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Seismic Wave Propagation in Partially Saturated Rocks With a
Fractal Distribution of Fluid-Patch Size

Lin Zhang'?, Jing Ba! (), José M. Carcione® /, and Chunfang Wu!

ISchool of Earth Sciences and Engineering, Hohai University, Nanjing, China, Earth, Atmospheric, and Planetary Sciences
Department, Purdue University, West Lafayette, IN, USA, *National Institute of Oceanography and Applied Geophysics —
OGS, Trieste, Italy

Abstract Laboratory experiments on partially saturated rocks show that seismic attenuation can be
significant. The main mechanism, wave-induced local fluid flow (WILFF), is affected by the spatial fluid
distribution, especially in conditions of patchy saturation at different spatial scales. We propose a theory to
obtain the seismic properties of partially saturated rocks based on fractal (self-similar) patches, leading to an
effective frequency-dependent fluid modulus. The model combines the differential effective medium and Biot-
Rayleigh theories, where the patches are inclusions incrementally added, such that the effective fluid calculated
in the current addition serves as host fluid in the next one. The analysis shows that adding identical inclusions
in one or several steps produces nearly the same results, but the seismic properties depend on the scale range
(radius) of the inclusions, fractal dimension D, of the self-similar distribution, parameter 6 of the exponential
distribution, mean radius r, and variance o2 of the Gaussian distribution. Forced-oscillation experiments were
performed on a limestone sample under partial water-saturation conditions at seismic frequencies (2-500 Hz),
to obtain the velocity dispersion and extensional attenuation. The proposed theory provided a reasonable
description of these experimental data as well as other published measurements on tight carbonate and Berea
sandstone.

Plain Language Summary Seismic wave velocity dispersion and attenuation in partially saturated
rock are affected by the size of the fluid patches, and their fractal dimension. To study this phenomenon, we
have developed a wave propagation theory, in which the final partially saturated material is incrementally
constructed by adding inclusions in size order into a homogenous frame saturated by a host fluid. We analyze
the effects of wave-induced local fluid flow due to the multi-scale fluid heterogeneities on wave attributes. The
broadband wave anelasticity predicted by the model is strongly affected by the scale range of the heterogeneities
and their fractal dimension. The theory was compared with experimental data measured on different rock
specimens and the fluid distribution characteristics at different saturations were estimated.

1. Introduction

Understanding how seismic-wave velocity dispersion and attenuation are affected by fluid saturation, properties
and spatial distribution is important in several fields, such as geophysical prospecting and environmental sciences
(e.g., Ciz et al., 2006; Kobayashi & Mavko, 2016; Lebedev et al., 2013; Lumley, 2001; Monachesi et al., 2020;
Murphy et al., 1986; Solazzi et al., 2017). In particular, wave-induced local fluid flow (WILFF) is considered
the main cause of the attenuation in partially saturated rocks, and occurs at different spatial scales (e.g., Miiller
et al., 2010).

When a seismic wave propagates through a partially saturated rock, it creates dissimilar fluid pressures in regions
saturated by different fluids, inducing fluid flow and energy loss. At low frequencies, the characteristic patch
size of fluid is much smaller than the diffusion length and the fluid pressure has enough time to equilibrate.
Consequently, we consider that the effective fluid properties can be obtained with the Reuss equation and that
the Gassmann equation yields the bulk modulus of the rock (Gassmann, 1951; Reuss, 1929). Conversely, at
high frequencies when the characteristic patch size of fluid is much larger than the diffusion length, there is
not enough time for pressure equilibration and the rock is unrelaxed with a higher bulk modulus. If the bulk
modulus of each fluid patch is obtained with the Gassmann equation, the effective bulk modulus of the rock can
be estimated with Hill's theorem (Hill, 1963). The two limits are the lower and upper bounds of the modulus of a
partially saturated rock, known as Gassmann-Wood (GW) and Gassmann-Hill (GH) bounds, respectively.
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To describe the behavior at intermediate frequencies, several models have been developed (Dutta & Seriff, 1979;
Endres & Knight, 1991; Johnson, 2001; Mavko & Nolen-Hoeksema, 1994; Mavko & Nur, 1979; Papageorgiou
& Chapman, 2017; Wang et al., 2021; White, 1975; White et al., 1975; Xiong et al., 2021), including numerical
simulations (Carcione et al., 2003, 2011; Helle et al., 2003; Masson & Pride, 2007; Picotti et al., 2007; Quintal
et al., 2011; Santos & Carcione, 2015; Santos et al., 2011; Wenzlau et al., 2010). White (1975) considered
spherical gas pockets embedded in a water-saturated host rock. Using another approach based on a double-po-
rosity model, Pride et al. (2004) and Ba et al. (2012) modeled the frequency-dependent seismic response caused
by WILFF at the mesoscopic scale. Recently, Papageorgiou and Chapman (2015) considered a microstructural
approach to model flow at the microscale (squirt flow).

All the aforementioned models rely on the assumption that the fluid patches have the same fixed size, and,
consequently, cannot fully characterize the WILFF effect on wave propagation at different scales (Masson &
Pride, 2011). To solve this problem, some theories considered a continuous random medium with exponential or
Gaussian size distributions of the fluid patches (Miiller & Gurevich, 2004; Toms et al., 2006, 2007; Toms-Stewart
etal., 2009). Kobayashi and Mavko (2016) extended the work by Toms et al. (2007) and Toms-Stewart et al. (2009)
to calculate the P-wave modulus dispersion of very strongly fluctuating media and compared their theoretical
results to the laboratory measurements reported by Cadoret et al. (1995, 1998), where the actual fluid distribu-
tion was inferred from X-Ray CT scan images. It has been previously shown that a fractal model can usually be
employed to describe the fluid-size distribution (Feder, 1988). Miiller et al. (2008) also considered fractality and
indeed found that the results varied between the GW and GH bounds depending on the fractal dimension, but the
effect of WILFF at the microscopic scale was neglected. Le Ravalec et al. (1996) computed the effective elastic
moduli in a partially saturated rock, in which both microscopic and mesoscopic fluid flows were present.

