUn−Un−1;Un−Un−1Þ−ΛðUnþ1−Un;Unþ1−UnÞ�

þ Cτ

2Δt
½ΛζðDtUn;DtUnÞ−ΛζðDtUn−1;DtUn−1Þ�

þ 1

2Δt
½ðτcDtΘn;DtΘnÞ−ðτcDtΘn−1;DtΘn−1Þ�

þ 1

4Δt
ðkγ1=2Θnþ1k21−kγ1=2Θn−1k21Þ

þ 1

4Δt
½ðγ∇ðΘn−Θn−1Þ;∇ðΘn−Θn−1ÞÞ−ðγ∇ðΘnþ1−ΘnÞ;

∇ðΘnþ1−ΘnÞÞ�

þ
�
η

κ
∂Uf;n;∂Uf;n

�
þðc∂Θn;∂ΘnÞþhDSð∂UnÞ;Sð∂UnÞi

þhτcvθ∂Θn;∂Θni

þCτ

��
η

κ
∂2Uf;n;∂2Uf;n

�
þhDSð∂2UnÞ;Sð∂2UnÞi

�

≤CðkUnþ1k20þkUn−1k20þkDtUnk20þkDtUn−1k20þk∂2Unk20
þkΘnþ1k20þkΘn−1k20þkDtΘnk20þkDtΘn−1k20Þ
þðfn;∂UnÞ−ðqn;∂ΘnÞþCτ½ð∂fs;n;p2Us;nÞþð∂ff;n;p2Us;nÞ�
þðβΘn;∇ ·∂Us;nÞþðβfΘn;∇ ·∂Uf;nÞ
−ðβθ0∇ ·∂Us;n;∂ΘnÞ−ðβθ0∇ ·∂Uf;n;∂ΘnÞn¼1; ···M: (40)

We multiply equation 40 by Δt and sum from n ¼ 1 to n ¼ N,
N ≤ M. Because
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1

4

Xn¼N

n¼1

½ΛðUn−Un−1;Un−Un−1Þ−ΛðUnþ1−Un;Unþ1−UnÞ�

¼−
1

4
ðΔtÞ2ΛðDtUN;DtUNÞþ1

4
ðΔtÞ2ΛðDtU0;DtU0Þ; (41)

we obtain

1

2
½ðPDtUN;DtUNÞ−ðPDtU0;DtU0Þ�

þCτ

4
½ðP∂2UNþ1;∂2UNþ1ÞþðP∂2UN;∂2UNÞ

−ðP∂2U0;∂2U0Þ−ðP∂2U1;∂2U1Þ�

þ1

4
½ΛζðUNþ1;UNþ1ÞþΛζðUN;UNÞ−ΛζðU1;U1Þ−ΛζðU0;U0Þ�

þCτ

4
½ΛζðDtUN;DtUNÞ−ΛζðDtU0;DtU0Þ�

þ1

4
½ΛðUNþ1;UNþ1ÞþΛðUN;UNÞ−ΛðU1;U1Þ−ΛðU0;U0Þ�

−
ðΔtÞ2
4

ΛðDtUN;DtUNÞþðΔtÞ2
4

ΛðDtU0;DtU0Þ

þ1

2
½ðτcDtΘN;DtΘNÞ−ðτcDtΘ0;DtΘ0Þ�

þ1

4
ðkγ1=2ΘNþ1k21þkγ1=2ΘNk21−kγ1=2Θ0k21−kγ1=2Θ1k21Þ

−
ðΔtÞ2
4

kγ1=2∇DtΘNk20þ
ðΔtÞ2
4

kγ1=2∇DtΘ0k20

þ
Xn¼N

n¼1

�
η

κ
∂Uf;n;Uf;n

�
Δtþ

Xn¼N

n¼1

ðc∂Θn;∂ΘnÞΔt

þCτ

Xn¼N

n¼1

hDSð∂2UnÞ;Sð∂2UnÞiΔt

þ
Xn¼N

n¼1

Cτ

�
η

κ
∂2Uf;n;∂2Uf;n

�
þ
Xn¼N

n¼1

½hDSð∂UnÞ;Sð∂UnÞi

þhτcvθ∂Θn;∂Θni�Δt

≤C
Xn¼N

n¼1

ðkfnk20þk∂fnk20þkqnk20þkUnþ1k20

þkUn−1k20þkDtUnk20
þkDtUn−1k20þk∂2Unk20þkΘnþ1k20þkΘn−1k20þkDtΘnk20
þkDtΘn−1k20ÞΔt

þ
Xn¼N

n¼1

ðβΘn;∇ ·∂Us;nÞΔtþ
Xn¼N

n¼1

ðβfΘn;∇ ·∂Uf;nÞΔt

−
Xn¼N

n¼1

ðβθ0∇ ·∂Us;n;∂ΘnÞΔt−
Xn¼N

n¼1

ðβθ0∇ ·∂Uf;n;∂ΘnÞΔt: (42)

The last four terms in the right side of equation 42 can be bounded
as follows:

				
Xn¼N

n¼1

ðβΘn;∇ · ∂Us;nÞΔt
				þ

				
Xn¼N

n¼1

ðβfΘn;∇ · ∂Uf;nÞΔt
				

				
Xn¼N

n¼1

ðβθ0∇ · ∂Us;n; ∂ΘnÞΔt
				þ

				
Xn¼N

n¼1

ðβθ0∇ · ∂Uf;n; ∂ΘnÞΔt
				

≤ C
Xn¼N

n¼1

ðkΘnk20 þ k∇ · ∂Us;nk20 þ k∇ · ∂Unk20ÞΔt

≤ C
Xn¼N

n¼1

ðkΘnk20 þ k∂Unk2VÞΔt: (43)

We use the bound equation 43 in equation 42 to obtain the es-
timate:

