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Modeling wave propagation in cracked porous media with penny-shaped

inclusions

Lin Zhang', Jing Ba', José M. Carcione?, and Weitao Sun®

ABSTRACT

Understanding acoustic wave dispersion and attenuation in-
duced by local (squirt) fluid flow between pores and cracks
(compliant pores) is fundamental for better characterization of
the porous rocks. To describe this phenomenon, some squirt-
flow models have been developed based on the conservation
of the fluid mass in the fluid mechanics. By assuming that
the cracks are represented by isotropically distributed (i.e., ran-
domly oriented) penny-shaped inclusions, this study applies the
periodically oscillating squirt flow through inclusions based on
the Biot-Rayleigh theory, so that the local squirt flow and global
wave oscillation of rock are analyzed in the same theoretical
framework of Hamilton’s principle. The governing wave-propa-
gation equations are derived by incorporating all of the crack

characteristics (such as the crack radius, crack density, and
aspect ratio). In comparison with the previous squirt models,
our model predicts the similar characteristics of wave velocity
dispersion and attenuation, and our results are in agreement with
Gassmann equations at the low-frequency limit. In addition, we
find that the fluid viscosity and crack radius only affect the re-
laxation frequency of the squirt-flow attenuation peak, whereas
the crack density and aspect ratio also affect the magnitudes of
dispersion and attenuation. The application of this study to ex-
perimental data demonstrates that when the differential pressure
(the difference between confining pressure and pore pressure)
increases, the closure of cracks can lead to a decrease of attenu-
ation. The results confirm that our model can be used to analyze
and interpret the observed wave dispersion and attenuation of
real rocks.

INTRODUCTION

It is commonly accepted that the presence of cracks in subsurface
rocks plays an important role in seismic wave propagation. Cracks
mostly refer to grain contacts or intragranular microfractures (Gur-
evich et al., 2009a), with a size of 10°-1072, which not only affect
the elastic properties of the fractured porous rock but also control the
local fluid flow (LFF) between cracks and stiff pores, often called the
squirt-flow mechanism (e.g., Miiller et al., 2010; Carcione, 2014).
Especially, this flow mechanism is the main contributor of wave
dispersion and attenuation, which are highly affected by the lithology,
pore structure, and fluid properties (e.g., Quintal et al., 2011; Yao
et al., 2015; Khalid and Ahmed, 2016). Therefore, knowledge about
the dispersion and attenuation dependence on fluid flow is important
in seismic interpretation and reservoir characterization.

Many effective medium theories (e.g., Eshelby, 1957; Walsh,
1965; Mori and Tanaka, 1973; Kuster and Toksoz, 1974; Berryman,
1980; Norris, 1985; Thomsen, 1985; Song et al., 2016) and labora-
tory experiments (e.g., Fortin et al., 2007; Adam and Otheim, 2013;
Wang et al., 2018; Yin et al., 2018) have been proposed to investigate
the effects of cracks on the elastic properties of rocks. For example,
using Eshelby’s tensor, David and Zimmerman (2011) calculate the
elastic moduli of an isotropic solid containing a random distribution
and random orientation of spheroidal pores. Although cracks re-
present an extremely small volume fraction (often less than 0.1%),
their effects are important. Without considering the shape of the
cracks, Shapiro (2003) provides analytical expressions for the elastic
moduli of a cracked porous medium as a function of pressure, stiff
porosity ¢, and compliant porosity ¢,.. Because the crack features
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are closely related to pressure variations, some researchers estimate
the pore aspect-ratio distribution from the pressure dependence of
dry velocities based on different theories (e.g., Cheng and Toksoz,
1979; Tran et al., 2008; David and Zimmerman, 2012). Although
such methods can provide the crack characteristics, they do not de-
scribe the observed values of velocity dispersion and attenuation,
which is due to the fact that there is no fluid exchange between the
cracks and the porous background.

