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Wave Simulation in Partially Saturated
Porothermoelastic Media

Enjiang Wang , José M. Carcione, and Jing Ba

Abstract— In wave propagation in rocks, the strain field affects
the internal energy such that compressed regions become hotter
and expanded regions cooler. This thermoelastic effect is that the
lack of thermal equilibrium between various parts of the vibrat-
ing medium and energy is dissipated when irreversible heat flow
driven by the temperature gradient occurs. Moreover, rocks are
generally partially saturated and the interfacial tension between
fluids affects the acoustic properties and induces additional slow
P waves. To model these phenomena, we develop a generalized
porothermoelasticity theory, including the Lord–Shulman (LS)
and Green–Lindsay (GL) theories, for wave propagation in
partially saturated nonisothermal media. The dynamical equa-
tions have as solutions the classical P1 and S waves and three
slow waves modes, namely, the slow P2, slow P3, and the
thermal (T) waves, which present diffusive behavior depending on
the viscosity, frequency, and thermal properties. We compute the
wavefields with a direct meshing algorithm by using an optimized
finite-difference (FD) method to obtain the spatial derivatives
and a first-order explicit Crank–Nicolson method for temporal
extrapolation. The simulated snapshots and waveforms for the
homogeneous and heterogeneous models with two different sets
of thermal properties illustrate the characteristics of propagation
as a function of frequency and saturation, which are consistent
with the plane-wave analyses. The GL model can predict a higher
thermal attenuation of the P1 wave and, consequently, a larger
velocity dispersion than the LS theory. The thermal relaxation
peak moves to low frequencies as the conductivity increases. This
study is relevant to understand wave propagation in porous rocks
and high temperature and pressure fields.

Index Terms— Attenuation, dispersion, partially saturation,
plane-wave analysis, porothermoelasticity theory, wave
simulation.

I. INTRODUCTION

WAVE propagation in fluid-saturated nonisothermal
media is affected by the porous nature of rocks and
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their thermal properties [1], [2]. The theory of porothermoelas-
ticity (or thermoporoelasticity) couples the fields of elastic
deformation with temperature, combining the poroelasticity
and heat equations, being relevant in a variety of fields,
such as thermodynamics, chemical engineering, geothermal
exploration, and earthquake seismology [3]–[6].

The theory of poroelasticity has been established by
Biot [1], [7]. He considered the medium as a matrix (skele-
ton or frame) fully saturated with a fluid and derived the
fundamental constitutive relations based on the Lagrange
equations and the Hamilton principle. The theory predicts two
compressional (P) waves and one shear wave. The second P
wave is diffusive at low frequencies and wavelike with a low
velocity at high frequencies. Many numerical techniques have
been developed to simulate wave propagation in Biot-type
media, including finite difference (FD) [8], [9] and discontin-
uous Galerkin [10], [11]. Biot applied continuum mechanics
to macroscopic quantities. Many generalizations of the Biot
theory have been proposed, including two fluids [12], [13], two
solids [14]–[16], and double-porosity theories [17], [18]. San-
tos et al. [12] considered a frame saturated by a mixture of two
immiscible fluids and derived dynamical equations based on
the principle of virtual complementary work and Lagrangian
variational theory. The model predicts an additional highly
attenuated compressional wave, due to interfacial tension
between the fluids (capillary pressure). Later, Lo et al. [13]
proposed a similar theory. To model waves in heterogeneous
poroelastic media, Santos et al. [19] developed finite-element
solutions for simulating wave propagation. Carcione et al.
[20] performed simulations by using the Fourier method and
a time-splitting scheme combined with a Runge–Kutta time
stepping.

Thermoelastic attenuation, due to the conversion of the fast
P wave to the thermal (T) wave, is analogous to poroelastic
attenuation [21]. Biot [2] derived parabolic-type thermal differ-
ential equations based on the classical heat conduction theory,
but the formulation has unphysical solutions such as discon-
tinuities and infinite velocities as a function of frequency.
To overcome this problem, Lord and Shulman [22] adopted
a hyperbolic-type heat equation with a relaxation time. The
theory predicts a wavelike propagation with finite velocities at
high frequencies. Green and Lindsay [23] proposed a similar
generalization by introducing another relaxation time into the
constitutive relations. Rudgers [24] obtained the plane-wave
solutions and showed the existence of two P waves and an
S wave. The second P wave is diffusive at low frequencies
and wavelike at high frequencies, whose behavior is similar
to that of the slow P wave of poroelasticity. More recently,
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using the theory of Lord–Shulman (LS), Carcione et al. [25]
solved the wave propagation problem with a direct grid method
based on the Fourier pseudospectral operator and an explicit
Crank–Nicolson time-integration method.

The theory of porothermoelasticity couples the stress com-
ponents with the temperature field in fluid-saturated porous
media [5], [26]. Sharma [5] considered a thermally conduct-
ing isotropic porous solid saturated with a single fluid and
proposed a theory combining the Biot poroelasticity and LS
theories. The dynamical equations predict four waves, namely,
a fast P wave, a slow Biot wave, a slow T wave, and the S
wave. The two slow waves present a diffusive behavior under
certain conditions, depending on the viscosity, frequency, and
thermoelasticity constants, whereas the S wave is not affected
by the thermal property.

On the other hand, immiscible fluids exist in porous media
such as natural reservoirs, particularly in low-permeability
tight rocks, and account for wave anelasticity in the presence
of capillary pressure [27]. Zhou et al. [28] formulated a set of
equations for wave propagation in unsaturated porothermoelas-
tic media composed of a frame and pores filled with liquid and
gas. They adopted a generalized non-Fourier heat conduction
law involving two relaxation times, which leads to the implicit
extrapolations of the temperature field during the computation.
They do not explicitly mention the interfacial tension between
fluids, as in the theory of Santos et al. [12], but the fact
is that the fluids have different pressures, and it means that
the concept of capillary pressure is implicitly incorporated.
The equations similarly describe thermal attenuation as the
LS theory. This theory predicts four P waves, namely, a fast
P wave, a slow T wave, a fluid-related slow wave, and a
gas-related slow wave. The former three waves are similar to
those of porothermoelasticity. The additional gas-related slow
wave has a very low velocity.

In the present work, we develop a modeling algorithm to
simulate wave propagation in the heterogeneous partially sat-
urated porothermoelastic media. We propose a generalization
of the constitutive relations of Zhou et al. [28] to account
for attenuation based on the LS and Green–Lindsay (GL)
theories, involving a set of relaxation times. The velocity–
stress–temperature formulation in the nonuniform porosity
case is then derived and the corresponding plane-wave solu-
tions are obtained, with which the propagation characteristics
(velocity and attenuation) as a function of frequency are
analyzed. We solve the equations numerically by using a direct
grid method (i.e., mesh-based) based on an FD method to
compute the spatial derivatives [29] and a Crank–Nicolson
time-integration method. Numerical examples are carried out
and conclusions are drawn accordingly.

