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A B S T R A C T   

The prediction of the pore geometrical properties is important in the exploration and development of tight- 
sandstone hydrocarbon reservoirs. To investigate this topic, we have measured the porosity, permeability, P- 
and S-wave velocities, electrical conductivity, and axial and radial strains as a function of differential (confining 
minus pore) pressure of tight-sandstone samples, collected from the Zhongjiang gas field of Sichuan, in West 
China. The results show that the closure of cracks with pressure highly affects these properties. Then, we propose 
a multiphase reformulated differential effective-medium (R-DEM) model that employs the unified pore geometry 
(the same pores or cracks with different aspect ratios and volume fractions) for both elastic and electrical 
modeling. The model gives the pressure-dependence of the P- and S-wave velocities and electrical conductivity, 
and the experimental porosity and static moduli are used as constraints to estimate the pore geometry. The model 
describes the elastic properties of sandstones saturated with nitrogen gas, and the electrical conductivity when 
the pore fluid is brine. The prediction of the wet-rock S-wave velocities is less accurate, due to the presence of 
shear stiffening and weakening effects. Furthermore, we compare the results with those of the joint elastic- 
electrical inversion by using the dynamic instead of the static stiffness modulus. The results show that the 
latter provides a better agreement between theory and experiment. Subsequently, we show that the pore ge-
ometry estimated from the elastic or the electrical measurements separately (unjoint inversion) present dis-
crepancies, indicating that a joint inversion is required. The published experimental data are also used to 
illustrate the model, and the results are satisfactory.   

1. Introduction 

Tight-sandstone hydrocarbon reservoirs, an important and potential 
unconventional resource, have generally low porosity and permeability, 
and complex pore geometries (Lai et al., 2018). The pore geometry, and 
the size, spatial distribution and connectivity of pores and cracks play a 
major role on the physical (elastic-electrical) properties (e.g., Carcione, 
2022; Cheng et al., 2020a, b; Sheng, 1991; Tran et al., 2008; Wang et al., 
2021; Zhang et al., 2019a). Hence, to reduce the uncertainties in the 
reservoir characterization, it is essential to estimate the pore geometry 
from those properties. 

Effective-medium models have been proposed to relate the pore 
geometry and elastic properties (Benveniste, 1987; Berryman, 1995; 
Carcione et al., 2003; Eshelby, 1957; Fortin et al., 2007; Kachanov, 

1993; Kuster and Toksöz, 1974; Le Ravalec and Guéguen, 1996; Mori 
and Tanaka, 1973; Walsh, 1965; Wu, 1966), electrical properties 
(Bruggeman, 1935; Berg, 2007; Carcione et al., 2003; Garnett, 1904, 
1906; Gelius and Wang, 2008; Han et al., 2015; Seleznev et al., 2006), 
transport properties (Al-Wardy and Zimmerman, 2004; Guéguen and 
Schubnel, 2003; Sarout, 2012), and thermal properties (e.g., Pimienta 
et al., 2014a). The pore geometry can be estimated from these properties 
by considering the closure or dilation of pores and cracks with different 
aspect ratios as a function of pressure (Cheng, 1978; Cheng and Toksöz, 
1979; David and Zimmerman, 2012; Izumotani and Onozuka, 2013; 
Tang et al., 2021; Wang and Tang, 2021). However, most of these 
models consider a single property, while a better estimation can be 
obtained with multiple properties (e.g., Gomez et al., 2010; Han, 2018; 
Pimienta et al., 2017; Sarout et al., 2017; Watanabe and Higuchi, 2015; 
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Watanabe et al., 2019; Yan et al., 2014; Zhang et al., 2020). Different 
models yield dissimilar results and the reason is due to the different 
orders in which the rock components are added in the modeling process. 
In the self-consistent (SC) model all the components are treated equally 
with no preferential host medium (e.g., Berryman, 1992, 1995; Berge 

et al., 1993; Norris et al., 1985). This model has been widely used for a 
joint evaluation of the elastic (P and S velocities) and electrical prop-
erties (Aquino-López et al., 2011, 2015; Kazatchenko et al., 2004, 2006). 
Using the SC model, Han et al. (2016) estimated the pore geometry of a 
sandstone from the elastic velocities and electrical conductivities 
measured as a function of the differential pressure Pd, but their results 
show a misfit between measurements and predictions. This misfit may 
be due to an overestimation of the effect of pores or cracks on the elastic 
moduli (Bruner, 1976). 

