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Key Points:

e We study the thermoelastic dispersion and attenuation of P- and SV-wave scattering by
aligned-crack in an isothermal elastic medium;

e The dissipation increases with increasing temperature, but the scattering is inhibited at a
given temperature;

e The P wave shows a strong sensitivity to temperature along the crack normal, whereas

the SV wave behaves in opposite manner.

Abstract

P- and SV-wave scattering by thermally-constrained saturated cracks couples elastic
deformation with temperature. We estimate the scattering attenuation and velocity dispersion
by aligned fluid-saturated cracks with finite thickness, which are sparsely and randomly
embedded in an isothermal and isotropic elastic medium. By incorporating thermoelastic
effects into the representation theorem with the non-interaction Foldy approximation, we
formulate the dispersion and attenuation of P and SV waves induced by displacement
discontinuities across aligned cracks constrained by a thermoelastic boundary condition. The
frequency-dependent response as a function of temperature is calculated for various P- and
SV-wave incidence angles. The resulting scattering attenuation and dispersion are compared
with those of the conventional aligned-crack model. The examples show that the dissipation
increases with increasing temperature, but the scattering is inhibited at a given temperature.
The P wave shows a strong sensitivity to temperature along the direction normal to the cracks,

whereas the SV wave has an opposite behavior. This theory has the potential to assess the
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distribution of temperature from seismic attributes.

1 Introduction

The Earth can be modelled as an inhomogeneous thermoelastic medium, in which wave
propagating suffers frequency-dependent energy losses (Treitel, 1959). Thermoelasticity has
been recognized as a feasible mechanism for intrinsic dissipation in the lithosphere (Aki,
1980; Sato et al., 2012). Seismic dispersion and attenuation in dry and saturated cracked
rocks have been extensively investigated in many disciplines. Savage (1966) studies the
thermoelastic attenuation of elastic waves caused by empty elliptical cracks. Other early
works (e.g., Mal 1970a, 1970b; Martin 1981; Krenk and Schmidt 1982) address the scattering
process by a single dry crack in an infinite isotropic elastic solid. The scattering effect of
multiple dry cracks (e.g., Kikuchi, 1981; Zhang and Achenbach, 1991; Kawahara, 1992;
Zhang and Gross, 1993a, 1993b) can naturally be described with the non-interaction Foldy
approximation (Foldy, 1945) for cracks distributed sparsely and randomly in an elastic solid.
These models are extended to wave scattering by aligned fluid-saturated cracks including
viscous fluids (Kawahara and Yamashita 1992), the effect of finite thickness (Guo et al.
2018c; Song et al., 2020a, 2020b), the mechanism of hydraulic conduction (Song et al., 2019),

and the wave-induced fluid flow attenuation of porous media (e.g., Galvin & Gurevich, 2006,

2007, 2009; Guo et al., 2018a, 2018b; Phurkhao, 2013; Song et al., 2017; Fu et al., 2018,

2020).

Thermoelasticity couples elastic deformations with temperature, based on the
thermodynamics of irreversible processes (Biot, 1956; Deresiewicz, 1957). Temperature
fluctuations result in thermal stress and wave dissipation. This mechanism is relevant to

geophysical and geothermal exploration (e.g., Armstrong, 1984; Cermak et al., 1990; Fu,
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2012, 2017; Jacquey et al. 2015; Poletto et al., 2018), and earthquake seismology (e.g.,
Boschi, 1973; Simmons et al., 2010; Ritsema et al., 2011). The classical theory of
thermoelasticity is based on a parabolic-type heat-transfer equation, causing unphysical
solutions such as infinite velocities as a function of frequency. More general equations by
analogy with the Maxwell model of viscoelasticity avoid this unphysical behavior by
introducing relaxation-time terms into the heat equation, e.g., the Lord-Shulman
thermoelasticity equations (Lord and Shulman, 1967; Green and Lindsay, 1972; Eslami et al.,
2013). Based on the Lord-Shulman theory, Rudgers (1990) analyzes the physics of
thermoelastic wave propagation, Carcione et al. (2018) computes synthetic seismograms and
Wang et al. (2019) obtain the corresponding Green function. Moreover, Carcione et al. (2019)
generalize these thermoelastic equations to the poroelastic case. Recently, Wei et al. (2020)
derive the frequency-domain Green function of the Lord-Shulman thermo-poroelasticity
theory.