II. BASIC THEORY

The partially saturated porothermoelasticity theory is estab-
lished with the mass balance equations, generalized Darcy law,
momentum balance equations, and generalized non-Fourier
heat conduction law of the three-phase medium composed
of grains (s), saturated with a liquid (l) and a gas (g).
The saturations Sl and Sg measure the volume fractions

occupied by the liquid and gas, respectively, and are related by
Sl + Sg = 1.

Consider a 2-D isotropic medium and define vi , w
(l)
i and

w
(g)
i , i = x, z, are the components of the particle velocity

fields of the frame, and liquid and gas relative to the solid,
respectively, σi j is the components of the total stress tensor, pl

and pg are the liquid and gas pressures, and T is the increment
of temperature above a reference absolute temperature T0.
Following Zhou et al. [28], the constitutive equations in
partially saturated porothermoelastic media are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ̇xx = 2μvx,x + λεm − α ṗ − βs[Ṫ + (1 − ε)τ1T̈ ] + fxx

σ̇zz = 2μvz,z + λεm − α ṗ − βs[Ṫ + (1 − ε)τ1T̈ ] + fzz

σ̇xz = μ(vx,z + vz,x)+ fxz

p = γ pl + (1 − γ )pg

− ṗl = a11εm + a12εl + a13εg + a14[Ṫ + (1 − ε)τ1T̈ ]+ fl

− ṗg = a21εm + a22εl + a23εg + a24[Ṫ + (1 − ε)τ1T̈ ]+ fg

εm = vx,x + vz,z, εl = w(l)x,x +w(l)z,z , εg = w(g)x,x +w(g)z,z

(1)

where, fxx , fzz , fxz , fl , and fg are external sources and
τ1 is the GL relaxation time representing the dependence of
elastic behavior on the temperature rate. The subscript “i”
represents a spatial derivative, and a dot above a variable
denotes a time derivative. Zhou et al. [28] considered ε = 1,
i.e., (1) is an LS theory. λ is the Lamé constant of the drained
matrix, μ is its shear modulus, γ is a parameter representing
the proportion of the matrix suction that contributes to the
effective stress, which is supposed to be identical to the
saturation Sl as an approximation [28], and α is the Biot
effective-stress coefficient, which is given by

α = 1 − Kb/Ks (2)

with Ks the bulk modulus of the grains and Kb = λ+ 2μ/3,
and βs =3 KbβT with βT the thermal expansion coefficient.
The other parameters in (1) are introduced in Appendix A.

The dynamical equations are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σxx,x + σxz,z = ρv̇x + ρlẇ
(l)
x + ρgẇ

(g)
x + fx

σxz,x + σzz,z = ρv̇z + ρlẇ
(l)
z + ρgẇ

(g)
z + fz

−pl,x = ρl v̇x + ρl

φSl
ẇ(l)x + μl

κ l
rκ
w(l)x

−pl,z = ρl v̇z + ρl

φSl
ẇ(l)z + μl

κ l
rκ
w(l)z

−pg,x = ρg v̇x + ρg

φSg
ẇ(g)x + μg

κ
g
r κ
w(g)x

−pg,z = ρg v̇z + ρg

φSg
ẇ(g)z + μg

κ
g
r κ
w(g)z

(3)

where φ is the porosity, fx and fz are external forces, κ is
the intrinsic permeability, ρl and ρg are the densities of liquid
and gas, respectively, and

ρ = (1 − φ)ρs + φSlρl + φSgρg (4)

is the composite density, with ρs the density of the grains.
Parameters μl and μg and κ l

r and κg
r are the dynamic vis-

cosities and relative permeabilities of the liquid and gas,
respectively, which are given in Appendix A.
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Zhou et al. [28] derived a modified heat-conduction equa-
tion based on the dual-phase-lag model, which becomes the
classic Fourier law when the phase-lag parameter related to
the gradient of temperature becomes zero. In the present work,
we consider the classic Fourier heat conduction equation for
simplification

K∇2T = c(Ṫ + τq T̈ )+ βs T0(εm + ετq ε̇m)

− βT T0( ṗ + ετq p̈)+ q (5)

where q is the heat source, K is the thermal conductivity, τq

is the phase lag of the heat flux, c is the specific heat per unit
volume in the absence of deformation

c = (1 − φ)ρscs + φSlρl cl + φ(1 − Sl)ρgcg (6)

where ci , i = s, l, g, is the specific heat capacity of phase i
and ∇2 is the Laplacian operator.

By using (1) and after a simplification, we obtain

K∇2T = c(Ṫ + τq T̈ )+ d1(Ṫ + (1 − ε)τ1T̈ + ετq T̈ )

+ d2(εm + ετq ε̇m)+ d3(εl + ετq ε̇l)

+ d4(εg + ετq ε̇g)+ q (7)

where ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

d1 = βT T0γ a14 + βT T0(1 − γ )a24

d2 = βs T0 + βT T0γ a11 + βT T0(1 − γ )a21

d3 = βT T0γ a12 + βT T0(1 − γ )a22

d4 = βT T0γ a13 + βT T0(1 − γ )a23.

(8)

Equations (1) and (7) are the generalization of the par-
tially saturated porothermoelasticity theory proposed by
Zhou et al. [28], including the GL and LS models. The first
is obtained with ε = 0, whereas the second with ε = 1.
Moreover, as stated by Ignaczak and Ostoja-Starzewski
[31, p. 23], for the GL model, the relation τ1 ≥ τq ≥ 0 holds.

III. PARTICLE VELOCITY–STRESS–TEMPERATURE

FORMULATION AND ALGORITHM

In order to facilitate the simulation of wavefields,
we recast (3) as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v̇x = β11(σxx,x + σxz,z − fx)− β12(pl,x + blw
(l)
x )

−β13(pg,x + bgw
(g)
x ) = IIx

v̇z = β11(σxz,x + σzz,z − fz)− β12(pl,z + blw
(l)
z )

−β13(pg,z + bgw
(g)
z ) = IIz

ẇ(l)x = β21(σxx,x + σxz,z − fx)− β22(pl,x + blw
(l)
x )

−β23(pg,x + bgw
(g)
x ) = �x

ẇ(l)z = β21(σxz,x + σzz,z − fz)− β22(pl,z + blw
(l)
z )

−β23(pg,z + bgw
(g)
z ) = �z

ẇ(g)x = β31(σxx,x + σxz,z − fx)− β32(pl,x + blw
(l)
x )

−β33(pg,x + bgw
(g)
x ) = 
x

w(g)z = β31(σxz,x + σzz,z − fz)− β32(pl,z + blw
(l)
z )

−β33(pg,z + bgw
(g)
z ) = 
z

(9)

where bl = μl/(κ
l
rκ), bg = μg/(κ

g
r κ)⎡

⎣β11 β12 β13

β21 β22 β23

β31 β32 β33

⎤
⎦ = 1

N

⎡
⎣ −1 φSl φSg

φSl P −φ2 Sg Sl

φSg −φ2 Sg Sl Q

⎤
⎦(10)

where N = φρg Sg − ρ + φρl Sl , P = −φSl(ρ − φρg Sg)/ρl ,
Q = −φSg(ρ − φρl Sl)/ρg .