Classic approaches to handle this problem are mostly based on
Biot’s poroelastic theory, which considers the global-flow mecha-
nism in saturated porous media (Biot, 1956, 1962) and is equivalent
to Gassmann (1951) in the low-frequency limit. However, it is not
suitable to model the fluid flow between pores and cracks. Hence,
several models have been proposed in the past few decades to address
this local mechanism (e.g., Mavko and Nur, 1975; Murphy et al.,
1986; Gurevich et al., 2009b). Nevertheless, both flow mechanisms
coexist in a cracked porous medium. The squirt-flow Biot/squirt
model theory has been developed by Dvorkin and Nur (1993), but
the crack characteristics are not taken into account. Tang (2011) and
Tang et al. (2012) add crack density and aspect ratio into their model,
referred to here as the Tang model, and they find that the relaxation
frequency and the amount of wave dispersion and attenuation are
controlled by the crack aspect ratio and density, respectively. How-
ever, these squirt-flow models are not compatible with Gassmann’s
theory. Models consistent with Gassmann’s theory include Berryman
and Wang (1995), Pride and Berryman (2003), Gurevich et al.
(2010), Carcione and Gurevich (2011), Ba et al. (2016), and Zheng
et al. (2017). In Chapman et al. (2002), a microstructural model is
derived, which is consistent with the Gassmann’s theory and the re-
sults of Endres and Knight (1997), hereafter referred to as the Chap-
man model. Pride et al. (2004) propose that the cracks can be treated
as penny-shaped inclusions. Yao et al. (2015) add a flow term in-
duced by the squirt flow into the original fluid modulus and modeled
wave dispersion and attenuation by using the dynamic fluid modulus
(the so-called DFM model).

Anisotropy caused by the presence of cracks was considered
by Hudson et al. (1996), Chapman (2003), and Guo et al. (2018a,
2018b). Jakobsen et al. (2003) study the effects of pores and cracks
on the elastic behavior by considering an arbitrary distribution of
pores and fractures using the T-matrix approach. An alternative
scheme based on the solutions of a single-crack and multiple-scat-
tering theory is that of Galvin and Gurevich (2009). They analyze
the elastic wave dispersion and attenuation in a porous medium con-
taining aligned sparsely distributed penny-shaped cracks. Further-

more, Guo et al. (2017) investigate the relations between the elastic
properties of rocks with intersecting fractures.

The purpose of this study is to model the fluid flow between the
background pores and cracks, in which these can be treated as penny-
shaped inclusions. Here, we assume that all of the cracks are iso-
tropically distributed. The fluid-flow mechanism is based on the
Biot-Rayleigh theory, which describes the fluid flow between two pore
volumes using periodic oscillations (Ba et al., 2011, 2017). We derive
the LFF governing equations from the above assumption and verify the
effectiveness of the new model by comparison with the Biot, Chapman,
Tang, and DFM models, and we analyze the effects of fluid viscosity
and crack characteristics on wave propagation. Finally, the model re-
sults are compared with measurements on two tight sandstones.

WAVE-PROPAGATION EQUATIONS

Let us consider that cracks with different aspect ratios are randomly
oriented distributed in the pore space (see Figure 1a) and fluid flows
between cracks and pores. Here, cracks are described as penny-shaped
inclusions into a host medium saturated with the same fluid (see Fig-
ure 1b). Similar to the Biot-Rayleigh theory, the cracked porous model
is based on the following assumptions (Ba et al., 2011): (1) The
penny-shaped inclusions are homogeneous and have the same radius
Ry and height h; hence, the aspect ratio (y = h/(2R,)) of all the
cracks is the same. (2) The size of the inclusions is much smaller than
the wavelength, so that the cracks are in an isostress state, and we
consider a unit cell as shown in Figure 1b. (3) The fluid flow between
an inclusion and the host medium takes place mainly along the radial
direction (see Figure 1c) because for a single crack in the model, the
permeability in the radial direction is much higher than that along the
axis (can be infinitesimal in the approximation; for a similar model,
see Gurevich et al., 2010). (4) The fraction of inclusions is small.

Stress-strain relations

A cracked porous medium has been widely described by using the
double-porosity model (e.g., Berryman and Wang, 1995; Ba et al.,
2016; Zheng et al., 2017). As in Ba et al. (2011), the strain energy
can be defined as

2W = (A +2u)e? — duly — 2a; M e(EY) — ¢y hyc)
— 20, Mpe(E®) + dihrg) + M,
(EV = 1prg)? + M (E@) + ¢ hrg)?, (D

where e;; = 1/2(0;u; + 0;u;) are the solid strain

a) b)

] - ———

components and e = V - u; £M = -V . wi™ g
the increment of fluid content (m = 1, 2 represent
the host medium and inclusions, respectively);
wim) = ¢, (U™ —u), where U and u are the
fluid and solid displacements, respectively; I, is
the second invariant of the solid strain; ¢ is the total
porosity, which is defined as ¢ = ¢ + ¢,,where
¢, and ¢, are the porosities of the host medium
and inclusions, respectively, with ¢,, = v,,P,,,
where v,, and ®,,, are the volume fraction of

Figure 1. Scheme of the cracked porous model. (a) Distribution of cracks with different
aspect ratios, (b) penny-shaped inclusion, and (c) fluid flow between inclusions and the

host medium occurs along the radial direction.

the m phase and the matrix porosity of a local area
internal to the m phase; p is the shear modulus of
the rock (composite); and 4., a;, @y, M, and M,
are the stiffness coefficients (see Appendix A). Due
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to the flow mechanism, described by periodic cylindrical oscillations,
the fluid variation ¢ between the host medium and the penny-shaped

inclusions is given by
1 Rg)
s=—(1-—] @
¢ ( R

where R is the dynamic radius of the inclusion after wave-
induced LFF.