In the present work, we incorporate the thermoelasticity theory to describe the elastic
deformation of non-viscous fluid-saturated cracks to analyze the effects on wave scattering.
We study the seismic dispersion and attenuation as a function of temperature and wave
incident angle. The model is based on 2D aligned fluid-saturated cracks distributed sparsely
and randomly in an isothermal and isotropic elastic medium. The theory is based on the
representation theorem with the non-interaction Foldy approximation, and we formulate the
dispersion and attenuation of P and SV waves induced by displacement discontinuities across

the cracks constrained by the thermoelastic boundary condition.

2 Formulation of the boundary-value problem

We consider a model of thermoelastic cracks, modified from the P-wave scattering

model of Guo et al. (2018c¢) for fluid-saturated cracks, which in turn is developed from that of
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Kawahara (1992) for dry open slit cracks with finite thickness. As shown in Figure 1, the 2D
aligned cracks are randomly and homogeneously distributed through an infinite, isothermal
and 1sotropic elastic (non-porous) background medium. The crack density v, defined as the
number of cracks per unit area, is assumed to be sufficiently small. All the cracks having the
same rectangular shape, with thickness /4 and length 24, are assumed to be parallel to the
X -axis but infinitely long along the X;-axis to satisfy the plane-strain condition in the X1—X>
plane. Hence, the 3D problem can be reduced to a 2D problem. We consider an incident
harmonic plane P (or SV) wave of angular frequency w at an angle ¢ (or ¢) measured from
the crack normal (Xz-axis). Two mechanisms are involved: wave scattering and thermoelastic
dissipation by thermal loading through crack boundaries. The thermoelastic boundary
conditions are introduced in this section, providing the basis to formulate the model for

aligned fluid saturated thermoelastic cracks.

2.1 Thermoelastic boundary conditions

The aligned cracks are subject to thermoelastic boundary conditions associated with the
isothermal background medium. The constitutive relations of thermoelasticity for the stress
components g;; can be expressed as (Biot, 1956; Carcione et al., 2020)

oij = 160 + pu; j + pu;; — B6;;T, (D
where A and u are the Lamé constants, §;; are the Kronecker-delta components, 6 is the
volumetric strain, u; are the displacement components, T is the increment of temperature
above a reference absolute temperature Ty, and S = (34 + 2u)a with a being the
coefficient of thermal expansion.

The law of heat conduction is (Carcione et al., 2020)

yTi = pCT + BT,0, (2)
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where y is the coefficient of thermal conductivity, p is the mass density and C is the
specific heat capacity. Equation (2) assumes that the change in temperature is proportional to
volume changes, while equation (1) reflects variations in temperature-induced stress.

We apply the following Fourier transform to equations (1) and (2),
1 w) = f u(@, e vtde, 3)

leading to an equation in the X — w domain (omitting the hat for convenience):

{O-ij = /16116 + uui,j + ,uuj,i — ﬁ6UT (4)
yT;; = pCiwT + BThiwl ’

where w is the angular frequency. We take the following Fourier transform with respect to x

to the second equation (4),
T(E, w) = ﬂ T(%, w)e **dx, (5)
resulting in an equation in the k — w domain:
—ykZT(E, w) = pCin(E, w)+ ﬁToiwé(E, w), (6)

where k is the magnitude of the wavenumber k. We obtain the following equation from

equation (6)
—0 (k, w). (7)
Applying the 2D inverse Fourier transform to equation (7), we have

L 1 ®_ = oo BToiw ([ é(E, 7).
— ik'x — ik'x
T w) = ) ff_wT(k, w)ek*dk = ) ﬂ_mykz ot ek *dk.  (8)

On the basis of the convolution theorem, we get

T = —BTyiwd(X) * X . (9)

1 J‘ f @ 1
(2m)? ))_ vk? + pCiw ¢
Substituting equation (9) into the first term of equation (4) yields the following thermoelastic

boundary condition
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gij = 280 + p(wij + ;) + B28;Toiwd (%) * ekEdk.  (10)

1 Jf"o 1
(2m)? ))_ vk? + pCiw

2.2 Aligned thermoelastic crack model

Kawahara (1992) studies the scattering of P and SV waves by a random distribution of
aligned open cracks with finite thickness. Guo et al. (2018c) further modify the Kawahara
model to study P-wave scattering by aligned fluid-saturated cracks. We assume that the stress
induced by the temperature fluctuations is negligible in the rock frame compared to that of
the pore infill. The scattering of P and SV waves can be formulated on the basis of these
aligned fluid-saturated crack models by thermal loading through crack boundaries.