ðPDtUN;DtUNÞþCτ

4
½ðP∂2UNþ1;∂2UNþ1ÞþðP∂2UN;∂2UNÞ�

þΛζðUNþ1;UNþ1ÞþΛζðUN;UNÞþCτΛζðDtUN;DtUNÞ

þΛðUNþ1;UNþ1ÞþΛðUN;UNÞ−ðΔtÞ2
4

ΛðDtUN;DtUNÞ

þðΔtÞ2
4

ΛðDtU0;DtU0ÞþðτcDtΘN;DtΘNÞ
þkγ1=2ΘNþ1k21þkγ1=2ΘNk21
−
ðΔtÞ2
4

kγ1=2DtΘNk21þ
ðΔtÞ2
4

kγ1=2DtΘ0k21

þ
Xn¼N

n¼1

�
η

κ
∂Uf;n;∂Uf;n

�
Δt

þ
Xn¼N

n¼1

ðc∂Θn;∂ΘnÞΔtþCτ

Xn¼N

n¼1

hDSð∂2UnÞ;Sð∂2UnÞiΔt

þCτ

Xn¼N

n¼1

�
η

κ
∂2Uf;n;∂2Uf;n

�
Δtþ

Xn¼N

n¼1

½hDSð∂UnÞ;Sð∂UnÞi

þhτcvθ∂Θn;∂Θni�Δt
≤CðkU0k2VþkU1k2VþkDtU0k2Vþk∂2U0k20þk∂2U1k20

þkΘ0k21þkΘ1k21þkDtΘ0k20þ
Xn¼N

n¼1

ðkfnk20þk∂fnk20þkqnk20ÞΔt

þC
Xn¼N

n¼1

ðkUnþ1k20þkUn−1k20þkDtUnk20þkDtUn−1k20þk∂2Unk20

þkΘnþ1k20þkΘnk20þkΘn−1k20þkDtΘnk20þkDtΘn−1k20ÞΔt:
(44)

Next, note that there exist positive constants C8; C9 independent of
h such that the following inverse hypothesis holds:

ΛðUN;UNÞ ≤ ξ�ðEÞk~εðDtUNÞk20 ≤ C2
8h

−2kðDtUNÞk20;
kγ1=2DtΘNk21 ≤ γ�C2

9h
−2kðDtΘNÞk20: (45)

In equation 45, the constants C8 and C9 have a factor that measures
the quasiuniformity of T h and ξ�ðEÞ and γ� denote the maximum
eigenvalue of E and the maximum value of γ, respectively. Let
ξ�ðPÞ and ðτcÞ� be the minimum eigenvalue of P and the minimum
value of ðτcÞ, respectively. Hence,
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kP1=2DtUNk20−
ðΔtÞ2
4

ΛðDtUN;DtUNÞ

≥ðξ�ðPÞ−C2
8h

−2 ðΔtÞ2
4

ξ�ðEÞÞkDtUNk20≥
1

2
ξ�ðPÞkDtUNk20;

kðτcÞ1=2DtΘNk20−
ðΔtÞ2
4

kγ1=2ΘNk21

≥ððτcÞ�−
ðΔtÞ2
4

C2
9γ

�h−2ÞkDtΘNk20≥
1

2
ðτcÞ�kDtΘNk20; (46)

provided that Δt and h satisfy the stability constraint:

Δt ≤ min

�
h

ffiffiffi
2

p

C8

�
ξ�ðPÞ
ξ�ðEÞ

�
1=2

; h

ffiffiffi
2

p

C9

�ðτcÞ�
γ�

�
1=2

�
: (47)

Hence, for Δt and h as in equation 47, from equation 44 and the fact
that P is positive definite and Λζ is V-coercive, we obtain the in-
equality:

ξ�ðPÞ
2

kDtUNk20þk∂2UNk20þkUNk2V

þkDtUNk2Vþ
ðτcÞ�
2

kDtΘnk20þkΘnk21
≤CðkU0k2VþkU1k2VþkDtU0k2Vþk∂2U0k20þk∂2U1k20
þkΘ0k21þkΘ1k21þkDtΘ0k20

þ
Xn¼N

n¼1

ðkfnk20þk∂fnk20þkqnk20ÞΔtÞ

þC
Xn¼N

n¼1

ðkUnþ1k20þkUn−1k20þkDtUnk20

þkDtUn−1k20þk∂2Unk20
þkΘnþ1k20þkΘnk20þkΘn−1k20þkDtΘnk20þkDtΘn−1k20ÞΔt:

(48)

Finally, we apply Gronwall’s lemma in equation 48 to conclude the
validity of Theorem 3.

Theorem 3

Assume that the matricesP andB in equation 3 are positive definite
and semidefinite, respectively, and that the matrix E in equation 20 is
positive definite. Also, assume that the coefficients τ; c; γ; β, and βf in
equation 5 are bounded above and below by positive constants and
that Δt and h satisfy the stability constraint (equation 47). Then, there
exists a unique solution ðUn;ΘnÞ ∈ Zh of the discrete-time explicit
FE procedure (equation 32), which satisfies the estimate:

max1≤N≤MðkDtUNk2Vþk∂2UNk20kUNk2VþkDtΘNk20þkΘNk21Þ
≤CðkU0k2VþkU1k2VþkDtU0k2Vþk∂2U0k20þk∂2U1k20
þkΘ0k21þkΘ1k21þkDtΘ0k20

þ
Xn¼N

n¼1

ðkfnk20þk∂fnk20þkqnk20ÞΔtÞΔt: (49)

Remark

Note that the first and second time derivatives in the formulation of
the time-discrete explicit FE procedure (equation 32) are discretized
with errors on the order of ðΔtÞ2. Thus, the arguments for obtaining a
priori error estimates for the time-continuous FE procedure (equa-
tion 28) can be used to conclude that the a priori errors associated
with those discrete-time FE methods are on the order of ðΔtÞ2 þ h.