Defining

Ṫ = ψ (11)

(7) becomes

ψ̇ = 1

L
[K∇2T − d2[εm + ετq(IIx,x + IIz,z)]

− d3[εl + ετq(�x,x +�z,z)]−d4[εg + ετq(
x,x + 
z,z)]]
− c + d1

L
ψ − q

L
(12)

where L = cτq + d1(1 − ε)τ1 + ετqd1.
Equations (9), (11), and (12) together with (1) constitute the

velocity–stress–temperature formulation, which is the basis of
wavefield simulation. A corresponding plane-wave analysis to
obtain the phase velocities and attenuation factors is given in
Appendix B.

A. Numerical Algorithm

The 2-D equations can be written in matrix form as

v̇ + s = M · v (13)

where

v = [vx , vz , w
(l)
x , w

(l)
z , w

(g)
x , w(g)z , σxx , σzz , σxz , pl, pg, T, ψ]T

(14)

is the unknown array vector

s = [−β11 fx ,−β11 fz,−β21 fx ,−β21 fz ,−β31 fx ,−β31 fz

fxx , fzz , fxz ,− fl ,− fg, 0,−q/L]T (15)

is the source vector and M is the propagation matrix. Follow-
ing [26], the solution to (13), subject to the initial condition
v(0) = v0, is:

v(t) = exp(tM)v0 +
∫ t

0
exp(τM)s(t − τ )dτ (16)

where exp(tM) is the evolution operator.
The eigenvalues of M may have negative real parts and

differ greatly in magnitude, due to the presence of the vis-
cosity term and relaxation time in the heat equation [26],
indicating that the problem is stiff. The presence of positive
real eigenvalues creates instabilities in explicit time-integration
methods. Carcione et al. [26] solved the thermoporoelasticity
equations by using a splitting or partition method, where both
the stiffness and instability problems are solved by calculating
the unstable part of the equations analytically. The equations
are solved by a direct-grid algorithm, based on the Fourier
pseudospectral method for computing the spatial derivatives
and the Runge–Kutta time-integration technique. Alternatively,
they also proposed a Crank–Nicolson time-stepping scheme.
In Appendix C, we derive this scheme adapted to the partially
saturated thermoporoelasticity theory. The spatial derivatives
are calculated with the optimized FD method [29]. The
perfectly matched layer (PML) technique is used to prevent
boundary reflections when the wavefront exceeds the size of
the model.
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TABLE I

MEDIUM PROPERTIES

Fig. 1. Phase velocity (Left) and dissipation factor (Right) of the four
compressional modes (P1, P2, T, and P3, respectively, from up to down)
as a function of frequency. The black and red lines correspond to the LS and
GL models, whereas the diamonds indicate the result of GL when τ1 = τq .
The blue line is the result of the classic poroelasticity theory. The medium
properties are given in Table I (Case 1).

IV. EXAMPLES

We consider the medium properties given in Table I, where
we use smaller heat capacities ci than [28] to highlight the
thermal wave and choose two different cases regarding the
thermoelasticity properties. The parameters of Case 1 corre-
spond to a typical rock, whereas those of Case 2 may refer to a
hypothetical synthetic material. The main objective is to show
the behavior for different values of the thermal conductivity
to better illustrate the physics.

A. Case 1

Figs. 1 and 2 show the phase velocities and dissipation
factors of the five wave modes as a function of frequency.
The fast P1 wave has two relaxation peaks, at 100 kHz and
1 GHz, induced by the Biot mechanism and the thermal
effect, respectively. The former results in a strong velocity
dispersion of the P2 and P3 waves around 100 kHz, whereas
the latter is related to dispersion of the thermal wave at high
frequencies. When τ1 > τq (the red line), the GL model

Fig. 2. Phase velocity (Left) and dissipation factor (Right) of the shear
wave. The three curves, representing the results of the partially saturated LS,
GL, and poroelasticity theories, overlap. The medium properties are given
in Table I (Case 1).

predicts a higher P1-wave thermal attenuation than the LS one
and, consequently, more velocity dispersion, which implies a
higher velocity at high frequencies. The opposite behavior
for the T wave occurs at these frequencies. Both models
give higher P1-wave velocities than the classic poroelasticity
theory. If τ1 = τq , the two models coincide, in agreement
with the classical thermoelastic model [30]. The slow waves
have a similar characteristic as the T wave, with diffusive and
wavelike behaviors at low and high frequencies, respectively,
and they are hardly affected by the thermal effect. As shown
in Appendix B, the shear wave is not thermally affected, and
hence, its propagation remains the same as that of the classical
poroelasticity theory.

The wavefield simulation based on the Crank–Nicolson
algorithm given in Appendix C is then carried out. We consider
a model with a 600 × 600 mesh. The source is located at the
center of the model and has the time history

h(t) = cos[2π(t − t0) f0]exp[−2(t − t0)
2 f 2

0 ] (17)

where f0 is the central frequency and t0 = 3/(2 f0) is a time
delay to make the signal causal.

Fig. 3 shows the simulated snapshots at 0.65 ns for f0 =
10 GHz, where we consider a grid spacing dx = dz =
0.005 μm and a time step dt = 0.5 × 10−3 ns. In agreement
with the plane-wave analysis, the P1, P2, and T waves are
wavelike and can be recognized. The GL model predicts a
higher P1-wave velocity and stronger attenuation, yielding
a more attenuated P1-wave wavefront. The P2 wave has a
lower propagation velocity than the T wave, and it does not
evidently depend on the type of model (LS or GL) and can be
more clearly observed in the w(l)z and w(g)z snapshots. The
T wave of the LS model has a higher velocity than that
of the GL model and can be significantly observed in the
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Fig. 3. Snapshots of (a) vz , (b) w(l)z , (c) w(g)z , and (d) T at 0.65 ns.
The sources are dilatational ( fxx , fzz , fl , and fg) with a central frequency
of 10 GHz, and the properties are those of Case 1. In each panel, the left and
right parts show the results of the LS and GL models, respectively.