For aligned cracks distributed sparsely, randomly and homogeneously in a 2D elastic
medium, the averaging of the wavefield u, at the observation point A can be obtained with

the Foldy approximation (Foldy, 1945),

Gin) = T+ v [ Salii)di, (an
which is the sum of the incident wavefield u3 and the scattered wavefield. The scattered
wavefield §A(ﬁni) at the observation point A results from averaging of the incident
wavefield (u,;) to the ni-th crack, where 7,,; = (p;,p2) denotes the location of the center
of this crack. We first consider the incident P wave u3 in the form

49 = A, eikpXising+ikeX2cos0 (sing cose), (12)
where A, is the amplitude, the wavenumber kp is defined as w/vp for the P-wave
velocity vp of the background medium, and the time factor exp(—iwt) is omitted for
brevity.

We follow Kawahara (1992) to express the averaging (u,) of the incident waves at the

observation point A as
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(uA) — Aelkpxlsln(p+lkpX2(COS(p+Kp/kp) <51n<p cos +£ ) (13)
P

where A is the amplitude of the unknown average wavefield of the P wave, kp/kp is a
dimensionless quantity, and kp is an unknown coefficient describing the P-wave dispersion
and attenuation. Appendix A provides a summary to obtain this coefficient for models of
scattering by aligned dry cracks, developed by Kawahara (1992).

The thermoelastic boundary condition of fluid saturated cracks becomes

O-lEz +O-igz = 0
x| < a,x, =0,(14)

03y + 035 = Ap0 + BFToiwd (%) * ek xgi

1

where oZ

ik and o k are the stress components caused by (u,;) and Sn](um) respectively,

§n i{tni) is the scattered wavefield at the nj-th crack by averaging the incident wavefield
(tp;) of the ni-th crack, Ay is the Lamé constant of the fluid, B; = 34A;ay, with ay being
the thermal expansion coefficient of the fluid, y; is the thermal conductivity coefficient of
the fluid, p is the mass density of the fluid, and Cy is the specific heat capacity of the fluid.
The fluid applies a pressure and thermal stress on the crack boundary. However, 6(x) is
difficult to obtain because of the convolution, and we need to simplify the second term of
equation (14). Compared to the term p;Criw, the term )/sz of the fluid, within the seismic
band, in the denominator of equation (14), is very small and can be neglected (see Table 1)

and we have

_Af5”9+,3f5”T09(x)*(2 X ﬂ e eFE g, (15)

On the basis of the convolution theorem, we have

ﬁf%)
=(Ar+ 06;;. (16)
( T peC) Y

Thus, the simplified thermoelastic boundary condition becomes
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of, +0,=0
BfZT()) [Aﬁni(xlﬂ P1, pZ)]Z' |x1| <a, Xy = 0' (17)

022 + 022 </'lf

so that we can model the effective wave dissipation by both scattering and thermoelastic

effects. Substituting equations (13) and (A2) into (17) yields

|

Lf_ Ta22(x1,01€1,0)D, (1) déy +

a
f Ti21(x1,0|&1, 0)D; (&;) d&; = etkpxasing
—-a

prf.umh

) |x1| < a, (18)

) (xl) — eikpxlsimp

where Tjy; is given in Appendix B, and D; is given in equation (A5). We adopt Yamashita's
(1990) method to solve for D; numerically, and equation (18) is transformed into the

following form

( L . e e -
j T121(5: 0|f1; 0)D1(f1) dé, = etkpssing
;o Isl<1, (19)
AeprCr +B7To i
T 0[¢4,0)D d = etkpssing
kf 222(5 |€1 ) 2(51) 51 prmeh Dy(s) =e
which is discretized as
( M-1
z TT}'L‘anb\ln — eiﬁpsmsinfp
— =t , , m=1.,M-1,  (20)
z (Tnzliz + Afpfcf + ﬁf To 5mn> EZn — gikpsmsing
- PrCritmh
n=1
where D is assumed to be approximately constant in the n-th interval, s,, = —1 + mAs,
As = 2/M, M is the discretization number,
2 $1 X1 4
=—, =—, = k
$1 a S q P akp
D; ’
’1}2] =a T2],D == Z,] == 1,2
i2j sn+As/2
and TT‘:lTi’ fSn—AS/Z j2j (Sm; Olfll O)dfl - 1 2)