NUMERICAL EXPERIMENTS

The FE explicit procedure (equation 32) is implemented for the
1D case in an interval Ω ¼ ð0; LÞ, where L = 116 m. Thus, the FE
spaces for the solid, fluid, and temperature spatial representation are
C0 piecewise linear polynomials over a partition of Ω into subin-
tervals of size h ¼ 0.175m. The time step is dt ¼ 7.95 × 10−3 ms.
In the 2D (3D) case, a partition T h of the computational domain

Ω consists of rectangular (parallelepipeds) elements of diameter
bounded by h. The lowest order conforming FE spaces over T h

are C0 piecewise continuous polynomials to represent the temper-
ature and each component of the particle displacement vector, with
the local degrees of freedom (DOFs) being the values at the vertices
of the elements. However, the fluid displacement is represented us-
ing the vector part of the Raviart-Thomas-Nedelec space of zero
order (Raviart and Thomas, 1977), with local DOF being the values
at the midpoints of the edges (faces) of the elements.
Among the advantages of the FE method to simulate wave propa-

gation in these types of media are the ability to fit complex subsurface
geometries using variable mesh size as well as providing a natural
way to include absorbing boundary conditions at artificial boundaries
of the computational domain to eliminate spurious reflections.
The point source ðfs; ff; qÞ located at xsour ¼ 1 m is defined as

fjðx; tÞ ¼ d
dx

δx−xsourgðtÞ; j ¼ s; f; (50)

q ¼ δx−xsourgðtÞ; (51)

with gðtÞ being the waveform

gðtÞ ¼ cos½2πf0ðt − 1.5=f0Þ� exp½−2f20ðt − 1.5=f0Þ2� (52)

and f0 being the dominant frequency. However, values of the frame
and fluid displacements and temperature are recorded at xr ¼ 59 m.
Table 1 shows the thermoporoelastic material properties (Carcione
et al., 2019a).
The experiments analyzed the coupled and uncoupled cases con-

sidering the coupling coefficients β and βf nonzero (coupled case)
or null (uncoupled case).
The results of the plane-wave analysis presented in Carcione et al.

(2019a) predict, at the dominant frequency of 150 Hz, the approxi-
mate values of the phase velocities of the P1, P2, and Twaves: 2568,
827, and 420 m/s for the coupled case, and 2216, 665, and 604 m/s
for the uncoupled case, respectively.
In the following figures, the labels P1, P2, and T indicate fast,

slow, and temperature waves, respectively.
Figure 1 displays snapshots of temperature at 48 ms for the coupled

and uncoupled cases and nonzero viscosity. In the uncoupled case, as
expected, only a T wave is observed, whereas, in the coupled case,
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two waves are clearly seen, a T wave with a much larger amplitude
than in the uncoupled case and a P1 wave due to the coupling effects.
The P2 wave is not observed due to its diffusive behavior.
Figure 2 exhibits a frame snapshot at 48 ms, where now a Twave is

only observable for the coupled case due to its very small amplitude.
However, two P1 wavefronts can be seen, the one for the coupled
case traveling at a faster speed than for the uncoupled one.
Time histories of the particle displacement of the frame for the

uncoupled and coupled cases are shown in Figures 3 and 4 for null
and nonzero viscosity, respectively.
In Figure 3 (null viscosity), two wave arrivals can be seen for the

uncoupled case, which correspond to the classical P1 and P2 Biot
waves, whereas the coupled case exhibits an additional Twave. No-
tice, for the coupled case, the earlier arrival times of the P1 and P2
waves as compared with those of the uncoupled case. This behavior
is in agreement with the one presented in the plane-wave analysis of
Carcione et al. (2019a), with the values of the measured arrival
times being very close to those predicted by the theory.

Figure 4 (nonzero viscosity) shows only a P1 arrival for the
uncoupled case, whereas, for the coupled case, three waves are seen
to arrive at the receiver, corresponding to P1, P2, and Twaves. First,
as shown in Figure 3, the P1 wave arrives earlier in the coupled case
as compared with the uncoupled one. A P2 arrival also is observed,
which would not be present in the uncoupled case because of its
diffusive behavior as a classical P2 Biot wave.
The next example considers a uniform medium stiffer and less per-

meable than the one in Table 1, with Km ¼ 5.1 GPa, μ ¼ 5.565, and
κ ¼ 0.5 D whereas the other properties are the same.
Figures 5 and 6 display frame snapshots for nonzero viscosity and

uncoupled and coupled cases, respectively, for the medium in Table 1
as well as the stiffer and less permeable medium. Although Figure 5
only shows P1 wavefronts for both media, Figure 6 displays the P1
and Twaves, which travel faster and with lower amplitude compared
with the signals related to the medium defined in Table 1.
Next, we consider an inhomogeneous medium representing

an interface using two intervals I1 ¼ ð0; IÞ and I2 ¼ ðI; LÞ, with

Table 1. Material properties.

Grain bulk modulus (Ks) 35 GPa

Density (ρs) 2650 kg=m3

Frame bulk modulus (Km) 1.7 GPa

Shear modulus (μm) 1.885 GPa

Porosity (ϕ) 0.3

Permeability (κ) 1 D

Fluid bulk modulus (Kf) 2.4 GPa

Density (ρf) 1000 kg=m3

Viscosity (ηf) 0.001 Pa · s

Thermoelasticity coefficient (βf) 50,000 kg/(ms2 K)

Bulk specific heat (c) 820 kg/(ms2 K)

Thermoelasticity coefficient (β) 90,000 kg/(ms2 K)

Absolute temperature (T0) 300 K

Thermal conductivity (γ) 4.5 × 106 kg=m3

Relaxation time (τ) 1.5 × 10−2 s
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Figure 1. Snapshot of the temperature field at 48 ms for the un-
coupled and coupled cases with nonzero viscosity.
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Figure 2. Snapshot of the particle displacement of the frame at
48 ms for the uncoupled and coupled cases with nonzero viscosity.
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Figure 3. Time history of the particle displacement of the frame for
null viscosity and uncoupled and coupled cases.

WA168 Santos et al.

D
ow

nl
oa

de
d 

09
/1

3/
23

 to
 6

8.
78

.1
16

.5
1.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
S

E
G

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 T
er

m
s 

of
 U

se
 a

t h
ttp

://
lib

ra
ry

.s
eg

.o
rg

/p
ag

e/
po

lic
ie

s/
te

rm
s

D
O

I:1
0.

11
90

/g
eo

20
22

-0
27

1.
1



I = 38 m and L = 116 m. In the interval I1, the material properties are
those in Table 1, whereas, in interval I2, the properties are those of
the stiffer medium. Figure 7 displays time histories recorded at 84 m
from the source, which are compared with those corresponding to
the medium of Table 1. It is observed that the P1 wave arrives earlier
in the inhomogeneous case, whereas the opposite occurs for the P2
and T waves.
Finally, Figure 8 compares the results of the FE procedure with

those computed with a finite-difference algorithm. A very good
agreement can be observed.