Fig. 4. Waveform of vz at (1.2, 1.2) μm corresponding to Fig. 3. The black
and red lines represent the results of the LS and GL models, respectively.
Fields are normalized.

T -component snapshot. The P3 wave does not propagate due
to the very low velocity.

The corresponding vz-component waveform at (1.2, 1.2) μm
is shown in Fig. 4. The P2-wave waveform remains unchanged
for both the LS and GL models, with the latter predicting
a faster propagation but stronger loss of the P1 wave. The
reverse trend occurs for the T wave. These results are in agree-
ment with the plane-wave analysis as expected. Fig. 5 similarly
shows the results for f0 = 1 MHz, where we consider a grid
spacing dx = dz = 0.05 mm and a time step dt = 5 ns.
Only the P1 and P2 waves are wavelike and their behaviors
are the same for both models, as shown in Fig. 1. The T wave
does not propagate and can be seen in the T snapshot at the
source location. The w(l)z waveforms at (12, 12) mm shown
in Fig. 6 further validate these conclusions. If f0 = 100 Hz,

Fig. 5. Snapshots of (a) vz , (b) w(l)z , (c) w(g)z , and (d) T at 6.5 μs. The
sources are dilatational with a central frequency of 1 MHz, and the properties
are those of Case 1. In each panel, the left and right parts show the results
of the LS and GL models, respectively.

Fig. 6. Waveform of w(l)z at (12, 12) mm corresponding to Fig. 5. The black
and red lines overlap, representing the results of the LS and GL models,
respectively.

only the fast P1 wave propagates (see Fig. 1), which is not
affected by the thermal effect. This can be confirmed by the
vz-component snapshot in Fig. 7, where we use a grid spacing
dx = dz = 0.5 m and a time step dt = 0.05 ms.

B. Case 2

The corresponding velocity and dissipation factor for this
case are shown in Figs. 8 and 9. A comparison with
Figs. 1 and 2 indicates that using a higher K (or relaxation
time), the thermal peak moves to low frequencies. The main
velocity dispersion occurs at the frequency range [1, 100]
Hz, which corresponds to the exploration-geophysics band.
A similar phenomenon in fully saturated porothermoelastic
media was studied in [26]. The Biot peak remains unchanged,
causing velocity dispersion of both the P1 and P2 waves
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Fig. 7. Snapshots of vz at 0.065 s. The sources are dilatational with a central
frequency of 100 Hz and the properties are those of Case 1. (Left and Right)
Results of the LS and GL models, respectively.

Fig. 8. Phase velocity (Left) and dissipation factor (Right) of the compres-
sional modes (P1, P2, T, and P3 waves, respectively, from up to down) as a
function of frequency. The black and red lines correspond to the LS and GL
models, whereas the blue line is the result of partially saturated poroelasticity
theory. The medium properties are given in Table I (Case 2).

around 100 kHz. The LS model gives a lower P1-wave velocity
but a higher T-wave velocity for frequencies beyond 10 Hz,
similar to those of Case 1 at high frequencies. The two models
exhibit higher P1-wave velocities than the poroelasticity theory
for all frequencies, as in Case 1. The behaviors of the P2 and
P3 waves are not evidently affected by the thermal effects. The
shear wave is not affected by the thermal effects, and hence,
its propagation, for both LS and GL models, is the same as
that of the classical poroelasticity theory.

Next, wavefield simulations are performed. The results at
100 Hz are shown in Fig. 10, where we only observe the
P1 and T waves, in agreement with the plane-wave analysis.

Fig. 9. Phase velocity (Left) and dissipation factor (Right) of the shear wave.
The three curves with different colors representing the results of partially
saturated LS, GL, and poroelastic models overlap. The medium properties
are given in Table I (Case 2).

Fig. 10. Snapshots of (a) vz , (b) w(l)z , and (c) w(g)z at 0.065 s. The sources
are dilatational with a central frequency of 100 Hz and the properties are
those of Case 2. In each panel, the left and right parts show the results of the
LS and GL models, respectively.

The modeling parameters are the same as those used in Fig. 7.
The P1-wave wavefront of the GL model propagates faster
but exhibits more attenuation than that of the LS model. The
opposite trend is noted for the T wave. The vz waveform at
(120, 120) m shown in Fig. 11 further validates this analysis.

The results with 1 MHz are given in Fig. 12, where
we observe all the P1, P2, and T waves. The P2 wave is
the slowest and can be identified as the inner wavefront,
particularly in the w(l)z and w(g)z snapshots. It remains the same
for the two models, in agreement with the plane-wave analysis.
The characteristics of P1 and T waves are similar to those
shown in Fig. 10. The w(l)z waveform at (12, 12) mm shown
in Fig. 13 confirms these results.

To complete the analysis for wave propagation in homo-
geneous media, Fig. 14 shows the snapshot of ω(g)z at a
propagation time of 6.5 μs, where the P1, P2, T, and S waves
are present. The field is obtained by using a shear source
( fxz ) with 1-MHz dominant frequency and the properties are
the same as those in Fig. 12. The S wave is not coupled
to the heat equation, but because the shear source generates
P-wave energy, the two wave modes appear simultaneously.

Authorized licensed use limited to: Rutgers University. Downloaded on May 18,2021 at 14:31:40 UTC from IEEE Xplore.  Restrictions apply. 



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

WANG et al.: WAVE SIMULATION IN PARTIALLY SATURATED POROTHERMOELASTIC MEDIA 7

Fig. 11. Waveform of vz at (120, 120) m corresponding to Fig. 10. The black
and red lines represent the results of the LS and GL models, respectively.

Fig. 12. Snapshots of (a) vz , (b) w(l)z , and (c) w(g)z , at 6.5 μs. The sources
are dilatational with a central frequency of 1 MHz and the properties are those
of Case 2. In each panel, the left and right parts show the results of the LS
and GL models, respectively.

Indeed, energy conversion between the shear and P-wave
modes occurs in the case of heterogeneity, due to the reflection
and transmission phenomenon.

C. Effect of Fluid Saturation

Saturation plays an essential role in wave propagation in
rocks. Fig. 15 shows the velocities and dissipation factors
as a function of frequency for three saturations. The results
are obtained by using the GL model with the parameters
of Case 2. We observe that, for the given frequency, the
P1-wave velocity increases with decreasing saturation. The
Biot relaxation peak moves to high frequencies, the cor-
responding maximum attenuation decreases for decreasing
saturation, the maximum thermal attenuation decreases as
saturation increases, the T-wave velocity at high frequencies

Fig. 13. Waveform of w(l)z at (12, 12) mm corresponding to Fig. 12. The
black and red lines represent the results of the LS and GL models, respectively.