Many studies, especially experimental ones, show that the WILFF effect occurs at different scales (e.g., Agofack
et al., 2018; Ba et al., 2019; Chapman et al., 2018; Li, Zhao, et al., 2020; Ma et al., 2018; Mikhaltsevitch
et al., 2016; Murphy, 1982, 1984; Szewczyk et al., 2018; Tisato et al., 2021; Zhao et al., 2019). In particular,
Adam et al. (2009) measured the elastic properties and attenuation of carbonate samples with different porosity
and permeability at seismic and ultrasonic frequencies. Tisato and Quintal (2013) performed similar measure-
ments on Berea sandstone from 1 to 100 Hz, and numerically solved Biot's consolidation equations to model
fluid pressure diffusion. Li, Wang, et al. (2020) measured velocity dispersion on patchy saturated tight sandstone
and carbonate samples at seismic frequencies, and concluded that it was likely caused by combined microscopic
(squirt) and mesoscopic wave-induced fluid flow. Chapman et al. (2021) visualized the fluid distribution using
medical X-ray computed tomography and measured the attenuation and modulus dispersion between 0.1 Hz and
1 kHz using the forced oscillation method. Moreover, they performed numerical simulations of fluid pressure
diffusion, using the CO, saturation distribution derived from the X-ray CT scans as a direct input. While most
of the models considered fabric heterogeneities (Ba et al., 2017; Sun & Gurevich, 2020; Zhang et al., 2019), less
attention was paid to multi-scale fluid heterogeneities. Recently, Zhang et al. (2020, 2021) developed an infini-
tuple-porosity model for a fluid-saturated rock to analyze the effects of fabric heterogeneities at multiple scales
based on the differential effective medium theory.

In this work, a theoretical model (IPMPS) for describing wave anelasticity in rocks with fractal fluid patches is
presented, based on the differential effective medium and Biot-Rayleigh theories. First, we derive the wave-prop-
agation equations from the strain energy, kinetic energy and dissipation function (Section 2). We show how differ-
ent self-similar fluid distributions affect the wave properties (Section 3). Then, we compare the model results
with laboratory measurements performed with the forced oscillation method (Section 4). Finally, conclusions and
recommendations are given in Section 5.

2. Model for Partially Saturated Rocks
2.1. Wave-Propagation Equations

In partially saturated rocks, the fluid patches have different shapes, sizes, and properties, such that the fluid distri-
bution can be fractal (see Figure 1). In this study, we assume that there are two distinct, immiscible fluids, namely,
a relatively incompressible one (e.g., a liquid such as water) and a very compressible one (e.g., gas). The first
occupies a continuous, fully connected volume of rock (the host) surrounding a dilute concentration of spherical
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Figure 1. Fluid distribution in a homogenous frame, where K}* and K|
are the bulk moduli of the host and inclusion fluids, respectively, v,, is
the volume fraction of the m-th phase, r,;, and r,, are the minimum and

maximum inclusion radii, respectively, Dy, is the Euclidean dimension, and Df
(2 < Dy < 3) is the fractal dimension of the inclusion.

gas-saturated patches (the inclusions). The capillary pressure and the wetting
properties of the two fluids are not considered in this model.

Similar to the differential effective medium theory for a solid composite
(e.g., Berryman, 1992), a mathematical model of the partially saturated rock
is proposed, that is, the inclusion phase is divided into infinite components
(additions) that are incrementally incorporated into a homogeneous skeleton
saturated by the host fluid, whereby each addition consists of a set of inclu-
sions with the same radius. The inclusions from different additions have the
same fluid type (bulk modulus K}, density p} and viscosity #}), but different
radii, which take m discrete values ry > r, > --- > r, according to a probabil-
ity distribution such that the volume fraction is v; = 1 — (r/r1)*# >/, where
Dg = 3 denotes the Euclidean dimension and Df (2 < Dy < 3) is the fractal
dimension of the inclusion. Since the frame porosity ¢, is assumed spatially
constant (homogeneous solid frame), the volume fractions of the host (vy)
and inclusions (vy) are equal to the liquid and gas saturations (Sy) and (S7),
respectively.

The starting point of our procedure is to consider a medium fully saturated with
the host liquid, such that the initial host liquid saturation Sy is equal to 1 and
the inclusion gas saturation Sy = 0. In the first addition, the inclusions with
radius r, and saturation S are added and the gas and liquid saturations become
S11 = Sio + Sy and Sy, = Suo — S, respectively, and the partial porosities
corresponding to each fluid phases are ¢ = oS and ¢pu1 = PoSu1. At
the m-th iteration we have Sy, = Sim-1 + Sm and Sy, = Sum-1 — Swm, Where
Sy 1s the saturation of the gas saturating the inclusions with radius r,, consid-
ered as a separate fluid phase. The partial porosities are ¢y, = ¢poSi,» and
dum = PoSum In each iteration, Sy (Suo) + Si + -+ + S, = 1 and the pore
pressure remains constant.

For any addition, the partially saturated medium can be described as a
double-porosity material, with ¢y, = ¢oSim and Pum = ¢oSu. the partial
porosities of the gas and liquid phases. The notations can be simplified by
removing the subscript m, which refers to the m™ addition (S, will there-
fore be simply denoted by S and ¢, = ¢0.S). According to the differential
effective medium theory, the two-phase material is constructed in steps by
replacing infinitesimal volumes of host by equal volumes inclusions. Here,
the increment in gas saturation of an addition is generally much smaller than
the liquid saturation. Thus, Sj,, can be considered an infinitesimal quantity

and denoted d.S and ¢, = ¢odS. Finally, the equivalent response of such a medium can be obtained with the
double-porosity Biot-Rayleigh theory (Ba et al., 2012), which describes the response of a homogeneous medium
containing an effective fluid (i.e., the new host fluid in the next addition). On the basis of Ba et al. (2012), the

strain energy is

2W =(A+2N) I} =4N L +20ul) (& + {podS) + Ru(éu + {podS)’
+20111 (& — poSE) + Ri(é — oS¢’

€]

where I, and I are the first and second strain invariants, and &y and & are the fluid strains in the two pore phases
saturated by the host and inclusion fluids, respectively. The scalar { denotes the fluid strain increment between
the two pore phases. The stiffness coefficients are