On the other hand, the differential effective-medium (DEM) model is 
also adopted to model the physical properties, where the fluid-filled 
pores are inclusions added into a background/host or frame (matrix) 
(elastic modeling), and the solid particles are inclusions embedded into 
a fluid background (electrical modeling) (e.g., Berryman, 1995; Cosenza 
et al., 2003; Gelius and Wang, 2008; Markov et al., 2005). These 
different approaches can be inconsistent to estimate the pore geometry. 
Han et al. (2020) obtained the pore and grain aspect ratios from 
experimental P and S velocities and electrical conductivity of a clean 
sandstone, by using the elastic and electrical DEM models for a 

Table 1 
Physical properties of the samples.  

Sample TS1 TS2 TS3 

Porosity (%) 10.10 6.79 11.96 
Dry density (kg/m3) 2390 2470 2340 
Permeability (mD) 0.2203 0.1705 0.7294 
Quartz (%) 24.6 14.6 47.9 
Potassium feldspar (%) 0.4 – 1.0 
Plagioclase (%) 59.1 72.8 36.4 
Clay (%) 13.4 11.7 14.1 
Calcite (%) 0.4 0.4 0.4 
Dolomite (%) 1.0 – – 
Siderite (%) 0.1 0.2 0.1 
Pyrite (%) 1.0 0.3 0.1  

Fig. 1. Thin section of the tight-sandstone samples, under orthogonal (left) and single (right) polarization images. (a), (b) TS1 sample. (c), (d) TS2 sample. (e), (f) TS3 
sample. The red color indicates the pore space. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of 
this article.) 
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two-phase medium. This study can be considered a continuation of the 
work of Cilli and Chapman (2018). Combining the SC and multiphase 
DEM models with the dual-porosity concept, Amalokwu and 
Falcon-Suarez (2021) modeled the joint properties of brine-saturated 
sandstones, based on the same pore geometry. To derive a 
cross-property DEM model from first principles, Cilli and Chapman 
(2021) reformulated the electrical DEM model for a two-phase medium 
(abbreviated ‘R-DEM’ henceforth), where fluid-filled pores are added as 
in the elastic modeling, and provided inspirations for obtaining a real-
istic estimation of the pore geometry. 

In this study, we have performed experiments to analyze the pore 
geometry of tight sandstones. Basically, we have measured porosity, 
permeability, elastic velocities, electrical conductivity, and axial and 

radial strains as a function of the differential pressure. Then, the R-DEM 
model is extended to model the effects of multiple pores and cracks 
(multiphase R-DEM mode) on elastic and electrical properties, and a 
unified pore geometry is estimated from both properties by using the 
static moduli. The inversion result is used as an input to predict the 
elastic velocities of water-saturated rocks according to DEM model, and 
these predictions are compared with the experimental data. Then, we 
perform the same estimation using both the elastic and electrical prop-
erties by using the dynamic moduli, another estimation based on the 
elastic or the electrical properties by using the static moduli. Finally, we 
test the model with data of a clean sandstone. 

2. Experiments 

2.1. The samples 

Three tight-sandstone samples (TS1, TS2 and TS3) were collected 
from the Jurassic Shaximiao Formation in the Sichuan Basin, West 
China. The samples are cylindrical of 49.68/49.06/45.65 mm length and 
25.28/25.27/25.27 mm diameter. The ends of the samples were ground 
flat with a tolerance of ±0.05 mm. The porosity (φ) and dry-rock density 
(ρdry) were obtained with a helium porosimeter, and the permeabilities 

Table 2 
Physical properties of the pore fluids.  