We can obtain 5j (j = 1,2) from equation (20), [Au,;]; (j = 1,2) can be represented
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by equation (A5) and then we can obtain [§n j(ﬁni)]j. Substituting [§n j(ﬁni)]j and equation

(12) into equation (11), and using equation (13), yields

~

b2
2fcosp

kp = vkpa? | P, fsin2¢sing + (1 — 2fsin?¢)?|, (21)

where f = vé,/v3, with vgy being the SV-wave velocity of the background medium or
rock frame, (],'A)]- =yM-1 ﬁjme_iszmSin‘pAs (j =1,2). The phase velocity Vp and

attenuation factor Qp' of the P wave can be obtained as (Kawahara and Yamashita, 1992)

Cos@
Vp=(1—Rer X )vp
P
kp

Qp' = 2Imkp

where Re and Im represent the real and imaginary parts, respectively.
For the incident SV wave, we consider
U3 = ByetksvXisingtiksyXz2cos¢ (co5¢h, —sing), (23)
where B, is the amplitude, and the wavenumber kgy is defined as w/vgy. The averaging
(up) of this wave at the observation point A can be expressed as

<ﬁA> — Beikstlsin¢+ik5VX2(COS¢+KSV/kSV) (COS(p + zﬂ' _Sinq’)) , (24)
SV

where B is the amplitude of the unknown average wavefield, and kgy is the unknown
coefficient describing the SV-wave dispersion and attenuation.

Similar to kp, we have
22

[ cos2p L
Ksy = Vkgya ¢1m+¢251n2¢sm¢. (25)

The phase velocity Vgy and attenuation factor Qg of the SV wave can be obtained as
(Kawahara and Yamashita, 1992)

cos¢p
Vsy = (1 — Rekgy k—> Vsy

cosgQ

Qsv = 2Imksy
kSV
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3 Examples

The frequency-dependent response as a function of temperature, is calculated for various
incidence angles. To highlight the thermoelastic effect, we compare the scattering dispersion
and attenuation between the thermoelastic and conventional boundary conditions, where the
latter has been implemented by Guo et al. (2018c). The former is related to the displacement
discontinuities across the cracks and associated with the effect of temperatures through the
fluid inside a crack.

We consider the following number density, length, and thickness of the cracks: 2.5 X
107> m~2, 40 m, and 0.4 m, respectively. The material properties for the background
medium at 10 MPa pressure are given by Simmons and Brace (1965) as: 1, = 19 GPa,
Uy = 40.4 GPa, and p,, = 2650 kg/m3. The physical properties are assumed to be
constant within a certain temperature range. The fluid (water) properties at 10 MPa are given

in Kretzschmar and Wagner (2019), as listed in Table 1.

Figure 2 shows the dissipation factor and phase velocity due to the P-wave scattering as
a function of frequency at ¢ = 0° incidence for the three different temperatures. The
behavior can be classified into three stages: i) low-frequency Rayleigh scattering, with
increasing attenuation and slightly decreasing velocity, i1) middle-frequency Mie scattering
dominated by strong attenuation and rapidly increasing velocity, and iii) high-frequency
scattering with decreasing attenuation but almost constant velocity. We see that the
attenuation and dispersion become strong with increasing temperature, which are dominated

by the Rayleigh and Mie scatterings, whereas the high-frequency thermoelastic effect on the
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scattering is negligible. The behavior is similar for both the thermoelastic and conventional
boundary conditions. However, there are differences in magnitude at different temperatures,
due to the thermal-stress effect, which weakens the scattering attenuation and dispersion
because of the reduction in stiffness contrast across the cracks. Due to the variation of the
interference pattern between the scattered wavefields originated from the crack tips
(Kawahara and Yamashita, 1992), there are some periodic fluctuations in the high frequency
domain. Figures 3 and 4 show the same quantities of Figure 2, but at the 45° and 90°
incidence angles, respectively. We see that the scattering dispersion and attenuation for both
boundary conditions are weaker compared to normal incidence, since the cracks are difficult
to compress because effects related to the Poisson ratio. However, changes in magnitude
induced by temperature differences can be identified at low and medium frequencies. The
thermoelastic effect at large incidence angles is negligible, because the thermal stress caused
by the temperature fluctuations is weak compared to small incidence angles.