- 2 o <~ K ~ K;
A=(1_¢O(S+ds))Ks_§N_QHF_Qlffl (2a)
N =G, (2b)
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On = @S (1 = ¢o(S + dS) — K/ Ks) K )
o=
1 — ¢o(S +dS) — Ky /K + Ks/ K po(S + dS) (20)
Oy = hodS (1 — ¢po(S +dS) — K/ Ks) K o
T T 0(S +dS) — Ko /K + Ko/ Kl (S +dS) @d)
. $pS(S +dS)K,
Ru = m (2e)
1 = ¢o(S +dS) — Kp/Ks + Ks /K po(S + dS)
- $(S +dS)KdS
R = : 2f)
1= ¢o(S +dS) — Ki/Ks + Ks/K;po(S +dS)
where K is the grain bulk modulus, K, and G, are the dry bulk and shear moduli of porous skeleton, respectively.
The kinetic energy is (Ba et al., 2012)
2T = poo Z i+ 2por Z Ui + 2p0 Z wUip + pi Z U,-?H + pn Z U,-?I + 2T1rr (3)
where u = [u;,up,u3], Uy = [Uu—l, Uon, U3,H], and U; = [Ul,l, Ua,, U}J] are the solid displacement, and the fluid
displacements of the two pore phases, respectively. Ti rr is the kinetic energy induced by the WILFF, that is,
1 .
Tipr = 847352(15,0?725:2 )
where p? is the density of the host fluid, and r is the inclusion radius.
The density coefficients are
poo = (1 = ¢o(S +dS)) ps — po1 — po2 (5a)
por = <l>oSp]]§I - pn (5b)
Pz = prhodsS — p (59)
pi = 01(2505/7? (54d)
P2 = apihodS (5e)
where p is the grain density, and « is the tortuosity of the skeleton, which can be determined as (Berryman, 1979)
1 1
a=-|1+— 6
1+ ©
The dissipation function is
2D = b, (il—UH) (ﬁ—UH)+I~72 (“_Ul) (ﬁ—U1)+2DLFF @)
where
LM 4o a2
DLFF = ——¢OS dSr § (8)
6 KH
is the dissipation energy induced by the WILFF, ;1:’ is the viscosity of the host fluid, «y is the permeability of the
skeleton, and
H
- n
b= $ls— (9a)
KH
ZHANG ET AL. 40f 18
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by = p2dS—+ (9b)
KH
Based on Hamilton's principle and the Lagrangian L = T — W, the governing equations of wave propagation are
NV2u+ (A+ N) Ve +0uV (&n + {odS) + O1V (& — ¢oSE)
) - - . (102)
= pooll + po1 Un + po2Ur + by (l'l - UH) + by (l'l - UI)
OuVe + RuV (& + {podS) = porii + p1Un — by (1 — Un) (10b)
O1Ve+ RV (& — poSC) = pooit + po Uy — by (0 = Uy (10c)
H H
~ - ~ - 1 5.3 P . Mo,
(OuVe + RuV (&u + {podS)) dS — S (O1Ve + RV (& — ¢0S0)) = 3708 ds IC +—¢ ) (10d)
0 H
where e is the solid divergence field. The stiffness, density and dissipation coefficients in Equations 2, 5, and 9
are also functions of .S and d.S. Hence, there are high-order terms of d.§ in Equation 10. Let us define
B = (1— oS — Ko/Ks + K /K{'$poS) + (=1 + Ki/K[') odS (11a)
B, = (1— oS — Ko/K, + Ki/K{S) + (=1 + Ki/K}) odS (11b)
and multiply Equations 10a and 10d by B, B,, Equation 10b by B;, and Equation 10c by B,. Neglecting the
high-order terms in d.S, we obtain
(N + NZgodS)V*u+ (A + N)Ve + (Aq + N Z) ¢podSVe + OuoSV (&u + {pod.S)
O O
+ Ry K 1) ¢odSVEn + Q1¢podSV (&1 — ¢ SE)
e i ) ) (12a)
= pooil + (00 Z — ps — po2) PodSia + po1doSUn + po1 9 Z SAS Uk + poapod SUs
d)ZSI’]H ) ¢3 S"]H . ¢2’7[ds )
+——= (0 - Uy) + —L2dS (0 - Uy) + —— (a-Uy)
KH KH KH
R
QuVe+ RuV (G + {odS) + = (Véu = Ve) dodS
12b)
Raf 1 1 L o (
= 1 —_— —_— — —
< + S (K'H Ks>dS> <l’0111+/71|UH . (ll UH))
i} L oy
QiVe + RV (& = $oSC) = ponit + po U — — (-0 (12¢)
H
1o oofPr,. .
(One + Ru (&n + {PodS)) — (Qre + Ri (&1 — ¢poSE)) = 3" b S IC + K—C (12d)
0 H
where
2
A=(1-¢S)Ki = IN - K,/K'OugpoS (13a)
Ag=(1-¢oS) K Z - %NZ — QiRu (K./ (KP'K}) = 1/K{') = Q1K /K} + RuK,/K}' — K, (13b)
N=N (13c)
K (1 —¢oS — Ki/K)
On = $oS — K/ g (13d)
1- ¢0S — Kb/Ks + I(s/I(f ¢0S
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_ K (1= ¢oS — K;/Ks)
1 —¢oS — Kb/Kh + KS/K;(f)()S

(13e)

KidoS

R
T T oS — Ku/K, + K. /K oS (13D

Il

Ko S
_ _ T (13g)
1 ¢0S Kb/Ks + Ks/de)OS

R

Z = Ru/ (¢0S) (1/K{' = 1/K,) + Ri/ ($oS) (1/K{ — 1/K) (13h)
poo = (1 = ¢0.S) ps = ¢S por (13i)

por = (1= a)p}! (13j)

poz = (1 = a)p; (13k)

pii = ap} (13D

p2 = ap; (13m)

We note that the stiffness and density coefficients in Equation 13 are dependent on .S and first-order terms in d.S'
appear in Equation 12.

The P- and S-wave complex wave numbers (kp and k) are obtained with a plane-wave analysis of Equation 12
(see Equations B1-B4 in Ba et al. (2011)). Then, the complex bulk and shear moduli of the composite porous
medium are

2
Ksat = (1 = ¢po(S + d.S)) ps + ¢po(S + dS)pr) <%) - %Gsal (14a)

2
G = (1 = o(S + dS)) ps + Po(S + dS)pr) <kﬂ) (14b)
s

where o is the angular frequency, and py is the effective fluid density py = p?SH + p} Si1. According to the classic
poroelasticity theory (Biot, 1956), in homogeneous porous media, there is a weak dispersion effect for both the
P- and S-wave velocities (bulk and shear moduli) related to the relative displacements of the solid frame and pore
fluid.