Fluid type Density (kg/ 
m3) 

Bulk modulus 
(GPa) 

Electrical conductivity (S/ 
m) 

Nitrogen 
gas 

112.6 0.0161 – 

Water 1000 2.25 – 
Brine 1000 2.25 8.2  

Fig. 2. Total, stiff and crack porosities and permeabilities as a function of differential pressure for samples TS1 (a, b), TS2 (c, d) and TS3 (e, f). The black circles 
denote the measurements, and the black, blue and red lines denote the fit curves of the total, stiff/matrix and crack porosities (permeabilities), respectively, according 
to the dual-porosity concept. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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measured with a helium porosimeter–permeameter based on the pulse- 
decay method. The details of the physical properties are listed in Table 1. 

Fig. 1 shows thin sections of the samples, where we can see that the 
grains are compactly arranged with pore-contact cementation. The 
minerals are mainly quartz, feldspar and rock debris, and interstitial 
fillings consist of clays and calcite. The solid composition is estimated by 
X-ray diffraction analysis (see Table 1). In addition, the sections show 
that the intergranular pores are prominent in the TS1 sample (Fig. 1a 

and b), while the cracks within quartz grains (intragranular crack) are 
pervasive in the TS3 sample (Fig. 1e and f), which causes that the 
permeability of TS3 is higher than that of the other two. 

2.2. Measurement procedure 

We have performed the measurements as a function of differential 
pressure at room temperature. The properties of the pore fluids used in 
the tests are given in Table 2. More details of the experimental workflow 
are:  

(1) The samples were washed several times to remove residual oil 
and salt, and placed in an oven at 70 ◦C for 48 h for drying. Then, 
they were slowly cooled to room temperature (25 ◦C) for several 
days.  

(2) Helium porosity and permeability were measured at confining 
pressures (Pc) of 2.0685–58.6075 MPa and a constant pore 
pressure (Pp) of 1.379 MPa. Porosity is determined by using the 
helium expansion method, and permeability by using the 
unsteady-state pulse transient decay technique, corrected by the 
Klinkenberg slippage effect. The accuracy of the porosity and 
permeability measurements were ±0.5% and ±0.001mD, 
respectively.  

(3) For the ultrasonic experiments with nitrogen gas as pore fluid, the 
confining pressure was first raised to 12 MPa, and then the pore 

Table 3 
Fit parameters for the pressure dependence of porosity and permeability.  

Sample TS1 TS2 TS3 

Stiff porosity 
φs (%) 

9.1 − 0.0011Pd 6.5 − 0.00366Pd 11.31 − 0.01Pd 

Crack porosity 
φc(%) 

1.28e− 0.095Pd 0.42e− 0.067Pd 0.83e− 0.065Pd 

Matrix permeability 
κs (mD) 

0.195 −

0.000002Pd 

0.167 −

0.00002Pd 

0.717 −

0.00033Pd 
Crack permeability 

κc (mD) 
0.036e− 0.169Pd 0.0055e− 0.086Pd 0.017e− 0.072Pd 

Note that φs (κs) can be obtained by fitting the total porosities (permeabilities) at 
high differential pressures (with all the cracks closed). φc(κc) is estimated by 
subtracting the stiff porosity (matrix permeability) from the total porosity 
(permeability).  

Fig. 3. Measured ultrasonic waveforms of water-saturated TS3 sample at different differential pressures. (a) and (c) P-wave signals received at loading and unloading 
processes; (b) and (d) S-wave signals received at loading and unloading processes. The red vertical bars represent the first arrival position. (For interpretation of the 
references to color in this figure legend, the reader is referred to the Web version of this article.) 
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pressure was increased to 10 MPa. The latter was kept constant, 
while the former was increased (loading) with a stress rate of 0.1 
MPa/min to a value of Pc = 60 MPa and decreased (unloading) at 
the same stress rate to Pc = 12 MPa. After reaching each pressure, 
the state was maintained for 2 h. Then, the ultrasonic P- and S- 
wave velocities were measured by the pulse-transmission tech-
nique with relative errors of ±0.5% and ±1%, respectively.  

(4) The dry samples were placed in a vacuum chamber filled with 
water, and evacuated for 2 h until there were no bubbles escaping 
from the surface of the specimens. We determined the full water- 
saturation state by comparing the weight of water (product of the 
pore volume and fluid density ρf ) with that of the sample. Then, 
the samples were tested by using the same procedure as in step 3.  