From the energy (equation 1), the stress-strain relations are
given by

7 = 2ue;; + (e — ayM (Y — ¢prg)
— My (E) + h1hr6))8;, (3a)
Py = —a;Mye + M, (£ = o), (3b)
Py = —ayMye + M (E?) + ¢1hac), (3c)

where §;; is the Kronecker delta (i and j are the three Cartesian
coordmates x, y, and z), 7;; is the total stress, and Py, are the
pore-fluid pressures in each phase.

Equations of motion
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where 7; and 7, represent the tortuosities of the host medium and
inclusions, respectively.

The LFF governing equation

As in the Biot-Rayleigh theory (Ba et al., 2011), the fluid flow
between the host medium and a penny-shaped inclusion can be mod-
eled by periodic cylindrical oscillations. Hence, the kinetic and
dissipation functions are also derived with a generalization of the
Rayleigh theory (Rayleigh, 1917) and the Biot poroelastic theory
(Biot, 1962). First, the kinetic energy function 7 is determined by

1 ) 1 . (1 1 .2
T =2py it +my (P 45 may ()

+ Pfl'lz‘WE]) + pfl:‘iwsz) + Ty pr, (0)
where

_3 1 ¢ L+R
Tipe = $cPrO102RGE + 0y ‘/’lzfzo In=—- 0

R3&* (D)

is the kinetic energy function induced by the LFF in the inclusions
and host medium (see Appendix B) and L is the characteristic fluid
flow length L = (R3/12)'/? (Pride et al., 2004).

Table 1. Input properties: Ks, Hs» and p; are the bulk modulus, shear modulus,
and density of the solid grains; Ky, pr, and 7 are the bulk modulus, density,
and viscosity of the fluid; ¢y, k1, ¢;, and 7; are the matrix porosity,

The equations of motion are based on Biot
(1962) and Ba et al. (2011):

permeability, consolldatlon parameter, and tortuosity of the host medium; ¢,,,
K, and 7, are the matrix porosity, permeability, and tortuosity of the
inclusions; and &, 7, and R, are the crack density, aspect ratio, and crack

z; = piis +ppitt) +ppn® . (4a)  radivs.
Property Figure 2 Figure 3  Figure 4 Figure 5 Figure 6
(—Pfl) = pyii; + mlw + 1@ . .l K, (GPa) 37.9¢ 21.83° 37.9° 37.9¢ 37.9¢
K1 ¢y us (GPa) 32.6 24.5° 32.6 32.6* 32.6*
4b)  p, (kg/m®)  2650°  2637.8°  2650° 2650? 2650°
K; (GPa) 2.25° 2.9° 2.25° 2.25° 2.25°
py (kg/m?) 1000* 1097° 1000* 1000* 1000*
. .2, Mo . n (Pa-s) 0.001? 0.001° 0.01 0.01 0.001, 0.01, 0.1
(=Pp2); = pyiti + mawi™ + _2_2 bro 025  0227° 025 0.25° 0.25"
(4¢) b0 0.32¢ 0.32¢ 0.32¢ 0.32¢ 0.32¢
k1 (D) 0.1 0.2 0.1* 0.1* 0.1
where the comma preceding an index indicates the Ky (D) 100 200 100 100 100
Panial spatial diffellrent.iation, t.he (.i()t ab.ove a var- et 11 . 1 11 11
1§ble d.enotes a partial time derivative, nis the fluid . 948 27026 2 40 2 40 2 40
viscosity, k; and k, are the permeabilities of the
host medium and inclusions, respectively, p and 72 I 2.0625 I 1 1
py are the densities of the porous aggregate and € 0.2 0.0146 0.2 0.16, 0.18, 0.2 0.2
pore fluid, where p = (1 — ¢)p, + ¢p;, where p; 4 0.002? 0.0001 0.002*  0.0001, 0.0005, 0.002*
is the grain density, and the coefficients m; and . 0.0018, 0.002
Ry (m) 0.0053 0.0001 Variable 0.01 0.0053

m, are defined as (Biot, 1962)

TPy _ WPy

s = s 5
g Mg O

my =

“From Tang et al. (2012).
®From Chapman (2001).
“From Pride et al. (2004).
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In a similar way, the dissipation function D is given by

1
D= §¢1¢10(E> WEI) : Wz(‘l)
K1

1 . .
+ 54”24’20 (1> Wgz) : Wl@ + Digr, 8
LY)
where

3 ndidads .o 1nPiddr L+Ry .