CONCLUSION

We solve the IBVP associated with the thermo-poroelasticity wave
equation by applying continuous and discrete-time FE methods. A
priori error estimates are derived, which are optimal for the assumed
regularity of the solution. Furthermore, we present an explicit
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Figure 4. Time history of the particle displacement of the frame for
nonzero viscosity and uncoupled and coupled cases.
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Figure 5. Frame snapshots for the uniform material in Table 1 and
the harder and less permeable one. Uncoupled case and nonzero
viscosity.
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Figure 7. Time history of the particle displacement of the frame for
the uniform medium in Table 1 and the inhomogeneous one repre-
senting an interface. Coupled case and nonzero viscosity.
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Figure 8. Comparison between frame snapshots of the FE pro-
cedure and the finite-differences algorithm for the uniform frame
in Table 1. Coupled case and nonzero viscosity.
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Figure 6. Frame snapshots for the uniformmaterial in Table 1 and the
harder and less permeable one. Coupled case and nonzero viscosity.
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discrete-time FE method, analyze its stability, and establish the sta-
bility constraint. The numerical experiments illustrate the implemen-
tation of the novel explicit FE algorithm and study the behavior of all
waves for the coupled and uncoupled cases. The proposed algorithms
overcome the limitations of isothermal wave propagation.
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APPENDIX A

PROOF OF THEOREMS

Proof of Theorem 1

We choose v ¼ _U; w ¼ _Θ in equation 28 to obtain

1

2

d
dt

½ðPU̇; U̇Þ þ ΛðU;UÞ þ ðτcΘ̇; Θ̇Þ þ ðγ∇Θ;∇ΘÞ�

þ
�
η

κ
U̇f; U̇f

�

− ðβΘ;∇ · U̇sÞ − ðβfΘ;∇ · U̇fÞ þ ðcΘ̇; Θ̇Þ
þ ðβθ0∇ · U̇s; Θ̇Þ þ ðβθ0∇ · U̇f; Θ̇Þ þ hDSðU̇Þ;SðU̇Þi
þ hτcvθΘ̇; Θ̇i þ ðτβθ0∇ · Üs; Θ̇Þ þ ðτβθ0∇ · Üf; Θ̇Þ
¼ ðfs; _UsÞ þ ðff; _UfÞ − ðq; _ΘÞ; t ∈ J: (A-1)

To handle the last two terms on the left side of equation A-1, we take
the time derivative in equation 28 and choose w ¼ 0 to obtain

ðPU⃛s;vÞþΛðU̇;vÞ− ðβΘ̇;∇ · vsÞ− ðβfΘ̇;∇ · vfÞ

þ
�
η

κ
Üf;vf

�
þhDSðÜÞ;SðvÞi¼ ðḟs;vsÞþðḟf;vfÞ: (A-2)

We choose vs ¼ Üs; vf ¼ 0 in equation A-2 to obtain

ðPU⃛; ðÜs; 0ÞÞ þ ΛðU̇; ðÜs; 0ÞÞ − ðβΘ̇;∇ · ÜsÞ
þ hDSðÜÞ;SðÜs; 0Þi ¼ ðḟs; ÜsÞ: (A-3)

Also, the choice vs ¼ 0 and vf ¼ Üf in equation A-2 yields

ðPU⃛;ð0;ÜfÞÞþΛðU̇;ð0;ÜfÞÞ−ðβfΘ̇;∇ · ÜfÞþ
�
η

κ
Üf;Üf

�

þhDSðÜÞ;Sð0;ÜfÞi¼ðḟf;ÜfÞ: (A-4)

Set

Cτ ¼ infx∈Ωðτθ0Þ: (A-5)

Then, from equation A-3,

ðτβθ0∇ · Üs; Θ̇Þ ≥ CτðβΘ̇;∇ · ÜsÞ
¼ Cτ½ðPU⃛; ðÜs; 0ÞÞ þ ΛðU̇; ðÜs; 0ÞÞ
þ hDSðÜÞ;SðÜs; 0Þi − ðḟs; ÜsÞ�: (A-6)

Also, from equation A-4,

ðτβθ0∇ · Üf; Θ̇Þ ≥ CτðβΘ̇;∇ · ÜfÞ
¼ Cτ½ðPU⃛; ð0; ÜfÞÞ þ ΛðU̇; ð0; ÜfÞÞ

þ
�
η

κ
Üf; Üf

�
þ hDSðÜÞ;Sð0; ÜfÞi − ðḟf; ÜfÞ�: (A-7)

Next, we use that

CτðPU⃛; ðÜs; 0ÞÞ þ CτðPU⃛; ð0; ÜfÞÞ ¼ CτðPU⃛; ÜÞ; (A-8)

CτΛð _U; ðÜs; 0ÞÞ þ CτΛð _U; ð0; ÜfÞÞ ¼ CτΛð _U; ÜÞ; (A-9)

and

CτhDSðÜÞ;SðÜs; 0Þi þ CτhDSðÜÞ;Sð0; ÜfÞi
¼ CτhDSðÜÞ;SðÜÞi:

(A-10)

Hence,

ðτβθ0∇ · Üs; Θ̇Þ þ ðτβθ0∇ · Üf; Θ̇Þ

≥
1

2
Cτ

�
d
dt

½ðPÜ; ÜÞ þ ΛðU̇; U̇Þ� þ hDSðÜÞ;SðÜÞi

þ
�
η

κ
Üf; Üf

�
− ðḟs; ÜsÞ − ðḟf; ÜfÞ

�
: (A-11)

Using equation A-11 in equation A-1, we obtain

1

2

d
dt
½ðPU̇;U̇ÞþΛðU;UÞþðτcΘ̇;Θ̇Þþðγ∇Θ;∇ΘÞ�þ

�
η

κ
U̇f;U̇f

�

−ðβΘ;∇·U̇sÞ−ðβfΘ;∇·U̇fÞþðcΘ̇;Θ̇Þ
þðβθ0∇·U̇s;Θ̇Þþðβθ0∇·U̇f;Θ̇ÞþhDSðU̇Þ;SðU̇ÞiþhτcvθΘ̇;Θ̇i