In summary, at the end of each addition, the equivalent homogeneous medium is considered a homogeneous
porous medium saturated by an effective fluid with a complex bulk modulus. This bulk modulus can be obtained
from Gassmann equations (Gassmann, 1951), and is used to define the bulk modulus of the host fluid in the next
addition:

Ksat - Kb + Kf
Ks - Ksal Ks - Kb ¢()(S + dS) (Ki - Kf)

15)

By using Equations 12—15 in each addition and stopping the addition procedure when the desired fluid saturations
are reached, we can incrementally construct the partially saturated rock and calculate the bulk modulus of the
final effective fluid.

2.2. Infinituple-Porosity (IPMPS) Model

The size of the inclusions obeys a correlation function (Klimes, 2002), with d.S = S’(r)dr. The equations of the
IPMPS model are
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Figure 2. P-wave velocity (a) and attenuation (b) as a function of frequency for a partially saturated rock with n = 1, 4, and
25 additions, where 5% weakly compressible gas is the inclusion fluid. The limits of GW, GH, and GV are given.
NV2u+ (A+N) Ve+ QupoSV (&1 + [~ ChoS'(r)dr) + [ OipoS'(V (& — poSE) dr
. .. © . P2 SnHt ] . o PP ] ) (16a)
= pooii + po1poSUn + [ poago S (r)Uidr + OK L (0 -Uy) +7l [, K—" (0—Uy) S'(r)dr
H H
_ _ *© , . d)oﬂfH L
OuVe+ RyV ( éu+ boS'(r)¢dr ) = porit + p11Un — - (1 —Un) (16b)
0 H
_ _ . Gomp
O1Ve + RV (& — ¢0S¢) = pozit + pUr — - (-1 (16¢)
H
® 1 pi ny'
(QHe + Ru (5}4 +/ Cd)oS'(")dr)) — (Ore+ Ri(& - poSO)) = 5"2¢(2)S <¢?C + K—t§> (16d)
0 0 H
where the stiffnesses A, N, Ou, O1, Ry and Ry, and the density coefficients oo, o1, P02, p11, and py», are obtained
on the basis of the discretization procedure of Section 2.1, where Equations 12—15 are used in each iteration and
the final P- and S- wave numbers are obtained at the last iteration, to compute the wave velocity and attenuation.
3. Examples
3.1. Wave Propagation in a Double-Porosity Medium
Table 1 In order to illustrate the proposed model, we consider the P-wave veloc-
Rock and Pore-Fluid Properties ity (V;) and attenuation (dissipation factor, 1/Qp) of a gas-water saturated
Rock Fluids > rock, where 5% of a Wez?kly compressible gas (1r?clu51ons) is added 1nt(_) a
water-saturated host medium. When all the inclusions have the same radius
K 7GPa Kiy (water)  2.25Gpa K (air) 0.1 Mpa (ro = 5 mm) and physical properties, they are added as one addition into the
Gy 9 GPa Pw 990 kg/m? Pa 100 kg/m? host. In this case, the IPMPS model reduces to a double-porosity model.
K, 35 GPa N 0.001 Paes a 0.00001 Paes Comparisons between the modeling results for n = 1, 4, 25 additions are
Py 2,650 keg/m® K, (Gas) 0.1 GPa given in Figure 2 and the rock and fluid properties are given in Table 1. The
3 results are almost the same for the different additions, indicating that when
¢ 0.15 Pe 100 kg/m i R . . .
the inclusions have the same size and properties, the P-wave velocity and
< 001D e 0-00003 Paes attenuation is independent of the number of additions. At low frequencies,
ZHANG ET AL. 7 of 18

85U8017 SUOWWIOD BA 81D 3(edl|dde ayy Aq peusenob afe il O ‘SN Jo SaIn. 10y Akeiqi 78Ul UO AB|IM UO (SUOIPUOD-PUE-SWBIALIOY A8 |1 AeId 1[Bu 1 UO//Sty) SUORIPUOD PUe SIS 1 8U} 88S *[£202/90/90] Uo AriqiTauljuo A8|im ‘eeuoizeN oimis| aiseli L SBO Aq 608€209rTZ02/620T OT/10p/L00 A8 mAreiqjpul|uo'sgndnfey/sdny woij papeojumoq 'z ‘220z ‘95e669T2



A7t |

ADVANCING EARTH
AND SPACE SCIENCE

Journal of Geophysical Research: Solid Earth 10.1029/2021JB023809

the P-wave velocity approaches the GW limit, while at high frequencies it is slightly higher than the GH limit and,
in fact, approaches the Gassmann-Voigt (GV) limit. The effective bulk modulus (Kgy) is estimated from the Voigt
equation by using the bulk modulus of each phase obtained with the Gassmann equation, that is,

(KGV+§G1,> =5, (KGW+§Gb)+Sg (Kgg+§Gb> a”n
where Kg, and Kg, are the rock bulk moduli according to Gassmann equation for regions saturated with water
and gas, respectively. S, and S, are the water and gas saturations, respectively. The GV limit indicates that the
partially saturated rock is in an iso-strain state, which can be considered a reasonable upper bound of the proposed
model.

In a second example, we perform the same analysis but with air as inclusion fluid, whose properties are given in
Table 1. Figure 3 shows the results for n = 1, 4, 25 additions, where similar conclusions as those of Figure 2 are
obtained, demonstrating that the model can handle cases with very dissimilar fluid compressibilities.

3.2. Wave Propagation With a Fractal Fluid-Size Distribution

In the following, we assume that the size of the inclusions can be described by a self-similar distribution (Figure 1),
where their volume fractions are related to the inclusion scale as (Rieu & Perrier, 1998)

n=1- (rmin/rmax)DEiD/ (18)

Figure 4 shows the P-wave velocity and attenuation for varying fractal dimension and a distributed range of the
inclusion radius. The properties are listed in Table 1. The results show that when the inclusion size ranges are
the same (for black, red, blue and brown solid curves), the P-wave velocity decreases with increasing D/, and
the attenuation also shows a similar behavior in the frequency range 10~'-10*® Hz, whereas the attenuation
increases with D, in the range 10*8-107 Hz. At the same D, (for blue dashed and solid curves), the P-wave velocity
decreases with increasing scale range of the radius.