Dy = 210192002 gz, © 1 RZ

LFF 16 Ky Og + 4 K n RO Og
)

is the dissipation energy function induced by the LFF in the inclu-
sions and host medium (see Appendix B).
Following Achenbach (1984), the Lagrange equation is

d (oL oL oD
— = C+—=0, (10)
dt \ do¢ dc  0¢
where L, =T — W.
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Figure 2. (a) The P-wave dispersion and (b) attenuation using the
rock and fluid properties listed in Table 1. The solid red, solid black,
solid brown, and solid blue curves represent the results of Biot’s
theory, Tang’s model, DFM model, and this study, respectively.

Finally, the LFF governing equation is

3, ¢, L+Ry . 3n
| 2 R? —+—1
<8+2¢10 " Ry DidapsRee+ 8’<2+2’<1 ! Ry

X ot R3S = 1o (o My — ay M)
e+ 1 (MaE® — M ED) + @13 (M + My)s. (1)

Plane-wave analysis

From equations 3, 4, and 11, we can finally obtain the equations
of motion. These equations are written in the form of plane-wave
solutions:

(i . 6) = (A, By, By, O)e%), (12)

1

where (A, B;, B,, C) define the polarizations of the solid, the fluid
flow in two pore volumes and the LFF, w is the angular frequency,
and k is the complex wavenumber. Thus, the complex velocity can
be determined by

0]
U—E, (13)

and the P-wave velocities are

Vo= (Re<i>>_l. (14)

In addition, the quality factor is defined as

_Re®)
~ 2Im(k)

Q , s)

where w = 2z f, with the frequency f (e.g., Carcione, 2014).

RESULTS

In this section, we analyze the effect of cracks on the elastic wave
attenuation and velocity dispersion. Table 1 gives a list of the rock
and fluid properties. The porosity of cracks can be expressed as
¢. = 2ney, where ¢p, = ¢ and € is the crack density (Tang, 2011).
The dry-rock moduli of the composite can be calculated by using a
Biot-consistent theory (Thomsen, 1985) as follows:

2 (1 + DB)
K,=-——"= 1
b 3(1_203)% (16)
and
_ ¢
Hp —ﬂs(l = b, Bge |, (17)

where by = (2/15)((4 - 5v5)/(1 = vy)). By = (32/43)((1 - v3)
(5—v3)/(2 = vp)), uy is the shear modulus of the solid grains, and
vp is the Poisson’s ratio. The dry bulk modulus of the host medium is
given by (Pride et al., 2004)
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_ (1 _¢10)K.\'
Ky =TT adn (18)

where c; is the consolidation parameter of the host medium (it rep-
resents the degree of consolidation between the grains; see Pride et al.,
2004) and the dry modulus of the inclusion is obtained from

02 /Kpy = 1/Kjy — v /Ky

Comparison to other models

Figure 2 compares the Tang model (Tang et al., 2012), the DFM
model (Yao et al., 2015), and ours, using the rock and fluid proper-
ties in Table 1, which are those of Tang et al. (2012). The P-wave
velocities of the present model and the DFM model are in good
agreement with Biot’s curve at low frequencies (the velocity of
Biot’s theory approaches that of Gassmann’s [1951] theory at low
frequencies) (i.e., below 10* Hz, Dunn, 1986), whereas the results of
the Tang model are in agreement with Biot’s curve at high frequen-
cies (approximately 10° Hz, Tang et al., 2012). This is because the
squirt flow of the Tang model is described by using the conservation
of the fluid mass, and the additional fluid content change due to the
squirt flow into pore space is ¢,. The pore pressure in turn will be
changed due to the fluid content variation ¢¢q,. Tang et al. (2012)
use S(w) = ¢q,/ p to characterize the squirt flow effect on the pore
pressure p. Hence, the contribution of squirt flow to the saturated
bulk modulus is related to S(w) (see equations C-1 and C-2). At low
frequencies, S(w) has a finite nonzero value (Tang’s model gives a

3840 T T T T T
= This study

—&—Chapman et al. (2002)

= (Gassmann

3830 F

3820

< 3810+

m/s)

Velocity (

3800 |

3790 1

3780+

3770 L L 1 1 1
0 1 2 3 4 5 6

Frequency (log(Hz))

Figure 3. The P-wave velocity as a function of frequency. The solid
blue, solid red, and solid black curves represent the results of this
study, Chapman model, and Gassmann’s theory, respectively.

low-frequency limit below the Gassmann’s theory), whereas it is
zero at high frequencies.