þCτ

2

d
dt
½ðPÜ;ÜÞþΛðU̇;U̇Þ�þCτ

2

�
hDSðU̇Þ;SðU̇Þiþ

�
η

κ
Üf;Üf

�

−ðḟs;U̇sÞ−ðḟf;U̇fÞ
�

≤ðfs; _UsÞþðff; _UfÞ−ðq; _ΘÞ; t∈J: (A-12)

Next, note that, using the Gärding inequality (equation 21), we
can choose ζ to define the bilinear form:

Λζðv; vÞ ¼ Λðv; vÞ þ ζðv; vÞ (A-13)
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such that Λζ is V-coercive, i.e.,

Λζðv; vÞ ≥ C2kvk2V : (A-14)

Thus, adding to equation A-12 the inequalities

ζ
d
dt

kUk20 ≤ ζðkUk20 þ kU̇k20Þ;

d
dt

kγ1=2θk20 ≤ ðkγ1=2θk20 þ kγ1=2θ̇k20Þ; (A-15)

we obtain

1

2

d
dt
½ðPU̇;U̇ÞþCτðPÜ;ÜÞþΛζðU;UÞþCτΛζðU̇;U̇Þ

þkðτcÞ1=2Θ̇k20þkγ1=2Θk21�

þ
�
η

κ
U̇f;U̇f

�
þðcΘ̇;Θ̇ÞþhDSðU̇Þ;SðU̇ÞiþhτcvθΘ̇;Θ̇i

þCτ

�
hDSðÜÞ;SðÜÞiþ

�
η

κ
Üf;Üf

��

≤Cðkfk20þkqk20þkUk20þkU̇k20þkΘk20þkΘ̇k20Þ
þðβΘ;∇ · U̇sÞþðβfΘ;∇ · U̇fÞ
−ðβθ0∇ · _Us; _ΘÞ−ðβθ0∇ · _Uf; _ΘÞþCτ½ð_fs;ÜsÞ
þð_ff;ÜfÞ�; t∈J: (A-16)

Next, note that the integrals in time of the last six terms on the right
side of equation A-16 can be bounded as follows:

				
Z

t

0

ðβΘ;∇ · U̇sÞðsÞ
				þ

				
Z

t

0

ðβfΘ;∇ · U̇fÞðsÞds
				

≤ C
Z

t

0

½kΘðsÞk20 þ kU̇ðsÞk2V �ds;				
Z

t

0

ðβθ0∇ · U̇s; Θ̇ÞðsÞds
				þ

				
Z

t

0

ðβθ0∇ · U̇f; Θ̇ÞðsÞds
				

≤ C
Z

t

0

½kΘ̇ðsÞk20 þ kU̇ðsÞk2V �ds;				
Z

t

0

ðḟs; ÜsÞðsÞds
				þ

				
Z

t

0

ðḟf; ÜfÞðsÞds
				

≤ C
Z

t

0

½kḟðsÞk20 þ kÜðsÞk20�ds. (A-17)

Thus, integration in time of equations A-16 and A-14 yields

ðPU̇;U̇ÞðtÞþðPÜ;ÜÞðtÞþkUk2VþkU̇k2V
þkðτcÞ1=2Θ̇ðtÞk20þkγ1=2ΘðtÞk21
þ
Z

t

0

��
η

κ
U̇f;U̇f

�
ðsÞþðcΘ̇;Θ̇ÞðsÞþhDSðU̇Þ;SðU̇ÞiðsÞ

þhτcvθΘ̇;Θ̇iðsÞþCτ

�
hDSðÜÞ;SðÜÞiðsÞ

þ
�
η

κ
Üf;Üf

�
ðsÞ

��
ds

≤C
Z

t

0

ðkfðsÞk20þkqðsÞk20Þds

þCðkUð0Þk2VþkU̇ð0Þk2VþkU̇ð0Þk20þkÜð0Þk20
þkΘ̇ð0Þk20þkΘð0Þk21Þ

þC
Z

t

0

ðkUðsÞk20þkU̇ðsÞk20þkÜðsÞk20þkU̇ðsÞk2V
þkΘðsÞk21þkΘ̇ðsÞk20Þ; t∈J: (A-18)

Because all integral terms on the left side of equation A-18 are non-
negative, the matrix P is positive definite and the coefficients τ; c
and γ are bounded below by positive constants, apply Gronwall’s
lemma in equation A-16 to obtain the conclusion of Theorem 1.

Proof of Theorem 2

From equations 18 and 28, we see that Eu ¼ ðEus;EufÞ ¼
ðus − Us; uf − UfÞ and Eθ ¼ θ − Θ satisfy the equation:

ðPEü;vÞþ
�
η

κ
Eu̇f;vf

�
þΛðEu;vÞ

−ðβEθ;∇ ·vsÞ−ðβfEθ;∇ ·vfÞ
þðτcEθ̈;wÞþðcEθ̇;wÞþðγ∇Eθ;∇wÞþðβθ0∇ ·Eu̇s;wÞ
þðβθ0∇ ·Eu̇f;wÞþðτβθ0∇ ·Eüs;wÞþðτβθ0∇ ·Eüf;wÞ
þhDSðE _uÞ;SðvÞiþhτcvθE_θ;wi¼0; t∈J: (A-19)

We choose vs ¼ E _us þ Πð2Þ _us − _us; vf ¼ E _uf þQ _uf − _uf;
w ¼ E_θ þ Π_θ − _θ in equation A-19 to obtain

1

2

d
dt
½ðPEu̇;Eu̇ÞþΛðEu;EuÞþðτcEθ̇;Eθ̇Þþðγ∇Eθ;∇EθÞ�

þ
�
η

κ
Eu̇f;Eu̇f

�
−ðβEθ;∇ ·Eu̇sÞ−ðβfEθ;∇ ·Eu̇fÞ

þðcEθ̇;Eθ̇ÞþhDSðEu̇Þ;SðEu̇ÞiþhτcvθEθ̇;Eθ̇i
þðβθ0∇ ·Eu̇s;Eθ̇Þþðβθ0∇ ·Eu̇f;Eθ̇Þþðτβθ0∇ ·Eüs;Eθ̇Þþðτβθ0∇ ·Eüf;Eθ̇Þ