Fig. 14. Snapshot of w(g)z at 6.5 μs, where a shear source with a central
frequency of 1 MHz is used. The properties are those of Case 2. The left and
right parts show the results of the LS and GL models, respectively.

increases as the saturation decreases, and P3-wave dispersion
moves to the high frequencies when saturation decreases.

Next, wavefields are computed. Fig. 16 shows the snapshots
at 6.5 μs for 1 MHz, where we can observe the P1, P2, and T
waves. With Sl = 0.4, the P1 wave propagates faster compared
to Sl = 0.6, whereas it propagates slowest when Sl = 0.8.
The propagation of the T wave varies with saturation in a
similar manner as that of the P1 wave. The slow P2 wave
can be recognized as the innermost wavefront and it is hardly
affected by the saturation. Fig. 17, showing the w(l)z waveform
at (12, 12) mm, confirms the above conclusions. The P1 wave
is mostly attenuated and propagates with the highest velocity
when Sl = 0.4. All these results are in agreement with the
dispersion analysis in Fig. 15.

Fig. 18 shows the results for f0 = 100 Hz. In this case,
both the P2 and P3 waves are dissipative. The P1 and T
waves propagate with the highest velocities when Sl = 0.4 and
those with Sl = 0.8 exhibit the smallest. The corresponding
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Fig. 15. Phase velocity (Left) and dissipation factor (Right) as a function
of frequency, calculated with the GL model and three saturations. (From Top
to Bottom) Results of P1, P2, T, and P3 waves, respectively. The medium
properties are given in Table I (Case 2).

Fig. 16. Snapshots of (a) vz , (b) w(l)z , (c) w(g)z , and (d) T at 6.5 μs. The
sources are dilatational with a central frequency of 1 MHz and the properties
are those of Case 2. (Left, Top Right, and Bottom Right) Results of the GL
model with Sl = 0.6, 0.4 and 0.8, respectively.

vz waveform at (120, 120) m shown in Fig. 19 confirms this
behavior.

D. Heterogeneous Media

Finally, we present an example of a heterogeneous two-layer
model. The upper medium has λ = 2.5 GPa and μ = 1.2 GPa,

Fig. 17. Waveform of w(l)z at (12, 12) mm corresponding to Fig. 16.

Fig. 18. Snapshots of (a) vz , (b) w(l)z , (c) w(g)z , and (d) T at 0.065 s. The
sources are dilatational with a central frequency of 100 Hz and the properties
are those of Case 2. (Left, Top Right, and Bottom Right) Results of the GL
model with Sl = 0.6, 0.4, and 0.8, respectively.

Fig. 19. Waveform of vz at (120, 120) m corresponding to Fig. 18.

whereas the lower has λ = 4.0 GPa and μ = 1.5 GPa. The
other properties are the same as those in Table I (Case 2).
We consider a model with 800 × 800 grid points and assume
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Fig. 20. Snapshots of vz , at 0.036 s for the two-layer model. (Left and Right) Results of the LS and GL models, respectively. The incident, reflected (r),
and transmitted (t) P1, S, and T waves can be observed.

that the interface is vertically located at the 355th grid. The
source is pure shear with f0 = 400 Hz, which can be easily
implemented by replacing fx and fz in (9) with ∂z f (x, z, t)
and −∂x f (x, z, t), respectively, where

f (x, z, t) = exp

[
−

√
η2

(
(x − x0)2 + (z − z0)2

)]
h(t) (18)

where η = 10 is the attenuation coefficient and (x0, z0) is
the source location. Basically, the aim is to study the T wave
converted from the incident S wave at the interface and discuss
the coupling of the shear wave in heterogeneous media.

Fig. 20 shows the vz-component snapshot at 0.036 s, where
we consider dx = dz = 0.2 m and dt = 0.03 ms. Apart from
the reflected and transmitted P1 and S waves, the incident
S wave also generates converted T waves in both layers,
which can be recognized as the innermost wavefront that has
a relatively weak energy and small propagation velocity. The
fast P1 wave in the case of the GL model propagates faster but
is more attenuated, whereas the propagation of the T wave is
opposite, in agreement with the analyses in the homogeneous
case. In particular, the reflected T wave of the LS model has a
very weak energy and can hardly be seen. Even though the S
wave is not coupled with the heat equation, its propagation in
heterogeneous media causes energy conversion to the T wave
and can induce new energy loss.

V. DISCUSSION

When seismic waves propagate through heterogeneous
rocks, pressure gradients between regions of dissimilar prop-
erties occur [18]. This induces an internal equilibration with
fluid flowing from the more compliant high-pressure regions
to the low-pressure regions, which generates mode conversion
from the fast P wave to Biot slow waves, accompanied by
wave-induced fluid-flow attenuation [17]. Based on the scales

of the heterogeneities, the flow is squirt flow or mesoscopic
flow [31]. The squirt flow occurs at the microscopic scale and
describes attenuation mainly at ultrasonic frequencies, whereas
the mesoscopic flow is dominant at the mesoscopic scale,
i.e., a scale larger than the pore size but smaller than the
wavelength, which is considered as the main cause of high
attenuation of low-frequency elastic waves. Further studies
involve incorporating these two attenuation mechanisms.

The process of thermal attenuation is similar to that of
wave-induced fluid flow [21]. When the porous rocks are
thermally insulated, the passage of a P wave induces temper-
ature variations (gradient), and conversion to thermal wave,
which introduces a new loss mechanism that can be termed
wave-induced thermo-poroelastic attenuation, in analogy with
wave-induced fluid-flow attenuation. The main difference is
that the thermal propagation is governed by the Fourier heat
equation, and hence, its relaxation frequency is dependent on
the thermal properties. Following [25], the thermal relaxation
frequency is inversely proportional to the conductivity and
moves to the low frequency when K increases. For typical
materials, K ranges from 24000 m kg/(s3 ◦K) for CRC
aluminum to 0.023 m kg/(s3 ◦K) for air, whereas rocks filled
with fluids have a range between 1 and 12 m kg/(s3 ◦K).
Therefore, in typical rocks, the thermal wave is dissipative
and does not propagate at low frequencies, such as the
exploration-geophysics band (see Case 1), similar to the Biot
slow wave. However, the fact that these waves are diffu-
sive is the cause of attenuation of the fast P wave. The
temperature-related wave can be observed in either mate-
rial with high-thermal conductivity or over high-frequency
bands. For example, McNelly et al. [32] verified the exis-
tence of the T wave in NaF crystals experimentally, whereas
Huberman et al. [33] observed the temperature-related wave
in graphite above 100 ◦K.
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The present model predicts a single shear wave and its loss
is not affected by the thermal variation. The basic reason is
that the model assumes no couplings between the shear stress
and the temperature rate since the Fourier heat conduction
equation does not involve shear strain. The shear wave has a
different polarization than the compressional wave, and hence,
the corresponding governing equations must be different,
an analysis to be performed in future work.