The P-wave velocity and attenuation as a function of S, for D, = 2.78 and different frequencies are shown in
Figure 5, where the scale range is (0.1-100) mm. It is observed that for seismic frequencies (i.e., f = 100 Hz),
the P-wave velocity decreases slightly as saturation increases from S, = 0% to 40%. This is because the effect
of the effective density on the velocity is comparable or greater than that of the effective P-wave modulus. In
contrast, the velocity increases drastically from S, = 40% to 100%. The corresponding attenuation peak is located
at S, = 90%. A similar behavior is observed at sonic frequencies (i.e., f = 10* Hz), where the velocity decreases
with saturation increasing from S, = 0% to 20%, and increases with further saturation increase from S, = 20%

3300

3200

3100

7, (s)
10,

3000

2900

2800° - . J - : .
107 10" 10° 10° 107 107! 10’ 10° 10° 107
Frequency (Hz) Frequency (Hz)

Figure 3. P-wave velocity (a) and attenuation (b) as a function of frequency for a partially saturated rock with n = 1, 4, and
25 additions, where 5% air is the inclusion fluid.
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(a) (b)
3300 AR
- - DF2.78,/=0.1-100 mm / 102
7D/=2.99,I=0.01-100 mm 4
— DF2.78,/=0.01-100 mm A
3250 _Dz2.48,~0.01-100 mm /
— — Equal,=0.01-100 mm o
g S)
A& 3200 T
10
3150
3100 - - : 10 - : -
107" 10° 103 10° 10" 107 10' 10 10° 10’
Frequency(Hz) Frequency(Hz)
Figure 4. P-wave velocity (a) and attenuation (b) as a function of frequency for a partially saturated rock with varying D and
a distributed range of inclusion fluid radii, where 5% weakly compressible gas is the inclusion fluid.
to 100%. The corresponding attenuation peak is located at S, = 85%. At ultrasonic frequencies (i.e., f = 10° Hz),
the velocity increases as S, increases, and the attenuation peak is located at S,, = 47.5%. Then, the attenuation
peak moves toward lower water saturations with increasing frequency. A similar behavior is observed in figure
6b of Solazzi et al. (2019).
3.3. Comparison Between Different Patch Distributions
The pore-fluid distribution can be described by the self-similar, exponential or Gaussian distributions (Helle
et al., 2003; Miiller et al., 2008; Toms et al., 2007). The examples for gas and water partial saturation are given
in Figure 6 (the procedure for constructing the fluid distribution at given water saturations can be found in Helle
et al. (2003)).
Next, we consider cases where the patch distribution is exponential and Gaussian, other than self-similar. The
exponential distribution is defined by a parameter 6 (i.e., v; = 1/68e~"/?), and the Gaussian distribution by the mean
0.06
@) ..o (b)
3300 ¢ --GwW
©-£10? Hz J
©-£10" Hz
©-£10° Hz
3200 0.04 1
g | _
A 3100 17
0.02
3000 ¢
2900 e ' 0 : - -
0 20 40 60 80 100 0 20 40 60 80 100
s, (%) S, (%)
Figure 5. P-wave velocity (a) and attenuation (b) as a function of water saturation and different frequencies and D, = 2.78,
where weakly compressible gas is the inclusion fluid.
ZHANG ET AL. 9 of 18
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distribution (Sw=95%)(b)Exponential distribution (Sw=95%) )
7 s 3 & Tk W Bt ¥R FOT hRE LT C

Gaussian distribution (Sw=95%)

>

10.8

0.7

Figure 6. Examples of the self-similar (a), exponential (b), and Gaussian (c) distributions of the fluid for S, = 95%. The color bar indicates water saturation. Grid size
is 0.1 mm. The correlation length is 1 mm and D, = 2.9. The scale of the maps is 6 X 6 cm.

radius r,, and variance o? of the inclusions (i.e., vy = 1 /\ 27o; e‘("’o)z/ (297 )). The results are shown in Figure 7,
where we can see similar behaviors when Df =2,60=1and r,= 1 mm and 6?2 = 1 (red, brown, and blue dashed
curves). This is because each added inclusion phase has nearly the same volume fraction and inclusion radius.
The range of wave dispersion and attenuation of D, = 2.99 is wider than that of D, < 2.99 for the self-similar
distribution (red dashed and solid curves). The range for § = 1 is wider than that of # < 1 for the exponential
distribution (brown dashed and solid curves), and the range for 6> = 1 is wider than that of ¢? < 1 for the Gauss-
ian distribution (blue dashed and solid curves). These conclusions are consistent with the results observed for
rock-fabric heterogeneity using the three distributions (see Figure 6 in Zhang et al., 2021).

4. Comparisons With Laboratory Measurements
4.1. Limestone

We performed experiments on a limestone sample, 38.14 mm in diameter and 49.87 mm in length, from the
Metajan area located on the right bank block of the Amu Darya River. The rock has a porosity of 0.1248 and a
permeability of 0.1 mD, and is composed of calcite (>95%), with small amounts of clay minerals (<5%). Accord-
ing to the thin section analysis of other samples from the same formation (Yu et al., 2014), the limestone samples
do not have a lot of microporosity, although they are fairly heterogeneous.

(a)

3300 ;
- - D72,/~0.01-100 mm
—DF2.99,=0.01-100 mm
- = 6=1,~0.01-100 mm
——6=0.5,/<0.01-100 mm
32501

- - ;=1 mm,0%=1,=0.01-100 mm

2 — ;=1 mm,0%=0.5,/=0.01-100 mm
é ........ GH
232001
3150+
3100 i i il

107" 10’ 10° 10° 107 107 10° 10° 10° 107
Frequency(Hz) Frequency(Hz)