¼ðPEü;ðu̇s−Πð2Þu̇s;u̇f−Qu̇fÞÞþ
�
η

κ
Eu̇f;u̇f−Qu̇f

�

þΛðEu;ðu̇s−Πð2Þu̇s;u̇f−Qu̇fÞÞ
−ðβEθ;∇ ·ðu̇s−Πð2Þu̇sÞÞ−ðβfEθ;∇ ·ðQu̇f− u̇fÞÞ
þðτcEθ̈;Πθ̇− θ̇ÞþðcEθ̇; θ̇−Πθ̇Þþðγ∇Eθ;∇ðΠθ̇− θ̇ÞÞþðβθ0∇ ·Eu̇s;Πθ̇− θ̇Þ
þðβθ0∇ ·Eu̇f;Πθ̇− θ̇Þþðτβθ0∇ ·Eüs;Πθ̇− θ̇Þþðτβθ0∇ ·Eüf;Πθ̇− θ̇Þ
þhDSðE _uÞ;Sð _us−Πð2Þ _us; _uf−Q _ufÞiþhτcvθE_θ;Π_θ− _θi; t∈J: (A-20)
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The last two terms on the left side of equation A-20 can be handled
by taking the time derivative in equation A-19 and choosing w ¼ 0,
vs ¼ Eüs; vf ¼ 0 and vs ¼ 0; vf ¼ Eüf in the resulting equation.
Then, the argument leading to equation A-11 yields the inequality:

ðτβθ0∇ · Eüs; _ΘÞ þ ðτβθ0∇ · Eüf; _ΘÞ

≥
1

2
Cτ

d
dt

�
ðPEü;EüÞ þ ΛðEu̇;Eu̇Þ þ hDSðEüÞ;SðEüÞi

þ
�
η

κ
Eüf;Eüf

��
: (A-21)

We use equation A-21 in equation A-20 and add to the resulting
equation the inequalities

ζ
d
dt

kEuk20 ≤ ζðkEuk20 þ kEu̇k20Þ;
d
dt

kγ1=2Eθk20 ≤ ðkγ1=2Eθk20 þ kγ1=2Eθ̇k20Þ (A-22)

to obtain

1

2

d
dt
½ðPEu̇;Eu̇ÞþCτðPEü;EüÞþΛζðEu;EuÞþCτΛζðEu̇;Eu̇Þ

þðτcEθ̇;Eθ̇ÞþðγEθ;EθÞþðγ∇Eθ;∇EθÞ�

þ
�
η

κ
Eu̇f;Eu̇f

�
þðcEθ̇;Eθ̇ÞþhDSðEu̇Þ;SðEu̇ÞiþhτcvθEθ̇;Eθ̇i

þCτ

�
hDSðEüÞ;SðEüÞiþ

�
η

κ
Eüf;Eüf

��

≤CðkEuk20þkEu̇k20þkEθk20þkEθ̇k20ÞþðβEθ;∇ ·Eu̇sÞþðβfEθ;∇ ·Eu̇fÞ
−ðτβθ0∇ ·Eu̇s;Eθ̇Þ−ðτβθ0∇ ·Eu̇f;Eθ̇Þ

þðPEü;ðu̇s−Πð2Þu̇s;u̇f−Qu̇fÞÞþ
�
η

κ
Eu̇f;u̇f−Qu̇f

�

þΛðEu;ðu̇s−Πð2Þu̇s;u̇f−Qu̇fÞÞ
−ðβEθ;∇ ·ðu̇s−Πð2Þu̇sÞÞþðβfEθ;∇ ·ðQu̇f−u̇fÞÞ
þðτcEθ̈;Πθ̇−θ̇ÞþðcEθ̇;θ̇−Πθ̇Þþðγ∇Eθ;∇ðΠθ̇−θ̇ÞÞþðβθ0∇ ·Eu̇s;Πθ̇−θ̇Þ
þðβθ0∇ ·Eu̇f;Πθ̇−θ̇Þþðτβθ0∇ ·Eüs;Πθ̇−θ̇Þþðτβθ0∇ ·Eüf;Πθ̇−θ̇Þ
þhDSðE _uÞ;Sð _us−Πð2Þ _us; _uf−Q _ufÞiþhτcvθE_θ;Π_θ− _θi; t∈J: (A-23)

Next, we obtain estimates for the time integrals of the terms on the
right side of equation A-23. First,

				
Z

t

0

ðβEθÞ;∇ · Eu̇sÞðsÞds
				þ

				
Z

t

0

ðβfEθÞ;∇ · Eu̇fÞðsÞds
				

≤ C

�Z
t

0

kEθðsÞk20dsþ
Z

t

0

kEu̇ðsÞk2Vds
�

(A-24)

and

				
Z

t

0

ðτβθ0∇ ·Eu̇s;Eθ̇ÞðsÞds
				þ

				
Z

t

0

ðτβθ0∇ ·Eu̇f;Eθ̇ÞðsÞds
				

≤C

�Z
t

0

kEθ̇ðsÞk20dsþ
Z

t

0

kEu̇ðsÞk2Vds
�
: (A-25)

Next, using the approximating properties of Π in equation 24

				
Z

t

0

ðβθ0∇·Eu̇s;Πθ̇−θ̇ÞðsÞds
				þ

				
Z

t

0

ðβθ0∇·Eu̇f;Πθ̇−θ̇ÞðsÞds
				

≤C
�Z

t

0

kEu̇ðsÞk2Vdsþh4kθ̇ðsÞk22ds
�

≤C
�Z

t

0

kEu̇ðsÞk2Vdsþh4kθ̇k2L2ðJ;H2ðΩÞÞ

�
: (A-26)

Also, using equation 26

				
Z

t

0

�
η

κ
Eu̇f; u̇f −Qu̇f

�
ðsÞds

				
≤ C

�Z
t

0

kEu̇fðsÞk20dsþ h2ku̇fk2L2ðJ;H1ðΩÞÞ

�
: (A-27)