(5) Regarding the electrical-conductivity experiments with brine 
saturation, the samples were dried and placed in a vacuum 
chamber filled with the fluid containing 5% NaCl for 2 h. The 
conductivities were then measured at confining pressures of 
5–35 MPa and a constant pore pressure of 0 MPa by using an 
impedance-capacitance-resistance meter. The relative error of 
the measurement was 0.5%.  

(6) Regarding the strain measurements, the samples were washed, 
dried and placed in a static deformation unit, which includes the 
loading frame, confining pressure control, linear variable 
displacement transducers (LVDTs), strain gauges and internal 
load cell. The LVDTs are mounted between the endcaps to mea-
sure the axial strain, and the strain gauges are attached to the 

Fig. 4. P- and S-wave velocities as a function of differential pressure (loading and unloading processes) for samples TS1 (a), TS2 (b) and TS3 (c) at nitrogen gas and 
water-saturated conditions. 

Fig. 5. Dynamic Poisson’s ratio as a function of differential pressure for samples TS1, TS2 and TS3 at nitrogen gas and water saturation. (a) Loading processes, (b) 
unloading processes. 
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sample to measure the radial strain. When the axial force is 
exerted, the axial and circumferential stress-strain curves were 
measured at confining pressures of 0–150 MPa and a constant 
pore pressure of 0 MPa. The relative error of the measurements 
was less than 5%. 

3. Results 

3.1. Porosity and permeability 

The porosities and permeabilities of the three samples as a function 
of differential pressure are shown in Fig. 2. For TS1, TS2 and TS3, these 
properties decrease nonlinearly at low differential pressures below 20, 

Fig. 6. (a) Axial (εa) and radial (εr) strains, (b) Volume microstrain and (c) Electrical conductivity as a function of the differential pressure for the TS1 (blue line with 
triangles), TS2 (red line with diamonds) and TS3 (black line with circles) samples. (For interpretation of the references to color in this figure legend, the reader is 
referred to the Web version of this article.) 

Fig. 7. Static bulk (a) and shear (b) moduli as a function of the differential pressure for the TS1 (blue line), TS2 (red line) and TS3 (black line) samples. (For 
interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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25 and 40 MPa, respectively, and then decrease linearly at higher 
pressures. This nonlinear behavior can be attributed to the closure of 
cracks with increasing pressure (Guéguen and Boutéca, 2004; Izumotani 
and Onozuka, 2013; Walsh, 1965; Watanabe et al., 2019). This behavior 
can be described by a dual-porosity concept, where the pore space can 
be partitioned into stiff pores and cracks (soft pores). The pressure de-
pendences can be well approximated by linear and exponential terms (e. 
g., Pervukhina et al., 2010; Shapiro, 2003; Shapiro et al., 2015; Zhang 
et al., 2019a, 2020; Zheng et al., 2015; Zimmerman, 1991) (see Table 3). 
The results indicate that the best fit is obtained with a squared corre-
lation coefficient R2 = 0.98 (0.99), 0.95 (0.95) and 0.99 (0.99) for 
porosity (permeability). 

3.2. Ultrasonic velocities 

Ultrasonic waveforms are recorded at different conditions, and the 
first arrivals are picked with the method of Akram and Eaton (2016). As 
an example, Fig. 3 shows the P- and S-wave waveforms of the 
water-saturated TS3 sample at different differential pressures (loading 
and unloading processes). It is observed that the wave amplitude grad-
ually increases with increasing differential pressure, while the first 
arrival time decreases. Then, we obtained the P (VP) and S-(VS) wave 
velocities corresponding to nitrogen gas and water as pore fluid as a 
function of the differential pressure (see Fig. 4). The behavior of the 
curves is nonlinear at low differential pressures and is ascribed to the 
closure of cracks. VP for the nitrogen gas-saturated samples is lower than 
that corresponding to water, while VS in both cases exhibits a ‘crossover 

point’ at some pressure, with VS in the latter case being lower at high 
differential pressures. Similar results can be found in other works (e.g., 
Coyner, 1984; King, 1966; Yin et al., 2017). The increases in the ve-
locities of the former case are larger than those of the latter case. The 
behavior is such that the fluid with higher elastic moduli may hinder the 
closure of cracks under loading. Additionally, hysteresis is observed 
between the loading and unloading processes, because some of the 
cracks with low aspect ratio close during the loading process and do not 
re-open under unloading. To minimize the hysteresis effect, the mea-
surements of the unloading process are used for the modeling in the next 
sections. 