Figure 7. P-wave velocity (a) and attenuation (b) as a function of frequency for self-similar, exponential and Gaussian
distributions of the inclusion fluid, where 5% weakly compressible gas is the inclusion fluid.
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Table 2 The experiment consists in drying a sample fully saturated with water in
Properties of Limestone and Fluids an oven to vary the water saturation. The sample and a standard material
Rock Fluids specimen are placed in a forced-oscillation device (e.g., Mikhaltsevitch
et al., 2021; Spencer, 1981). The description of the experimental setup can
K Varying Kiw (Water) 2223 GPa be found in Li, Wang, et al. (2020) and Li, Zhao, et al. (2020). A sinusoidal
Gy Varying Pw 997 kg/m® oscillated axial stress excited by piezoelectric transducers (PZTs) is applied
K, 78 GPa M 0.001 Pass to the sample, and the axial and radial amplitudes are measured by using
P 2,695.4 kg/m? K, (Ain) 0.001011 GPa strain gauges, which are glued onto the surfaces of the sample and standard
& 0.1248 ’ 117 ke/m? m'flter‘ial. Finally,. the stress-strain relations of the sample are measyred at
seismic frequencies (2-500 Hz) and room temperature (~20°C) for different
L 0.1 mb fra 0.000015 Pa~s water saturations (0%—87%). During the experiment, the pore and confining
pressures are set to 0 MPa, and the vertical stress is maintained at a constant
value of 1.4 MPa at all saturations. Because the sample surface is open to the
atmosphere and no confining pressure is applied, the sample cannot be maintained in a state of full saturation.
However, the open boundary condition should not contribute to the attenuation and dispersion, since the permea-
bility of the sample is low. The properties of the limestone sample and fluids are given in Table 2.
From the measured stress and strain, Young's modulus, extensional attenuation (1/Q;) and Poisson ratio of the
limestone sample are determined. Assuming that the sample is homogenous and isotropic, we calculate the bulk
(K) and shear (G) moduli at different water saturations (see Figure 8). Regarding the bulk modulus, the measure-
ments are independent of frequency at dry conditions, while they show a clear frequency dependence at partial
saturation. As expected, the shear modulus has a much lower frequency dependence than the bulk modulus. We
also note that the bulk modulus decreases with increasing saturations in the entire saturation range S,, = 0%—-87%,
while the shear modulus decreases in the saturation range S, = 0%—16%, then increases at S, = 16%-51% and
finally decreases at S, = 51%—87%. The effects of pore fluid on the bulk and shear moduli are mechanically
different. The compressional-wave-induced fluid flow is the main contributor of the variability in bulk modulus,
while both the compressional and shear interactions between the host frame and inclusions may affect shear
modulus, which may be highly dependent on the inclusion shape (Quintal et al., 2012). Hence the trends of both
moduli are inconsistent.
As is shown in Figure 8, elastic softening (general decrease of the modu-
lus with increasing saturation) is observed, often thought to be caused by
@ o Suon water adsorptio_n .at the grain contacts (e..g., Goertz & Knight, 1998; King
-l | o sw=16% et al.,, 2000; Pimienta et al., 2019; Yurikov et al., 2018). Another possi-
0000000000000000000000000 5 gﬁgl:f; ble reason for this phenomenon is that the presence of water in limestone
e o Sw=68% causes chemically weakening of the calcite skeleton (e.g., Andreassen &
E 24 0888 8 e®® 1, Eﬁ%‘; Fabricius, 2010; Risnes et al., 2003). This suggests that the measurements
e 022888888888 g 2 o ° 909" 698 at different water saturations may not be modeled by using the measured
B 20+ 56888888555 588° 8o° dry-rock elastic moduli. This effect cannot be described by the reported
- 1 L 00® theoretical models, and Sun and Gurevich (2020) proposed an approach
8688609° where effective dry-rock moduli are obtained from measurements at the
(b) s lowest frequency (where it can be observed that there is almost no dispersion
© around the left end of the low frequency band in Figure 8 and the sample is
17} 2888000098888392399388° 08° assumed to be completely relaxed) by inverting the Gassmann equation. To
_ - Z interpret the laboratory data, we followed the Sun and Gurevich approach
& 0100000009992 888ge800°°® 8= o and modeled the relative changes of the modulus K with respect to the
° 16 ©00000000000000000000°°° values measured at the lowest frequency, which are frequency-dependent.
© ° The effective dry-rock bulk and shear moduli of limestone are estimated
15} 9383388888888 56686860° 009g® for S, = 16%, 51%, 64%, 68%, 83%, and 87%, which are 21.71/16.24 GPa,
21.35/17.14 GPa, 20.99/16.56 GPa, 20.63/16.03 GPa, 17.68/14.96 GPa, and
14 " " 17.37/14.77 GPa, respectively. Compared with the measured dry-rock elastic
10° 10’ 102 10° moduli (K, = 27.1 GPa and G, = 16.87 GPa), we note that the effect of the
Frequency (Hz)

Figure 8. Measured bulk (a) and shear moduli (b) of the limestone sample at
zero differential pressure and different water saturations.

elastic softening increases with increasing S, perhaps because the contact
area between water and grains increases with saturation. A similar behavior
can be found in the experimental data of Adam et al. (2009).

ZHANGET AL.

11 of 18

85U8017 SUOWWIOD BA 81D 3(edl|dde ayy Aq peusenob afe il O ‘SN Jo SaIn. 10y Akeiqi 78Ul UO AB|IM UO (SUOIPUOD-PUE-SWBIALIOY A8 |1 AeId 1[Bu 1 UO//Sty) SUORIPUOD PUe SIS 1 8U} 88S *[£202/90/90] Uo AriqiTauljuo A8|im ‘eeuoizeN oimis| aiseli L SBO Aq 608€209rTZ02/620T OT/10p/L00 A8 mAreiqjpul|uo'sgndnfey/sdny woij papeojumoq 'z ‘220z ‘95e669T2



I Y ed N | . .
M\\JI Journal of Geophysical Research: Solid Earth 10.1029/20217B023809
AND SPACE SCIENCE
(a) Figure 9 compares the measurements at different saturations with the mode-
4600} 000000000000000000000000° | ling results. Considering that the relationship between the fractal dimen-

4400 ¢

(m/s)

-9 4200 [

sion D, and saturation is nonunique for a partially saturated rock (Zhang
et al., 2015) we assume that the value of D is a constant for the limestone
sample, and a fitting parameter which is obtalned by a least-square regression
on the measurements. Hence, with the corresponding values of D, = 2.65 and

V.