Next,

				
Z

t

0

ΛðEu; ðu̇s − Πð2Þu̇s; u̇f −Qu̇fÞÞðsÞds
				

≤ CðkEuk2V þ ku̇s − Πð2Þu̇sk21 þ ku̇f −Qu̇fk2Hðdiv;ΩÞÞ

≤ C

�Z
t

0

kEuðsÞk2Vdsþ h2ðku̇sk2L2ðJ;½H2ðΩÞ�2Þ

þ ku̇fk2L2ðJ;½H1ðΩÞ�2Þ þ k∇ · u̇fk2L2ðJ;H1ðΩÞÞÞ
�
; (A-28)

				
Z

t

0

ðβEθ;∇ ·ðu̇s−Πð2Þu̇sÞÞðsÞds
				

þ
				
Z

t

0

ðβfEθ;∇ ·ðQu̇f− u̇fÞÞðsÞds
				

≤C

�Z
t

0

kEθðsÞk20dsþh2½ku̇sk2L2ðJ;½H2ðΩÞ�2Þ

þk∇ · u̇fk2L2ðJ;H1ðΩÞÞ�
�
; (A-29)

				
Z

t

0

ðcEθ̇; θ̇ − Πθ̇ÞðsÞds
				

≤ C

�Z
t

0

kEθ̇ðsÞk20dsþ h4kθ̇k2L2ðJ;H2ðΩÞÞ

�
; (A-30)

and

				
Z

t

0

ðγ∇Eθ;∇ðΠθ̇ − θ̇ÞÞðsÞds
				

≤ C

�Z
t

0

kEθk21ðsÞdsþ h2kθ̇kL2ðJ;H2ðΩÞÞ

�
: (A-31)

The terms on the second time derivatives of Eu and Eθ on the
right side of equation A-23 can be bounded using integration by
parts in time as follows. First,
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j
Z

t

0

ðPEü; ð _us − Πð2Þ _us; _uf −Q _ufÞðsÞdsÞj

¼ jðPE _u; ð _us − Πð2Þ _us; _uf −Q _ufÞÞðtÞ
− ðPE _u; ð _us − Πð2Þ _us; _uf −Q _ufÞÞð0Þ

−
Z

t

0

ðPE _u; ðüs − Πð2Þüs; üf −QüfÞÞðsÞdsj

≤ εkE _uðtÞk20 þ C
Z

t

0

kE _uðsÞk20dsþ CðkE _uð0Þk20
þ h4k _usk2L∞ðJ;½H2ðΩÞ�2Þ

þ h2k _ufk2L∞ðJ;½H1ðΩÞ�2Þ þ h4küsk2L2ðJ;½H2ðΩÞ�2Þ

þ h2küfk2L2ðJ;½H1ðΩÞ�2ÞÞ: (A-32)

Also,

j
Z

t

0

ðτβθ0∇ · Eüs;Π_θ − _θÞðsÞdsj

¼ jτβθ0½ð∇ · E _us;Π_θ − _θÞðtÞ − ð∇ · E _us;Π_θ − _θÞð0Þ�

−
Z

t

0

ðτβθ0∇ · E _us;Πθ̈ − θ̈ÞðsÞdsj ≤ εk∇ · E _usðtÞk20

þ C

�
k∇ · Eu̇sð0Þk20 þ

Z
t

0

k∇ · Eu̇sk20ðsÞds
�

þ Ch4ðkθ̇k2L∞ðJ;H2ðΩÞÞ þ kθ̈k2L2ðJ;H2ðΩÞÞÞ: (A-33)

Proceeding similarly,

j
Z

t

0

ðτβθ0∇ · Eüf;Π_θ − _θÞðsÞdsj ≤ εk∇ · E _ufðtÞk20

þ C

�
k∇ · Eu̇fð0Þk20 þ

Z
t

0

k∇ · Eu̇fðτÞk20dτ

þ h4½kθ̇k2L∞ðJ;H2ðΩÞÞ þ kθ̈k2L2ðJ;H2ðΩÞÞ�
�
: (A-34)

Next,				
Z

t

0

ðτcEθ̈;Πθ̇ − θ̇ÞðsÞds
				

¼
				ðτcEθ̇;Πθ̇ − θ̇ÞðtÞ − ðτcEθ̇;Πθ̇ − θ̇Þð0Þ

−
Z

t

0

ðτcEθ̇;Πθ̈ − θ̈ÞðsÞds
				

≤ εkEθ̇k20ðtÞ þ C

�
kEθ̇k20ð0Þ þ

Z
t

0

kEθ̇k20ðsÞds

þ h4½kθ̇k2L∞ðJ;H2ðΩÞÞ þ kθ̈k2L2ðJ;H2ðΩÞÞ�
�
: (A-35)

Also, using the approximating properties of the projectionsΠ andQ
in equations 24–26 and equation 13, we obtain

				
Z

t

0

hDSðEu̇Þ;Sðu̇s−Πð2Þu̇s;u̇f−Qu̇fÞiðsÞds
				

≤ε

Z
t

0

hDSðEu̇Þ;SðEu̇ÞiðsÞds

þC

�Z
t

0

hSðu̇s−Πð2Þu̇s;u̇f−Qu̇fÞ;

Sðu̇s−Πð2Þu̇s;u̇f−Qu̇fÞiðsÞds
�

≤ε

Z
t

0

hDSðEu̇Þ;SðEu̇ÞiðsÞds

þ
X
j

�Z
t

0

ju̇s−Πð2Þu̇sj20;Γ∩∂Ωj
ðsÞds

þ
Z

t

0

jðu̇f−Qu̇fÞ ·νj20;Γ∩∂Ωj
ðsÞds

�

≤ε

Z
t

0

hDSðEu̇Þ;SðEu̇ÞiðsÞds

þ
X
j

�Z
t

0

h3ku̇sk22;Ωj
ðsÞdsþh2

Z
t

0

ju̇f ·νj21;Γ∩∂Ωj
ðsÞds

�

≤ε

Z
t

0

hDSðEu̇Þ;SðEu̇ÞiðsÞds

þ
�Z

t

0

h3ku̇sk2L2ðJ;½H2ðΩÞ�2Þþh2ku̇fk2
L2ðJ;½H3=2ðΩÞ�2Þ

�
: (A-36)