The dynamic Poisson ratio as a function of the differential pressure 
can be obtained as vd = 1 /2((Vp/VS)

2
− 2) /((Vp/VS)

2
− 1) (see Fig. 5). 

This ratio, when the fluid is nitrogen gas, varies between 0.05 and 0.15 
in the whole differential pressure range, in agreement with the range for 
tight gas sandstones (0.05–0.2) provided by Al-Dughaimi et al. (2021). 
The value of the TS1 sample increases with increasing pressure, while 
two samples do not show variations, which may be related to the ve-
locity measurements. This behavior can be related to the closure of 
cracks. For water-saturated conditions, vd is between 0.2 and 0.3, and 
decreases with pressure. Similar results can be found in other works (e. 
g., Pimienta et al., 2016; Toksöz et al., 1976; Wang et al., 2012). 

3.3. Volume microstrain and electrical conductivity 

Fig. 6 shows the axial εa and radial εr strains, volume microstrain εv 

and electrical conductivity for each sample. The εv is determined from 

Fig. 8. Comparisons between the experimental and theoretical velocities for the TS1(a), TS2(b) and TS3(c) samples. The blue squares and red circles denote the 
experimental data at nitrogen gas and water-saturation conditions, respectively; the blue lines are the inversion results with the joint elastic-electrical inversion by 
using the static moduli; the red lines are the modeling results by using the pore aspect ratio spectrum (inverted with the joint elastic-electrical inversion) as an input 
in the DEM model, and the black broken lines denote the results obtained with Gassmann equation. (For interpretation of the references to color in this figure legend, 
the reader is referred to the Web version of this article.) 
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εv = εa + 2εr. In Fig. 6a and b, εa (εr) and εv increase sharply and non-
linearly at low pressures, and then the behavior is linear. This nonlinear 
phenomenon is also related to the closure of cracks. At the same pres-
sure, it is observed that the TS3 sample shows the highest εv, followed by 
the TS2 and TS1 samples. Similar to the case of porosity and perme-
ability, the electrical conductivities of TS1 and TS2 decrease rapidly 
with increasing differential pressure at the low pressure range, and a 
gentle linear decrease is observed at high pressures, while the conduc-
tivity of TS3 is approximately linearly related to pressure. 

4. Inversion of the unified pore geometry 

4.1. Modeling 

4.1.1. Multiphase R-DEM model 
According to the R-DEM model (Cilli and Chapman, 2021), the 

relation between the elastic and electrical properties of a two-phase 
composite media and the pore geometry is given by 

dK*

dc
=
(Ki − K*)P(*i)

(1 − c)
(1a)  

dμ*

dc
=
(μi − μ*)Q(*i)

(1 − c)
(1b) 

and 

dσ*

dc
= 3σ*(σi − σ*)R(*i)

(1 − c)
(2)  

with the initial conditions K*(c = 0) = Kg, μ*(c= 0) = μg and σ*(c = 0)
= σg, where c is the inclusion volume fraction, K, μ and σ denote the bulk 

and shear moduli and electrical conductivity, respectively. Subscripts 
“g" and “i" represent the background (i.e., grains) and inclusion phases, 
respectively, while superscript "*" defines the effective properties of the 
rock. P, Q and R denote the geometric functions of the arbitrary sphe-
roidal inclusions. The expressions of P and Q can be found in Berryman 
(1992), and that of R in Cilli and Chapman (2021). 