VI. CONCLUSION

We have proposed a theory and numerical simulation
for wave propagation in partially saturated porothermoelastic
media, including the LS and GL models. The theory predicts
five wave modes, namely, the fast P wave, the S wave,
two slow P waves (P2 and P3), and a thermal wave. This
mode is coupled with the P waves, inducing additional energy
dissipation. The slow P2 and thermal waves are diffusive at
low frequencies and wavelike at high frequencies, whereas
the slow P3 wave propagates with a very small velocity at
all frequencies. The GL model can predict more attenuation
and consequently larger dispersion of the fast P wave for a
combination of relaxation times τ1 > τq . The thermal relax-
ation peak moves to low frequencies when the conductivity
increases, but the slow P waves are hardly affected. Decreasing
saturation induces increased P-wave velocity and moves the
Biot relaxation peak to high frequencies.

The numerical algorithm is based on an optimized
staggered-grid FD method to compute the spatial derivatives
and a Crank–Nicolson time-stepping scheme, which allows
us to handle spatially inhomogeneous media and overcome
stiff/instability problems. The simulated snapshots and wave-
forms corresponding to two different sets of thermoelastic
properties illustrate the physics of wave propagation at differ-
ent frequencies, which are in agreement with the plane-wave
analysis. The methods will be extended to the case of two
liquids and anisotropic and 3-D media in a future study and
compared with other similar theories based on interfacial
tension between the fluids, involving the concept of capillary
pressure explicitly.

APPENDIX A
PARAMETERS INVOLVED

Following Zhou et al. [28], we have:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

A11 = φSlβwp, A12 = φ(1 − Sl)
Ma

ρg RTb

A13 = 1 − φ, A14 = φSl, A15 = φ(1 − Sl)

A16 = −(1 − φ)βsT − φSlβwT − φ(1 − Sl)
Ma p∗

g

ρg RTb
2

(A.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A21 = φSl(1 − Sl)βwp − φAs

A22 = φAs − φSl(1 − Sl)
Ma

ρg RTb
, A23 = 0

A24 = −A25 = φSl(1 − Sl)

A26 = −φβψ Asχ
−1

(
S

− 1
m

e − 1
) 1

d

+φSl Sg

(
Ma p∗

g

ρg RT 2
b

− βwT

)
(A.2)

where φ is the porosity, βwp and βwT are the compressibility
and thermal-expansion coefficients of the fluid, respectively,
βsT denotes the thermal-expansion coefficient of the solid,
and Ma = 0.0288 kg/mol is the molar mass of dry air.
R = 8.3144 J/mol/◦K is the universal gas constant, ρg is the
density of the gas, and βψ is a surface tension-temperature-
dependent coefficient. p∗

g is the gas pressure, whereas Tb is
the internal temperature related to the gas described by the
ideal gas law [34], which mainly affects the Biot attenuation
induced by the saturated fluids. Here, the two properties
are set as 300.2 ◦K and 101.3 kPa, respectively. The three
independent parameters χ , m, and d correspond to the V-G
(Van Genuchten) model, which can be determined by fitting
the soil–water retention model to the experimental data. Fol-
lowing [35], m = 1 − 1/d is used. Se is the effective water
saturation given by [35]:

Se = (
Sl − Sl

res

)/(
Sl

sat − Sl
res

)
. (A.3)

With the above definitions, As is obtained as

As = −χmd
(

Sl
sat − Sl

res

)
S(m+1)/m

e

(
S−1/m

e − 1
)1−1/d

. (A.4)

With (A.1) and (A.2), we have [28]⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a11 = A22

G
, a12 = A22 A14 − A12 A24

GφSl

a13 = A22 A15 − A12 A25

GφSg
, a14 = A22 A16 − A12 A26

G

a21 = −A21

G
, a22 = A11 A24 − A21 A14

GφSl

a23 = A11 A25 − A21 A15

GφSg
, a24 = A11 A26 − A21 A16

G

(A.5)

where G = A22 A11 − A12 A21.
The dynamic viscosities and relative permeabilities of the

liquid and gas in (3) are [28]

μl = (243.18 × 10−7)10
247.8

Tb−140 , μg =1.48 × 10−6

√
Tb

1 + 119/Tb

κ l
r = √

Se
[
1 − (1 − S1/m

e )m
]2
, κg

r = √
1 − Se(1 − S1/m

e )2m

(A.6)

respectively.

APPENDIX B
PLANE-WAVE ANALYSIS

Because the medium is isotropic, it is enough to con-
sider a 1-D medium when performing the plane-wave analy-
sis. In the 1-D case, the field vector becomes v =
[v,w(l), w(g), σ, pl, pg, T ]T. In the following, we consider a
plane-wave kernel exp[i(ωt − kx)], where ω is the angular
frequency and k is the complex wavenumber. The S wave is
not thermally affected and its complex velocity is [28]

vs =
√√√√√

μ

ρ − ρ2
g

[
ρg

φSg
+ iμg

ωκ
g
r κ

]−1

− ρ2
l

[
ρl

φSl
+ iμl

ωκ l
rκ

]−1 .

(B.1)
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In the 1-D space, (1), (3), and (7) reduce to⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−kσ = ρωv + ρlωw
(l) + ρgωw

(g)

kpl = ρlωv + ρl

φSl
ωw(l) − iμl

κ l
rκ
w(l)

kpg = ρgωv + ρg

φSg
ωw(g) − iμg

κ
g
r κ
w(g)

ωσ = k
[ − (λ+ 2μ+ αγ a11 + α(1 − γ )a21)v

−w(l)α(γ a12 + (1 − γ )a22)−w(g)α(γ a13

+ (1 − γ )a23)
]

+ωT (1 + iτ1ω(1 − ε))(αγ a14

+ α(1 − γ )a24 − βs)

ωpl = k
[
a11v + a12w

(l) + a13w
(g)

]
− a14ωT [1 + iωτ1(1 − ε)]

ωpg = k
[
a21v + a22w

(l) + a23w
(g)

]
− a24ωT [1 + iωτ1(1 − ε)]

d2kv(ετqω−i)+d3kw(l)(ετqω − i)+d4kw(g)(ετqω − i)

= T
(
e1ω

2 − e2iω − K k2
)

(B.2)

where

e1 = cτq + d1(1 − ε)τ1 + d1ετq, e2 = c + d1. (B.3)