We describe the oscillating squirt flow through penny-shaped in-
clusions based on the Biot-Rayleigh theory, which is derived from
Hamilton’s principle. We derive the elastic coefficients such that
they are consistent with Gassmann’s theory at the low-frequency
limit, such as for the DFM model (Yao et al., 2015). The rock is fully
relaxed at low frequencies, and the bulk modulus increases to an un-
relaxed value at the high-frequency limit. Moreover, the magnitude of
attenuation predicted by our model is almost the same as that by the
model of Tang (2011) and Tang et al. (2012), with higher values com-
pared to the DFM model in the frequency range of 10! — 10° Hz.

A comparison between the Chapman model and our model is
given in Figure 3, with the properties given in Table 1 (Chapman,
2001). The dry-rock moduli of the composite are estimated from
the velocities of the saturated rock by using Gassmann’s theory.
The fitting parameters are the dry-rock moduli of the composite,
K, = 14.626 GPa, and yu;, = 12.539 GPa . For both theoretical
models, the P-wave velocities increase with the increasing frequency.
The velocity curves predicted by the models are consistent with the
Gassmann limit at low frequencies. Differences between the Chap-
man model and our model occur at high frequencies. The crack den-
sity is the only parameter that controls the magnitude of the velocity
dispersion curve in the Chapman model (Chapman et al., 2002),
whereas this dispersion is dependent on the crack density ¢ and crack
aspect ratio y in our study.

a) 3300 S .
—F-10 Hz
3500  —F=1000 Hz
_ — =1 MHz
o
£ 3100} 4
2 3000f :
153
2
2 2900 1
2800 £ 1
2?0(} aiasl aal A aaal 'J i "
107¢ 107 107 1073 1072 107"
Crack radius RO (m)
b) 0.15 " . :
—f=]{) Hz
— f=1000 Hz
— =] MHz
0.1}
<&
0.05F
6 g —
107° 1073 107 1073 1072 107!

Crack radius R0 (m)

Figure 4. (a) The P-wave dispersion and (b) attenuation as a func-
tion of crack radius, using the rock and fluid properties listed in
Table 1. The solid blue, solid red, and solid black curves correspond
to f = 10 Hz, 1 kHz, and 1 MHz, respectively.
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According to the above analysis, we have introduced the effects
of the LFF between the cracks and the pores, and the predictions are
consistent with the Biot-Gassmann theory.

Wave dispersion and attenuation analysis

Figure 4 shows the P-wave dispersion (Figure 4a) and attenuation
(Figure 4b) as a function of the crack radius R,. The values 10 Hz,
1 kHz, and 1 MHz represent the seismic, log, and ultrasonic frequen-
cies, respectively. When the crack porosity is constant, the P-wave
velocity increases with increasing crack radius, approaching a con-
stant value. In addition, the attenuation is due to the combined effect
of the global and squirt flows at the ultrasonic frequency band. The
attenuation curve controlled by the squirt flow moves toward low
frequencies with increasing crack radius. The results show that the
crack radius controls the relaxation frequency of the squirt flow.

Figure 5 shows the P-wave dispersion (Figure 5a) and attenuation
(Figure 5b) for different crack density € and aspect ratio y: € = 0.16,
y =0.002; £¢=0.18, y=0.002; €¢=0.2, y=0.002; ¢=0.2,
y = 0.0018; ¢ = 0.2, y = 0.0005; and ¢ = 0.2, y = 0.0001. The re-
sults indicate that keeping constant the crack aspect ratio, the larger
the crack density, the larger the amount of attenuation and dispersion
caused by the squirt flow. In contrast, when the crack density is con-
stant, the larger the crack aspect ratio, the smaller the levels of attenu-
ation and dispersion. Then, at high frequencies, the dispersion and

— =0.167=0.002
— =0.187=0.002

Velocity (m/s)
5

attenuation induced by the global flow (Biot’s theory) are the same
for all of the crack porosities. This is because the crack porosity is
much smaller than the porosity of the host medium and the global
flow is mainly affected by the properties of the host medium. More-
over, the P-wave velocity and attenuation curves controlled by the
squirt flow extend to the low frequencies with the increasing crack
density and decreasing crack aspect ratio. Regarding the effects of the
crack density and aspect ratio on the P-wave velocity and attenuation,
two conclusions are highlighted: crack density is the main factor af-
fecting the amount of dispersion and attenuation induced by the squirt
flow (Figure 5; see the solid blue, solid red, and solid black curves,
respectively), whereas the crack aspect ratio mainly affects the relax-
ation frequency of the squirt flow (Figure 5; see the solid magenta,
solid green, and solid brown curves, respectively). Similar conclu-
sions can be found in other works (e.g., Berryman, 2007; Tang et al.,
2012). It can also be noted that when the media have the same crack
porosity (Figure 5; see the solid magenta and solid red curves, respec-
tively), the variation of the crack density and aspect ratio can cause a
significant difference of P-wave velocity and attenuation, which high-
lights that knowledge of the pore geometry is essential to adequately
predict these properties.