Figure 5 displays the same quantities of Figure 2, but for the SV wave at ¢p =0°
incidence. The dispersion and attenuation curves do not depend on temperatures for both
boundary conditions, because the shear modulus in fluid-saturated cracks is zero, and the
polarization direction of the SV wave is orthogonal to the propagation direction. In summary,
since temperature fluctuations do not cause shear stress, both boundary conditions result in
the same dispersion and attenuation. Figures 6 and 7 show the same quantities of Figure 5,
but at the 45° and 90° incidence angles, respectively. As for the P wave, the SV wave
dispersion and attenuation for both boundary conditions decrease with increasing incidence

angle. Unlike the case of normal incidence, shown in Figure 5, the properties vary with
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temperature. In contrast to the P wave, the dispersion and attenuation variations of the SV
wave are more pronounced as a function of the incidence angle. Similarly, the thermoelastic
effect on the dissipation is weaker than that of the conventional boundary condition, because
of an additional thermal stress imposed by the thermoelastic boundary condition on the crack
boundaries.

Figure 8 shows the P-wave dissipation factor and phase velocity as a function of
temperature at @ = 0° and three different frequencies, corresponding to Rayleigh, Mie and
high-frequency scattering, respectively. For both boundary conditions, attenuation and
dispersion are stronger at intermediate frequencies and high temperatures. However, the
thermoelastic effect reduce the anelastic effects. Figure 9 displays the same quantities of

Figure 8, but for the SV wave and ¢ = 90°, where the same effects can be observed.

4 Conclusions

We have developed an isothermal thermoelastic model coupling the elastic deformation
of cracks with thermal effects. By combining the thermoelastic theory with the representation
theorem of non-interaction Foldy approximation, we model the dispersion and attenuation of
P and SV waves induced by aligned fluid-saturated cracks constrained by a thermoelastic
boundary condition. The examples analyze the frequency-dependent response for various
incidence angles and temperatures by comparison to the conventional crack model. The
results indicate the dissipation increases with increasing temperature, but weakens the

scattering effect at a given temperature due to the influence of the thermal stress. The P wave
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shows a strong sensitivity to temperature along the direction perpendicular to the cracks
because of the anisotropic nature of the aligned crack system, while the SV wave behaves in
opposite manner. The model may have some potential to evaluate the temperature distribution
from seismic attributes. Future investigations include the generalization of the theory to a

non-isothermal background medium.

Appendix A

Based on the representation theorem (e.g., Wickham, 1981)
~ a
[Snj(uni)]j = —f [At; (€1, p1, P2)]; T (X1, 2184, 0)déy, Sl=12, (A1)
—-a

where [§nj(ﬁni)]j is the j-th component of the scattered wavefield §nj(ﬁm-) at the nj-th

crack by averaging the incident wavefield (u,;) of the ni-th crack, [Au,;(&1,p1,p2)]; is the
[-th component of the displacement discontinuity across the ni-th crack, and the Green

function stress tensor [}, is

w2l £2) = 5[0 (1 20 ) L B ) + (815 + 8 ) HE Chisy)
Je ’ 4 k%, ) 0x; ° Fox, Tox) 0

2 a3

- €3] 1) ,
kévaxjaxlaxz( o (kpR) — Hy (ksy ))]' =12,

where ksy = w/vgy is the wavenumber, with vgy being the SV-wave velocity of the

background medium, R = \/ (x1 —&)?% + (xy; — &,)?, and Hél) (kR) denotes the zero-order
Hankel function of the first kind. The stress induced by (Z,;) and S, i{tin;) can be written
as (Kawahara and Yamashita, 1992; Guo et al., 2018c)
0f = 2 o [y + i (5 [T + o [T
jk mYjk ax; ni/ll Um axy ni/lj ax]- ni/lk ' j, k,l _ 1,2, (AZ)
a —
Oﬁc = "Hm f_a[Aum- (1P P21 T (x1, x21€1, 0)dé4

from Hooke’s law and equation (Al), where A,, and p,, are the Lamé constants of the
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background medium and Tjy; is given in Appendix B.
The boundary condition of the dry cracks is
ob,+o, =05 +05,=0, |x<ax,=0. (A3)