The above equations constitute a homogeneous system of
linear equations whose solution is not 0 if the determinant
of matrix B is 0, whose components are

b11 = ρvc, b12 = ρlvc, b13 = ρgvc, b14 = 1

b15 = b16 = b17 = 0

b21 = ρlvc, b22 = H1vc, b23 = b24 = 0, b25 = −1

b26 = b27 = 0

b31 = ρgvc, b32 = 0, b33 = H2vc, b34 = b35 = 0

b36 = −1, b37 = 0

b41 = −D1, b42 = −D2, b43 = −D3, b44 = −vc

b45 = b46 = 0, b47 = D4vcG1

b51 = a11, b52 = a12, b53 = a13, b54 = 0

b55 = −vc, b56 = 0, b57 = −a14vcG1

b61 = a21, b62 = a22, b63 = a23, b64 = 0

b65 = 0, b66 = −vc, b67 = −a24vcG1

b71 = d2G2vc, b72 = d3G2vc, b73 = d4G2vc

b74 = 0, b75 = 0, b76 = 0, b77 = K − v2
c G3 (B.4)

where

G1 = 1 + iωτ1(1 − ε), G2 = ετq − i/ω, G3 = e1 − ie2/ω

H1 = ρl

φSl
− ibl

ω
, H2 = ρg

φSg
− ibg

ω
D1 = λ+ 2μ+ αγ a11 + α(1 − γ )a21

D2 = αγ a12 + α(1 − γ )a22, D3 = αγ a13 + α(1 − γ )a23

D4 = αγ a14 + α(1 − γ )a24 − βs . (B.5)

Based on the above equations, we obtain the dispersion
relation for P waves as

a8v
8
c + a6v

6
c + a4v

4
c + a2v

2
c + a0 = 0 (B.6)

where the coefficients a8, a6, a4, a2, and a0 are given in (B.7),
as shown at the bottom of the page.

Solving (B.6), we obtain four physically meaningful roots,
three of which are complex velocities of the compressional
waves (P), denoted as P1, P2 and P3 waves. The fourth one
corresponds to the velocity of the thermal wave. In particular,
by setting βT , βψ , βsT , βwT , and p∗

g to zero, we obtain a
decoupled thermal velocity

vc =
√

iωa2

1 + iωτq
(B.8)

a8 = G3(ρH1 H2 − H1ρ
2
g − H2ρ

2
l )

a6 = K (H1ρ
2
g + H2ρ

2
l − ρH1 H2)+ G3(a12ρ

2
g + a23ρ

2
l − (a13 + a22)ρgρl)+ G3 H1(−D1 H2 + D3ρg − a23ρ + a21ρg)

+ G3 H2(D2ρl − a12ρ + a11ρl)+ G1G2
[ − a14d3ρ

2
g − a24d4ρ

2
l + (a14d4 + a24d3)ρgρl − ρg(D4 H1d4 + H1a24d2)

− ρl(D4 H2d3 + H2a14d2)+ ρ(H2a14d3 + H1a24d4)+ D4 H1H2d2
]

a4 = K (a13ρgρl + a22ρgρl − a12ρ
2
g − a23ρ

2
l + H2a12ρ + H1a23ρ − H2a11ρl − H1a21ρg + D1 H1 H2 − D3 H1ρg − D2 H2ρl)

+ G3
[
H2(D1a12 − D2a11)+ ρ(a12a23 − a13a22)+ ρg(D2a13 − D3a12 + a11a22 − a12a21)

+ ρl(D3a22 − D2a23 + a13a21 − a11a23)+ H1(D1a23 − D3a21)
]

− G1G2 D1(H2a14d3 + H1a24d4)+ G1G2 D2(H2a14d2 − a14d4ρg + a24d4ρl)+ G1G2 D3(H1a24d2 + a14d3ρg − a24d3ρl)

+ G1G2 D4(H2a11d3 − H2a12d2 + H1a21d4 − H1a23d2 + a12d4ρg − a13d3ρg − a22d4ρl + a23d3ρl)

+ G1G2ρ(a13a24d3 − a12a24d4 + a14a22d4 − a14a23d3)+ G1G2ρg(a12a24d2 − a11a24d3 + a14a21d3 − a14a22d2)

+ G1G2ρl(a11a24d4 − a13a24d2 + a14a23d2 − a14a21d4)

a2 = K (D2 H2a11 − D1 H2a12 − D1 H1a23 + D3 H1a21 − D2a13ρg + D3a12ρg + D2a23ρl − D3a22ρl − a12a23ρ + a13a22ρ

− a11a22ρg + a12a21ρg + a11a23ρl − a13a21ρl)+ G3
[
D1(a13a22 − a12a23)+ D2(a11a23 − a13a21)+ D3(a12a21 − a11a22)

]
+ G1G2 D1(a12a24d4 − a13a24d3 − a14a22d4 + a14a23d3)+ G1G2 D2(a13a24d2 − a11a24d4 − a14a23d2 + a14a21d4)

+ G1G2 D3(a11a24d3 − a12a24d2 − a14a21d3 + a14a22d2)

+ G1G2 D4(a11a22d4 − a11a23d3 − a12a21d4 + a12a23d2 + a13a21d3 − a13a22d2)

a0 = K [D1(a12a23 − a13a22)+ D2(a13a21 − a11a23)+ D3(a11a22 − a12a21)] (B.7)
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where a = √
K/c is the thermal diffusivity [25]. At low

frequencies, this velocity is zero. The dispersion relation
corresponding to the fast and slow acoustic waves becomes
a cubic one

c6v
6
c + c4v

4
c + c2v

2
c + c0 = 0 (B.9)

where

c6 = H1ρ
2
g + H2ρ

2
l − H1 H2ρ

c4 = −a12ρ
2
g − a23ρ

2
l + D1 H1H2 − D3 H1ρg − D2 H2ρl

+ H2a12ρ + H1a23ρ − H2a11ρl − H1a21ρg + a13ρgρl

+ a22ρgρl

c2 = −D1 H2a12 + D2 H2a11 − D1 H1a23 + D3 H1a21

− D2a13ρg + D3a12ρg + D2a23ρl − D3a22ρl − a12a23ρ

+ a13a22ρ − a11a22ρg + a12a21ρg + a11a23ρl − a13a21ρl

c0 = D1a12a23 − D1a13a22 − D2a11a23 + D2a13a21

+ D3a11a22 − D3a12a21. (B.10)

The phase velocity and the attenuation factor can be
obtained from the complex velocity vc as

v p = [Re(v−1
c )]−1, Q = Re(v2

c )/Im(v
2
c ) (B.11)

where “Re” and “Im” take the real and imaginary parts of a
complex variable, respectively [36].