The P-wave dispersion and attenuation at different fluid viscos-
ities are given in Figure 6. With the increasing fluid viscosity, the
relaxation frequency of the squirt and global flows shift to the low and
high frequencies, respectively (see Ba et al., 2011). The fluid viscosity
only affects the P-wave relaxation frequency, with no effect on the
magnitude of the wave velocity at the low- and high-frequency limits.

3000 —_—=0.2 7=0.002 |
smi] —¢=0.2 7=0.0018 |
2900 =02 7=0.0005
sl o . . —e=02 7=0.0001 |
~1 0 1 2 3 4 5 6 7
Frequency (log(Hz))
b) 02 . . , - - - :
— e=0.167=0.002
— =0.187=0.002
sk —=0.2 7=0.002 ]
—e=0.2 =0.0018
——e=0.2 4=0.0005
S o —¢=0.2 7=0.0001 |
0.05
0 :
9 0 1 2 3 + 5 6 7
Frequency (log(Hz))

Figure 5. (a) The P-wave dispersion and (b) attenuation with different
crack density & and aspect ratio y, using the rock and fluid properties
listed in Table 1. The solid blue, solid red, solid black, solid magenta,
solid green, and solid brown curves correspond to & = 0.16,
y =0.002; £¢=0.18, y=0.002; ¢=0.2, y=0.002; ¢=0.2,
y =0.0018; £=0.2, y=0.0005; and &=0.2, y=0.0001,
respectively.
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Figure 6. (a) The P-wave dispersion and (b) attenuation at different
fluid viscosities, based on the rock and fluid properties given in
Table 1. The solid blue, solid red, and solid black curves correspond
to n = 0.1, 0.01, and 0.001, respectively.
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COMPARISON TO EXPERIMENTAL DATA

Here, we model the pressure dependence of the wave velocity at
full saturation. We assume that the pore structure of a rock saturated
with a fluid remains the same as in the dry test and that the pore
aspect ratio distribution can be estimated from the pressure depend-
ence of the dry velocities. Figure 7 shows the P- and S-wave veloc-
ities as a function of the differential pressure for two dry tight
sandstone samples. These samples are from southwest of the Sichuan
Basin and are composed of quartz, feldspar, debris, and mica, etc.
The experiments are performed at a frequency of 1 MHz, a temper-
ature of 80°C, and a varying differential pressure of 5-35 MPa. The
rock properties of the samples are listed in Table 2. The experimental
setup can be found in Ba et al. (2018). The pore fluid used in the
experiments is water, whose bulk modulus, density, and viscosity
are 2.41 GPa, 1010kg/m?, and 0.000938 Pas, respectively. In Fig-
ure 7, we can see the nonlinear features of the pressure-velocity

Table 2. Properties of the rock samples

Tight K Hs Ps i K| Ry
sandstone (GPa) (GPa) (kg/m?) (%) (mD) (m)

39 33 2672 6.26 0.046 0.000005

curve, which implies that the cracks close with increasing differential
pressure. In addition, the predictions of the Mori-Tanaka model (e.g.,
Mori and Tanaka, 1973) for two rock samples are all in good agree-
ment with the measurements.

David and Zimmerman (2012) develop a procedure for calculat-
ing the pore aspect ratio distribution, according to the Mori-Tanaka
model (e.g., Mori and Tanaka, 1973). According to this procedure,
the aspect ratio y of the stiff porosity for tight sandstone samples 1
and 2 is 0.05 and 0.07, respectively. Figure 8 displays the crack
porosity ¢, (Figure 8a) and density ¢ (Figure 8b) as a function
of pressure for the two rock samples. The crack porosity and density
decrease with pressure p, and all cracks are almost closed at high
pressure. The crack porosity and density are used to estimate the
saturated velocities.