In a similar fashion,

				
Z

t

0

hτcvθEθ̇;Πθ̇ − θ̇iðsÞds
				 ≤ ε

Z
t

0

hτcvθEθ̇;Eθ̇iðsÞds

þ C
Z

t

0

X
j

jΠθ̇ − θ̇j20;Γ∩∂Ωj
ðsÞds

≤ ε

Z
t

0

hτcvθE_θ;E_θiðsÞdsþ Ch3k_θk2L2ðJ;H2ðΩÞÞ: (A-37)

Thus, we integrate the inequality in equation A-23 in time and absorb
the ε terms in equations A-24–A-37 on the left side of equation A-23.
Then, we apply Gronwall’s lemma in the resulting equation and use
that P is positive definite, Λ is V-coercive, and the coefficients τ; c,
and γ are bounded below by positive constants to obtain

kE _ukL∞ðJ;½L2ðΩÞ�4ÞþkEükL∞ðJ;½L2ðΩÞ�4ÞþkEukL∞ðJ;VÞþkE _ukL∞ðJ;VÞ

þkEθkL∞ðJ;H1ðΩÞÞþkE_θkL∞ðJ;L2ðΩÞÞ

≤CðkE _uð0Þk20þkEüð0Þk20þkEuð0Þk2VþkE _uð0Þk2V
þkE_θð0Þk20þkEθð0Þk21
þh½k _uskL2ðJ;½H2ðΩÞ�2Þþk _ufkL∞ðJ;½H1ðΩÞ�2Þþk _ufkL2ðJ;½H3=2ðΩÞ�2Þ

þk∇ _ufkL2ðJ;H1ðΩÞÞ

þküskL2ðJ;½H2ðΩÞ�2ÞþküfkL2ðJ;½H1ðΩÞ�2Þþk_θkL∞ðJ;H2ðΩÞÞ

þkθ̈kL2ðJ;H2ðΩÞÞ�Þ: (A-38)
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The error at t ¼ 0 in equation A-38 can be estimated by defining the
FE initial conditions as follows. First, we take Uð0Þ; _Uð0Þ ∈ Wh ×
Wh × Vh such that

Λζðu0−Uð0Þ;vÞ¼ΛζðEuð0Þ;vÞ¼0; v∈Wh×Wh×Vh;

(A-39)

Λζðu1− _Uð0Þ;vÞ¼ΛζðE _uð0Þ;vÞ¼0; v∈Wh×Wh×Vh:

(A-40)

We choose v ¼ Euð0Þ þ ðΠð2Þu0;s − u0;s; Qu0;f − u0;fÞ in equa-
tion A-39 and use the V-coercivity of Λζ and the approximating
properties of Πð2Þ and Q in equations 24–27 to obtain

C4kEuð0Þk2V ≤ Λζ1ðEuð0Þ; ðΠð2Þu0;s − u0;s; Qu0;f − u0;fÞÞ
≤ C5hkEuð0ÞkVðku0;sk2 þ ku0;fk1 þ k∇ · u0;fk1Þ:

(A-41)

Thus,

kEuð0ÞkV ≤ Chðku0;sk2 þ ku0;fk1 þ k∇ · u0;fk1Þ: (A-42)

Similarly, by choosing v ¼ E _uð0Þ þ ðΠð2Þ _u1;s − u1;s; Qu1;f − u1;fÞ
in equation A-40, we obtain

kE _uð0ÞkV ≤ Chðku1;sk2 þ ku1;fk1 þ k∇ · u1;fk1Þ: (A-43)

To obtain a bound for the term kEüð0Þk0 in equation A-38, we as-
sume that the initial value problem (equations 4 and 5) with the initial
conditions (equation 6) and the boundary condition (equation 8)
satisfies the regularity inequality:

kusk2 þ kufk1 þ k∇ · ufk1 þ kθk2 ≤ Cðkfk0 þ kqk0Þ:
(A-44)

We also assume that equation A-44 holds for time derivatives of u
and θ. Thus, at t ¼ 0, we have

küsð0Þk2 þ küfð0Þk1 þ k∇ · üfð0Þk1 þ kθð0Þk2
≤ Cðkf̈ð0Þk0 þ kq̈ð0Þk0Þ: (A-45)

Hence, defining Üð0Þ by the equation

Λζðüð0Þ−Üð0Þ;vÞ¼ΛζðEüð0Þ;vÞ¼0; v∈Wh×Wh×Vh;

(A-46)

the choice v ¼ Eüð0Þ þ ðΠð2Þüsð0Þ − üsð0Þ; Qüfð0Þ − üfð0ÞÞ in
equation A-46 yields the bound:

kE _uð0ÞkV≤Chðküsð0Þk2þküfð0Þk1þk∇·üfð0Þk1þkθ̈ð0Þk2Þ
≤Chððkf̈ð0Þk0þkq̈ð0Þk0Þ: (A-47)

For the temperature variables, we take Θð0Þ; _Θð0Þ ∈ Wh such that

Eθð0Þ ¼ θ0 − Θð0Þ; E_θð0Þ ¼ θ1 − _Θð0Þ (A-48)

satisfy the relations

ðγEθð0Þ; wÞ þ ðγ∇Eθð0Þ;∇wÞ ¼ 0; w ∈ Wh; (A-49)

ðγE_θð0Þ; wÞ þ ðγ∇E_θð0Þ;∇wÞ ¼ 0; w ∈ Wh: (A-50)

Because

C6kEθð0Þk21 ≤ ðγEθð0Þ;Eθð0ÞÞ þ ðγ∇Eθð0Þ;∇Eθð0ÞÞ;
(A-51)

we choose w ¼ Eθð0Þ þ Πθ0 − θ0 in equation A-49 to obtain

C5kEθð0Þk21 ≤ ðγEθð0Þ; θ0 − Πθ0Þ þ ðγ∇Eθð0Þ;
∇ðθ0 − Πθ0ÞÞ ≤ C7hkEθð0Þk1kθ0k2; (A-52)

so that

kEθð0Þk1 ≤ Chkθ0k2: (A-53)

Similarly, the choice w ¼ E_θð0Þ þ Πθ1 − θ1 in equation A-50 yields
the inequality:

kE_θð0Þk1 ≤ Chkθ1k2: (A-54)

The bounds (equations A-42–A-54) in equation A-38 imply the
validity of Theorem 2.
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