APPENDIX C
CRANK–NICOLSON EXPLICIT SCHEME

The Crank–Nicolson scheme has been applied by Car-
cione et al. [25], [26] to solve the thermoelasticity and
thermo-poroelasticity equations. This scheme, adapted to the
present case, is

D1/2vx = β11(σxx,x + σxz,z − fx )
n − β12 pn

l,x

− β12bl A1/2w(l)x − β13 pn
g,x −β13bg A1/2w(g)x = IIn

x

D1/2vz = β11(σxz,x + σzz,z − fz)
n − β12 pn

l,z

− β12bl A1/2w(l)z − β13 pn
g,z −β13bg A1/2w(g)z = IIn

z

D1/2w(l)x = β21(σxx,x + σxz,z − fx )
n − β22 pn

l,x

− β22bl A1/2w(l)x − β23 pn
g,x −β23bg A1/2w(g)x =�n

x

D1/2w(l)z = β21(σxz,x + σzz,z − fz)
n − β22 pn

l,z

− β22bl A1/2w(l)z −β23 pn
g,z − β23bg A1/2w(g)z =�n

z

D1/2w(g)x = β31(σxx,x + σxz,z − fx )
n − β32 pn

l,x

− β32bl A1/2w(l)x −β33 pn
g,x − β33bg A1/2w(g)x =
n

x

D1/2w(g)z = β31(σxz,x + σzz,z − fz)
n − β32 pn

l,z

− β32bl A1/2w(l)z − β33 pn
g,z − β33bg A1/2w(g)z = 
n

z

εm = (A1/2vx),x + (A1/2vz),z

ε̇m = (
IIn

x

)
,x

+ (
IIn

z

)
,z

εl = (
A1/2w(l)x

)
,x

+ (
A1/2w(l)z

)
,z

ε̇l = (
�n

x

)
,x

+ (
�n

z

)
,z

εg = (
A1/2w(g)x

)
,x

+ (
A1/2w(g)z

)
,z

ε̇g = (

n

x

)
,x

+ (

n

z

)
,z

K∇2T n = e2 A1/2ψ + e1 D1/2ψ + d2[εm + ετq ε̇m]
+ d3[εl + ετq ε̇l ] + d4[εg + ετq ε̇g] + qn

T n+1 = T n + dtψn+1/2

D1σxx = 2μ(A1/2vx),x + [D1 − 2μ]εm + D2εl + D3εg

+ D4 A1/2ψ + D4(1 − ε)τ1 D1/2ψ + f n
xx

D1σzz = 2μ(A1/2vz),z + [D1 − 2μ]εm + D2εl + D3εg

+ D4 A1/2ψ + D4(1 − ε)τ1 D1/2ψ + f n
zz

D1σxz = μ[(A1/2vx),z + (A1/2vz),x ] + f n
xz

D1 pl = −a11εm − a12εl − a13εg

− a14 A1/2ψ − a14(1 − ε)τ1 D1/2ψ − f n
l

D1 pg = −a21εm − a22εl − a23εg

− a24 A1/2ψ − a24(1 − ε)τ1 D1/2ψ − f n
g (C.1)

where

D jφ = φn+ j − φn− j

2 jdt
, A jφ = φn+ j + φn− j

2
(C.2)

are the central differences and mean value operators. In this
scheme, the particle velocities and ψ at time (n + 1/2)dt , and
stresses and T at time (n + 1)dt are computed from particle
velocities and ψ at time (n − 1/2)dt and stresses and T at
time ndt and (n − 1)dt , respectively.

For example, by using (C.1), in the absence of sources, w(l)x
and w(g)x can be updated as[

1 + a11 a12
a21 1 + a22

][
w(l)

n+1/2

x
w(g)

n+1/2

x

]

=
[

1 − a11 −a12−a21 1 − a22

][
w(l)

n−1/2

x
w(g)

n−1/2

x

]

+ dt

[(
β21(σxx,x + σxz,z )

n − β22 pn
l,x − β23 pn

g,x

)(
β31(σxx,x + σxz,z )

n − β32 pn
l,x − β33 pn

g,x

)] (C.3)

where a11 = dtβ22bl/2, a12 = β23bgdt/2, a21 = dtβ32bl/2,
and a22 = β33bgdt/2.

Then,

2vn+1/2
x = 2vn−1/2

x + 2dtβ11(σxx,x + σxz,z )
n

− 2dt
[
β12 pn

l,x + β13 pn
g,x

]
− dtβ12bl

(
w(l)

n+1/2

x +w(l)
n−1/2

x

)
− dtβ13bg

(
w(g)

n+1/2

x +w(g)
n−1/2

x

)
. (C.4)

The other particle velocities can be similarly updated, which
are then used to obtain the updated εi and ε̇i , i = m, l, g,
following (C.1).

A further simplification of the temperature equation for ψ
is

(dte2 + 2e1)ψ
n+1/2 = −(dte2 − 2e1)ψ

n−1/2

+ 2dt[K∇2T n − d2(εm + ετq ε̇m)

− d3(εl + ετq ε̇l)− d4(εg + ετq ε̇g)].
(C.5)

The stress σxx is calculated as

σ n+1
xx = σ n−1

xx + 2dt
[
2μ(A1/2vx),x + [D1 − 2μ]εm

+ D2εl + D3εg + D4 A1/2ψ + D4(1 − ε)τ1 D1/2ψ
]
.

(C.6)

The equations for the other stresses can be similarly obtained.
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TABLE II

CRANK–NICOLSON SCHEME

As stated in [26], the temporal Crank–Nicolson scheme
is first-order accurate, which has the stability properties of
implicit algorithms, but the solution can be obtained explicitly,
which overcomes the stiff and instability problems effectively.

We solve the spatial derivatives in (C.1) by using the
optimized staggered-grid FD scheme [29], to better control the
dispersion. Specifically, the first-order derivative of a function
p(x) can be calculated as

∂p

∂x
= 1

h

M∑
m=1

cm[p(x + mh − 0.5h)− p(x − mh + 0.5h)]

(C.7)

where x is the location, h is the spatial spacing, and cm are
the FD coefficients, which can be determined by minimizing
the absolute dispersion error over a wavenumber interval [0, b]
using the least-square method

M∑
m=2

[∫ b

0
ψm(β)ψn(β)dβ

]
cm =

∫ b

0
g(β)ψn(β)dβ (C.8)

for n = 2, 3, . . . ,M , where

ψk(β) = 2sin[(k − 0.5)β] − 4(k − 0.5)sin(0.5β)

g(β) = β − 2sin(0.5β) (C.9)

and

c1 = 1 −
M∑

m=2

(2m − 1)cm . (C.10)

It is suggested in [29] that the optimized FD method can
have a wider wavenumber range than the traditional Taylor-
expansion-based method. We determine the value of b for the
given M so that the maximum dispersion error is η = 10−5.

In Table II, we illustrate the Crank–Nicolson algorithm in
pseudocode form.
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