Substituting equations (13) and (A2) into (A3) yields

a
.f r1-‘]'2]'(x1) Olfll O)Dj(fl) dfl = eikpxlsimp’ |x1| < alj = 1r2r (A4)
-a
where
( D (E ) _ [Aani(fl' P1 pZ)]l
é 1o, Zi(kpCOSga + KP)SianAeikpplsin<p+ikpp2(cos<p+xp/kp)
[Aty; (§1, 91, 02)]2 . (A5)
Dz(fﬂ 3 o 12 2 2
l ikPAeikpplsil’l(p'l-ikppz(COS(p+KP/kp) [(kié/ _ 2) sin2<p + kié/ (COS(p + k_i) ]

The following expression for kp can be obtained (Kawahara, 1992; Guo et al., 2018c¢)

kp
2fcosp

Kp = v, fkpsin2¢sing + v, (1 — 2fsin?¢)?, (A6)

where f = vdy/v and ¢;(kp, @) = [ D;(&)e ke dg, (j = 1,2).

Appendix B

Expressions of Tj, are given in Kawahara and Yamashita’s paper (1992), as

ik (1, %2161, §2) = Ty (1, %2161, §2)

+2(s =0 P - 5 - 5 i HD (kg R)
—{{ 5, + + +6
4|\ ' ox,ox, dx;0x, K ax;0x, oxox) O Y

4 a*

&)
————— | H; (kpR
k&, ijaxkaxlaxz( o UepR)

—HS“(ksz))]. (B1)

©2020 American Geophysical Union. All rights reserved.



. i k) o o .
Ti11 0y, %2161, 82) = 2 1-2 ———H, " (kpR) = Ty55(x1, %2181, $2)

k_év 0x10x;
= T2*12(x1’ X2 |€1) EZ)
= T5p1 (%1, %2181, &2),

Ti12(x1, %2164, 62)
ik AV
=i\ 2o\ 3
4 k2 k2, ) \ox?

"\ o
+— | Hy’ (kpR),
6x§> 0

Ti21 (1, %2161, §2) = To11 (%1, %2181, &2)
= O'

Tz*zz(xp x31€1,€2)
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Figure 1. Aligned fluid-saturated cracks of thickness 4 and length 2a, distributed sparsely,
randomly and homogeneously in an infinite, isothermal, and isotropic elastic background
medium. The cracks are assumed to be parallel to the Xj-axis but infinitely long along the
X3-axis, to satisfy the plane-strain condition in the X;—X> plane. The origin of the local
coordinate system (x1, x2) is fixed at the center of the ni-th crack with a global coordinate (p1,
p2). u® represents the harmonic plane incident P (or SV) wave at an angle ¢ (or ¢) with
respect to the X>-axis. The model is modified from Kawahara (1992) and Guo et al. (2018c).
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Figure 2. Dissipation factor and phase velocity of the P-wave scattering as a function of
frequency at ¢ = 0° and three different temperatures; (a and b): conventional boundary
condition and (c and d): thermoelastic boundary condition.
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Figure 5. Same as Figure 2, but for the SV wave at ¢ = 0°.
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Figure 6. Same as Figure 5, but at ¢p = 45°.
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Figure 7. Same as Figure 5, but at ¢ = 90°.
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Figure 8. Dissipation factor and phase velocity due to P-wave scattering as a function of
temperature at ¢ = 0° and three different frequencies; (a and b): conventional boundary
condition, and (c and d): thermoelastic boundary condition.
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Table 1. Water properties at five temperatures and 10 MPa.

To ay Pr Cr A Vs

°K 107%/°K kg/m3 m?/(s? - °K) MPa m - kg/(s3 - °K)
373 260.5 962.9 4194.5 2110.8 0.684

398 312.0 943.9 4230.3 1911.9 0.689

423 367.9 922.3 4280.6 1685.5 0.688

448 432.9 898.1 4350.1 1446.0 0.682
473 513.3 870.9 44472 1203.3 0.671
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