The dry-rock moduli of the samples can be estimated from dry
measurements by using the Mori-Tanaka model. The dry-rock bulk
modulus of the host medium is given in equation 16, and the con-
solidation ¢ is a fitting parameter whose value decreases with in-
creasing differential pressure. For sample 1, the values of ¢, at each
pressure are 6.4, 5.6, 5.2, 4.7, 4, 3.4, and 3.4; for sample 2, the
values are 11.2, 9, 7.6, 6.8, 6.4, 6, and 5.7. In addition, we assume
that the crack radius R is constant for different differential pres-
sures. Figure 9 shows the P-wave velocities of the water-saturated
tight sandstone samples. Based on the Mori-Tanaka model, the dry
bulk and shear moduli for the rock samples can be obtained and the
saturated velocities can be calculated with the Gassmann equation.
The results from Gassmann equation are lower than the measurements,
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Figure 7. The P- and S-wave velocities as a function of the difter-
ential pressure for the tight sandstone samples (a) 1 and (b) 2. The
blue line is the predicted results of the Mori-Tanaka model, and the
circles are measurements.

Figure 8. (a) Crack porosity and (b) density as a function of the
differential pressure for the two tight sandstone samples, according
to David and Zimmerman (2012) model. The solid curves with
circles and diamonds correspond to the tight sandstone samples
1 and 2, respectively.
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Figure 9. The P-wave velocities for the water-saturated tight sand-
stone samples (a) 1 and (b) 2 using Gassmann equation, the DFM
model, and this study. The solid curves are predictions of our model,
and the broken curves with diamonds and squares represent the pre-
dictions of the DFM model and Gassmann equation, whereas the
red circles are measurements.

and this is because the LFF effect between the cracks and the pores
is not considered in this theory. On the other hand, the results
obtained with our model are in better in agreement with the exper-
imental data than those of the other models.

CONCLUSION

We have derived new wave-propagation equations for cracked
porous media by generalizing the Biot-Rayleigh theory, describing
local-squirt flow attenuation, to the case of penny-shaped inclusions,
which represent the cracks. The theory has as input parameters meas-
urable properties such as the crack radius, density, and aspect ratio,
which highly affect the anelastic properties of the rock. The crack
radius mainly alters the relaxation frequency of the squirt-flow
mechanism, but not the amount of dispersion and attenuation, which
is highly affected by the crack density and aspect ratio. Moreover, our
study shows that the cracks have a major effect on the seismic wave
velocity, although their porosity is small. Variations in the crack den-
sity can cause significant velocity changes. Moreover, our model is
consistent with Gassmann’s theory and honors the experimental data
of attenuation and velocity dispersion.
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APPENDIX A
EXPRESSIONS OF THE STIFFNESS COEFFICIENTS
Following Ba et al. (2011), the stiffness coefficients can be

given by

o= (=K =3t (22 ) ity + bt
f

K,
- ( —K_S> (pIM, + pIM,), (A-1)
f
K, K,
a) = ‘%+ ¢, a = f/ZKf + &, (A-2)
LS S VAN S

_ K, (P + o i
_Kf<1—¢—ﬁ—f> (A9

_ ¢ F - —¢10)1§f‘] ALS
g P10 1—(1—4720)1(% (A

where K is the bulk modulus of the solid, K;,; and K, are the dry
bulk moduli of host medium and inclusions, and K, is the dry
moduli of the solid.

APPENDIX B
KINETIC ENERGY AND DISSIPATION FUNCTION

Following Ba et al. (2011), the kinetic energy function is deter-
mined by

P - an 5

1 o
+§pr/Z(u,«+w§ L4, (B-1)
m Qm l
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Compared with spherical oscillations (Ba et al., 2011), the only dif-
ference is the microvelocity field of the LFF induced by periodic
cylindrical oscillations. Hence, we only analyze the terms related
with /(™) in the above integral. First, in the pore volume €, we have

pf/ > (;1")d, = 0. (B-2)
Q, i

Due to the LFF in the radial direction and a symmetrical penny-
shaped inclusion, the integral in equation B-2 is zero. In addition,
we also have

NdQ, = o. (B-3)

ﬂf/z

Combining the above analysis, the kinetic energy function of LFF in
the pore volume €2; can be written as

1
T1ow zipf/ S (0)de,. (B-4)
Q !

The equation of the fluid-mass conservation can be generalized as
27RhR¢pyy = 27rhioyudro. (B-5)

where R is the fluid particle velocity at the boundary between the
two pore volumes R < r < R+ L < C and #, is the fluid particle
velocity outside the inclusion, where L is the characteristic fluid
flow length, L = (R3/12)'/? (Pride et al., 2004).