4000 |

r=12.6-20 mm, D =2.65and r =3.2-20 mm, D =2.65and r=1.6-20 mm,

—265andr—16 20 mm, D —265andr— 1.3- 20mmandD =2.65
and r = 1-20 mm, the IPMPS rnodel describes well the measurements
Furthermore, the predicted characteristic frequency shifts to higher frequen-

(b) 3800 . cies from S, = 16% to 64%, and to lower frequencies from S, = 64% to 87%.
0.08 | — D#265,~126-220mmo  Sw=0% o

—— DF265,~3.2-20 mm 2 gx:;?:ﬁ & The discrepancy between the modeled 1/Q, and the measurements is

0.061— 72.65,~1.6-20mm o gy=64% . °© ] possibly related to the presence of attenuation induced by fabric heter-

— DF265,~16-20mm O Sw=68% o 08 ogeneities. Since the theoretical 1/Q, is estimated from the relation

" — DF265,~1320mm o QTR 80200 (1= v)(1 =2v)/Op = (1 +v)/Qr — 2W(2 — v)/Os (v is the Poisson ratio of

%’ 0.04 (=sEr208,~1-20 mm 8 g ® the partially saturated rock), the S-wave attenuation (1/Q) induced by the

\ WILFF is likely to be present in the rocks (Quintal et al., 2012), while it is not

0.02 + considered into our model. Additionally, the discrepancy can also be attrib-

uted to the fact the fluid distribution in the sample does not necessarily corre-

0 LB BB EE 668500007000, 0 spond to a representative elementary volume (REV). We also note that the

10° 102 1038 motion of the liquid-gas interface is not included into our model. However,

Frequency (Hz) vibration of the interface at very high frequencies may dissipate energy,

which could also partially explain the discrepancy between the observed and

Figure 9. Comparison between the measured P-wave velocity (a) and 1/Q, modeled attenuation at very high frequencies. We also observed that when

(b) of the limestone sample at different water saturations (circles) with the D, is constant, the scale range decreases with increasing air saturation, indi-

modeling results (solid lines), where a self-similar distribution of the fluid

patches is assumed.

catlng that when water in the sample is drained out, the size of the regions
occupied by air becomes larger.

Figure 10 shows the comparison as a function of water saturation and four

seismic frequencies. It is observed that the measured P-wave velocities are
almost constant for S, less than 51%. This behavior may be related to the location of the strain gauges, that is,
when S, is low, the gauges are placed in regions saturated with air (Li, Zhao, et al., 2020; Pimienta et al., 2017).
As S, further increases to 87%, the measured velocities decrease obviously, and the measured 1/Q,; increases with
increasing S,. The theoretical results follow the same trend as those of the measurements.

4.2. Tight Carbonate

In the next example, the IPMPS model is applied to a tight carbonate sample measured by Li, Wang, et al. (2020),
whose porosity is 5.34% and permeability is 0.1 mD (a cylinder with 38 mm in diameter and 50 mm in length).
The elastic moduli and attenuation are measured at seismic frequencies (1-1000 Hz) and a differential pressure
of 19 MPa (the confining and pore pressures are 20 and 1 MPa, respectively) for different water saturations (the
saturation was controlled by injecting the volume of the fluid) by using the forced-oscillation method. The prop-
erties are given in Table 3.

Figure 11 compares theory and experiment. The dry-rock elastic moduli are estimated from the undrained meas-
urements at the lowest frequency (Sun & Gurevich, 2020), where the inverted dry-rock bulk/shear moduli are
40.22/31.03 GPa, 41.85/31.2 GPa, 43.33/31.38 GPa, 44.68/31.26 GPa, 45.88/31.26 GPa, 47.12/31.38 GPa,
48.48/31.62 GPa, and 50.77/31.65 GPa for S, = 20%, 30%, 40%, 50%, 60%, 70%, 80%, and 90%, respectively.
Compared with the measured dry-rock elastic moduli (38.44/31.68 GPa), the effect of the unrelaxed fluid pres-
sure on the bulk modulus is high, but the effect on the shear modulus can be neglected. This is in contrast to the
measurements in the limestone. The tight carbonate sample has low porosity and permeability, and these features
may hinder fluid communication between the micropores (related to clay or poorly-connected microcracks/pores)
and intergranular pores (Li, Wang, et al., 2020). The water is more likely to be trapped in the micropores as water
saturation increases, stiffening the rock skeleton. Hence, the amount of water associated with microporosities
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(a) 4400 increases, indicating that the dry-rock bulk modulus obtained from the
undrained measurements increases with saturation.
4300 +
Figure 11a shows that the velocity as a function of frequency agrees with the
—~ 4200 measurements, with values of D, = 2.56 and r = 12-15 mm, D, = 2.56 and
E 4100 - r=4.7-15mm, D, —256andr—24 15 mm, D, —256andr— 1.5-15 mm,
9 —256andr—095 15mmD—256andr—095 15 mm, D, = 2.56
> 4000 + andr—075 15 mm and D, —256 and » = 0.75-15 mm for S, —20% 90%.
o £10.02Hz — £~10.02Hz
o £317Hz — £317Hz We observe similar features as in Figure 9: when D, is constant, the scale
3900 o ~7962Hz — ﬁ;’g(fgsH; range increases with increasing water saturation. Frgure 11b compares results
3800 ° ’&,100'23 He — ,_ - as a function of water saturation and four seismic frequencies. The velocity
(b) increases as S, increases, which differs from that of the limestone sample.
0.04 ¢ Note that the predicted dispersion also increases with increasing S.
“ 0.03} 4.3. Berea Sandstone
g 0.02} The experimental data of a Berea sandstone sample (40 mm in diameter and
80 mm in length) is reported by Chapman et al. (2021), where the frequency
dependent P-wave velocity and attenuation are measured between 0.1 and
0.01y 1000 Hz by using the forced oscillation method. The sample (porosity 19.6%
and permeability 270 mD) is dominated by quartz (~80%—95%) and feldspar
0 2'0 8l0 and clays (3%-8%) (Chapman et al., 2019; Kareem et al., 2017). In the exper-
SW (%) iments, the dry sample was first flushed with CO, to remove the air from
the pore space and deionized water was injected to achieve full saturation.
Figure 10. Comparison between the measured P-wave velocity (a) and 1/ Then, water saturated with CO, was injected at a fluid pressure greater than

QO (b) of the limestone sample (circles) as a function of water saturations and
four seismic frequencies with the modeling results (solid lines), where a self-
similar distribution of the fluid patches is assumed.

1.2 MPa to replace the deionized water and the distribution of CO, in the
pore spaces was controlled by reducing the fluid pressure. The properties are
given in Table 4.