Hence, by substituting equation B-5 into equation B-4, we get

| L+R bR\
Tpow= Epfﬁblo 2zrh Dror R | dr
R

2 .. L+R
— ;P e TR (B-6)
o R

Second, in €, (inclusions), we have

Pf/z

NdQ, = 0. (B-7)

Because the dlrectlons of the global and LFF are radial, we can as-
sume w l and have

Pf/z PP)aq, = Pf/z (P)2d0,.  (B-8)

Combining these analyses, the kinetic energy function of LFF in Q,
can be written as

3
TL,imer = Epf/ Z(lf2>)2d92 B-9)
Q !

The equation of the fluid-mass conservation is (Ba et al., 2014)

From this equation, we obtain the fluid particle velocity inside the
inclusion:

R
i‘inzﬁr, (B-ll)

where 0 < r <R.
Hence, by substituting equation B-11 into equation B-9, we
obtain

R

3 R\2 3 S
TL,inter = Epquzo 2rrh EV dr = Zﬂf¢20ﬂhR R-.
0
(B-12)

Here, we denote the volume fraction of inclusions per unit volume of
composite as v, = 7R>hN,. By using this relation and ¢, = v,¢5,
we obtain

R2 _ ¢2

S . T (B-13)
mhNop

From equation 2, we have

1 .
= 5 iR (B-14)

Combining equations B-13 and B-14 with equations B-6 and B-12
gives

Tirr = No(Tpiner + 1 out)

Prbrchao 1nL + Ry

R2&2.
d10 Ry °

3 . 1
= 1—6/’f¢%¢2R%€2 +—

g

(B-15)

In a similar way, the dissipation function of LFF in two pore volumes
can be expressed as

L+R

1 n ¢20
DLoul:_¢%0_/2 ( dr
' 2 K r
1 e ¢10
2
:%ﬂ:thkzlnﬂ. (B-16)
K1 R
R
3 2 3
DL.inter: 20 /27”’]’1 dr = — 2 ’7 ]’ZR2R2
2 4
0

(B-17)

Substituting equations B-5, B-11, B-13, and B-14 into equations B-16
and B-17 gives



Downloaded 10/07/19 to 128.210.107.131. Redistribution subject to SEG license or copyright; see Terms of Use at http://library.seg.org/

WA150 Zhang et al.

3 7745%4720(]52 1 ng? 4720(/)2 L +Ry ;.
Digp=— R3&? R3E.
LFF 16 Ky 3 4 K1 RO Og
(B-18)
APPENDIX C

MAIN RESULTS OF THE TANG MODEL
AND THE DFM MODEL

Tang et al. (2012) develop a unified elastic wave theory to model
the effects of LFF between pores and cracks, where

2
K=K, + l : (C-1)

S A ()

where K is the saturated bulk modulus of the rock and « is the Biot
coefficient. The term S(w) governs the LFF, and it is given by

e(1—v, N
JERIED <$_;>M
S(w) = s %o . (€2
3ion(14+24) 4(1=vg) K (142)°
T {1 T M}

where M =1+ ((4=5v)/(2(7 = 500)))((#)/((1 + 2)*)) +
(9/(2(7 = 500)))((#°)/((1 +2)%)), 4= ((3.)/ (4me))5s 9. Ko,
and v, are the shear modulus, bulk modulus, and Poisson’s ratio
of the background medium in the absence of squirt flow, crack den-
sity &, and aspect ratio y.

Yao et al. (2015) rederive and modify Tang’s model as

K=K, +

o) (C-3)

where  AS(w)=S(0)=S(w), S(0)=(8e(1—vy)(1+4)%)/(Buo)
((1/Ko)—(1/K))/((1/Kp) = (1/Ko))M.
APPENDIX D

EXPRESSIONS OF THE MORI-TANAKA MODEL

According to the Mori-Tanaka theory (Mori and Tanaka, 1973),
the effective compliances are

1 1 ”
_ <1 + ¢suff P> i (D-l)
Kyt K 1 = Qgisr
1 .
_ (1 + ¢st1ff Q) . (D-2)
Hsiiff  Hs 1 = g

where K¢ and pg are the bulk and shear moduli of the host
material, respectively, ¢ is the stiff porosity, and P and Q are the
normalized pore compressibility and shear compliance, respectively.

Cracks are introduced into the host material by using the Mori-
Tanaka theory, and neglecting the interaction between cracks and
pores. It results in the following effective compliances:

1 1 16(1 - (Ustiff)z) >
— = 1+ ‘ €, (D-3)
Ko Kgitr < (1 — 2v¢r)

1 <1+32(1—

Vitr) (5 — Vsitr) e) (D-4)
Geff Gstiff ’

45(2 - vstiff)

where vy = (3K e — 2Girr)/ (6K isr + 2Ggirr)  and  crack
density e.
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