Figure 12 compares the measurements from experiment Exs-3 with the mode-

hng results. It is observed that when D, = 2.78 and r = 2-20 mm, 6 = 0.04
and r = 2-20 mm, and 7, = 6.3 mm, 67 = 0.5, and r = 2-20 mm, the measured P-wave velocities are lower than
the theoretical ones (Figure 12a). According to Pimienta et al. (2016) and Chapman et al. (2021), the difference
between the measured and predicted P-wave velocities at the low frequency end may be due to the presence of
CO, in the remaining volume of the fluid lines, which results in the sample being partially drained. The present
model can provide a reasonable match with the measured P-wave attenuation (Figure 12b). The discrepancy
between the observed and modeled attenuation at very high frequencies may be also related to the vibration of
the liquid-gas interface, which may dissipate energy. The characteristic frequency in modeling results is around
150 Hz.

Figure 13 compares the measurements from experiment Exs-4 with the modeling results. The theory provides
a better match for D, = 2.78 and r = 1-20 mm, § = 0.08 and r = 1-20 mm, and r; = 4 mm, c? = 0.8, and
r = 1-20 mm. All the rock properties except for the fitting parameters are set according to the theoretical anal-
ysis and experimental measurement. These parameters can be obtained on
the basis of the thin section, SEM or micro-CT analysis by using an auto-
correlation function method (e.g., Krohn, 1988; Toms-Stewart et al., 2009).

Table 3
Properties of the Tight Carbonate and Fluids (Li, Wang, et al., 2020) The characteristic frequency is approximately 500 Hz. Because the pressure
_— —_ decline rate (6.5 MPa/min) in experiment Exs-3 is larger than that of experi-
(s]¢) uids . . . ee ge .
ment Exs-4 (0.02 MPa/min), the range of inclusion radii (i.e., radii of the gas
K, Varying Ky, (Water) 2.25 GPa pockets) from the latter case is slightly wider than that of the former case,
G, Varying Pu 980 kg/m3 which indicates that the range of the inclusions is increased by allowing for
K. 72 GPa N 0.001 Paes smaller inclusions, so that the pressure diffusion is occurring over a shorter
). 2,870 kg/m? K, (Air) 0.001 GPa length scale which moves the characteristic frequency to higher frequencies.
The difference between theory and experiment for attenuation may be related
¢ 0.0534 Pa 117 kg/m? .. .. .
to the additional attenuation in the dry sample, that is, the measured attenua-
K Ol o> M LELOULS s tion is the sum of the wave-induced fluid flow one and that of the dry sample
ZHANG ET AL. 13 of 18
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Figure 11. (a) Comparison between the measured P-wave velocity (circles) of the carbonate sample (Li, Wang, et al., 2020)
at different water saturations versus frequency (a) and frequencies versus water saturation (b) with the modeling results (solid
lines). A self-similar distribution of the fluid patches is assumed.
(Johnston et al., 1979; Kuteynikova et al., 2014; Tisato & Quintal, 2013). Again, the presence of attenuation due
to fabric heterogeneities is another reason for the difference.
When the liquid saturations are low, the assumption of dilute inclusions does not hold. Usually, self-consistent
versions of the differential effective medium theory are used to model materials containing high concentrations
of inclusions (for pure solid composites). However, this approach is not directly applicable to our model, since
the double-porosity theory is used to add gas-saturated inclusions into the host material in simulating anelasticity.
How to combine the self-consistence and double-porosity theories remains a topic which deserves further work.
5. Conclusions
We present a model for wave propagation in a partially saturated rock, where the fluid patches are characterized
by a fractal (self-similar) distribution, and the governing equations are given based on the differential effective
medium and Biot-Rayleigh theories. The aim is to model the wave-induced fluid-flow loss of the P waves. The
results show that when the inclusions (patches) all have the same size, the P-wave velocity and attenuation are
independent of the number of additions, irrespective of the fluid compressibility. The broadband wave-velocity
dispersion and attenuation are associated with the fractal dimension D, and
the size of the patches. Comparison with other distributions (exponential and
Table 4 Gaussian) shows that the three distributions provide the same velocities and
Properties of Berea Sandstone and Fluids (Chapman et al., 2021) attenuation for D = 2,6 =1 and ¢? = 1 (when each added inclusion phase
Rock Fluids has nearly the same volume fraction and inclusion radius), and the range of
17 G o G dispersion and attenuation of D, =2.99/0 = 1/ 62 =1 is wider than that of
K, 7ok o (Waten PO p <2990 < 102 < 1.
G, 11.1 GPa Pu 997.7 kg/m?
X, 30 GPa e 0.00091 Pass To conﬁrn.l the validity f)f the mode.l, we have mea§ured the P-wave velocity
DT 0 T G and extensional attenuation of a partially saturated limestone sample between
o ’ e e (CO) ’ 4 2 and 500 Hz at room temperature. The measurements show that the velocity
¢ L pec 72 g dispersion and attenuation have a broad distribution across that frequency
K 270 mD He 0.000015 Paes  range, while the seismic properties are nearly independent of frequency at
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Figure 12. Comparison between the theoretical (solid line) and measured P-wave velocity (a) and attenuation (b) (circles)
from experiment Exs-3 (Chapman et al., 2021) at ~0.1% CO, saturation (99.9% water) and ~10 MPa differential pressure
(7.3 hr is the time spent in the experiment after the initiation of depressurization). The modeling assumes D, = 2.78 and
r=2-20 mm, § = 0.04 and r = 2-20 mm, and r, = 6.3 mm, ¢? = 0.5, and r = 2-20 mm.
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Figure 13. Comparison between the theoretical (solid line) and measured P-wave velocity (a) and attenuation (b) (circles)
from experiment Exs-4 (Chapman et al., 2021) at ~0.1% CO, saturation (99.9% water) and ~10 MPa differential pressure
(6.1 hr is the time spent in the experiment after the initiation of depressurization). The modeling assumes D, = 2.78 and
r=1-20 mm, § = 0.08 and r = 1-20 mm, and r,, = 4 mm, 62 =0.8, and r = 1-20 mm.
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dry conditions. The analysis suggests that the theory provides a reasonable agreement with the measured velocity
at different saturations, but is not capable of predicting the attenuation, since the model does not consider the
dissipation due to the fabric heterogeneities. Similar results are obtained for a tight carbonate and a sandstone.

Data Availability Statement

The low-frequency measurement data of the limestone sample can be downloaded from the website (https://
zenodo.org/record/5515806#.YUbSy54zZTY). The experimental data of tight carbonate and Berea sandstone
can be available in Zenodo from https://zenodo.org/record/3707044#. XmmxpW5uKqk (Li, Wang, et al., 2020)
and https://doi.org/10.5281/zenodo.4401884 (Chapman et al., 2021).
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