To model the effects of multiple inclusion shapes or many constitu-
ents on the physical properties, the R-DEM model is extended to many 
phases, based on an incremental algorithm (Berg, 2007; Han, 2016). 
That is, the effective properties are treated as a new background or host 
medium in the next addition. By using equations (1) and (2) in each 
addition, we stop the additions when the desired pore geometry is 
reached (assumed to consist of a set of oblate spheroidal inclusions with 
different aspect ratios αk (k = 1, 2, ⋯, n) and corresponding volume 
fraction ck). 

4.1.2. Pressure dependence 
For an oblate inclusion with aspect ratio α, the volume fraction is 

given by c(α) = 4πr3α/3, where r is the radius of the inclusion, and we 
assume it constant, i.e., we have dα/α = dc(α)/c(α). The volume 
changes with differential pressure are given by Toksöz et al. (1976), 

dc(α)
c(α) = −

Pd
/

K*
A

E1 −
E2E3

E3+E4

(3)  

where K*
A is the effective static bulk modulus of the dry rock, E1-E4 are 

functions of α and the effective matrix moduli K̂A and μ̂A are defined as 
the effective static moduli of the rock with all the pores except those 
with aspect ratio α. These quantities are assumed to be the effective 
static moduli of the dry rock. To compute them, a high-order polynomial 
is used to fit the stress–strain curve. Then, the static bulk (Ks) and shear 

Fig. 9. Comparisons between the experimental and theoretical porosity and conductivity for the TS1(a), TS2(b) and TS3(c) samples. The black and red circles denote 
the measured porosity and conductivity, respectively, and the black and red lines are the corresponding results from the joint inversion using the static moduli. (For 
interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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(μs) moduli are estimated as Ks = dPd/dεvand μs = 3Ks(1 − 2vs) /(2 +

2vs), where the static Poisson ratio is vs = − εr/εa. The results are shown 
in Fig. 7 as a function of the differential pressure, where it is observed 
that the moduli increase rapidly at low pressures, and have a slow linear 
trend at high pressures. The nonlinear change of these moduli can also 
be ascribed to the closure of cracks. 

The volume fraction and aspect ratio of a set of oblate inclusions 
(pores) at the l-th differential pressure Pd,l, is given by (Cheng, 1978) 

clk = c0k

(

1+
dc
c
(
α0k,Pd,l

)
)

(4) 

and 

αlk = α0k

(

1+
dc
c
(
α0k,Pd,l

)
)

(5)  

respectively, where c0k and α0k are values at zero differential pressure. 
When dα/α ≤ − 1, the oblate pore is nearly closed. The pore aspect ratio 
spectrum at any pressure can be estimated from equations (4) and (5). 

4.1.3. Inversion algorithm 
When the grain properties, static elastic moduli and pore aspect-ratio 

spectrum are known, the pressure-dependence of the velocities and 
electrical conductivity can be obtained from equations (1)–(5). 
Conversely, that spectrum can be inverted from the physical properties. 
In the inversion process, the experimental pressure-dependent porosity 
is a constraint (Yan et al., 2014) (it is resampled the porosity as a 
function of the pressure regarding the velocity measurements). Then, 
the mean square error between theory and experiment is quantified with 
the following objective function:   

Fig. 10. Pore aspect ratio spectrum estimated by the joint inversion, based on the static moduli for the TS1(a), TS2(b) and TS3(c) samples.  

Table 4 
Squared correlation coefficients R2 between theory and experiments from the 
joint inversion with the static moduli.  

Sample R2 on 
VP,Ng 

R2 on 
VS,Ng 

R2 on 
VP,sat 

R2 on 
VS,sat 

R2 on 
φ 

R2 on 
σ 

TS1 0.989 0.967 0.869 − 0.414 0.117 0.871 
TS2 0.993 0.978 0.917 0.461 0.853 0.942 
TS3 0.996 0.971 0.977 0.039 0.121 0.345  

Fela
(
α01,α02,⋯α0n, c01, c02,⋯c0n,Kg, μg, σg

)

= min

[
∑L

l=1

(
Vm

Pl − VDEM
Pl

)2
+

∑L

l=1

(
Vm

Sl − VDEM
Sl

)2
+

∑L

l=1

(
cm

l − cp
l

)2
+

∑L

l=1

(
σm

l − σDEM
l

)2

] (6)   
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where L is the number of differential pressures during the experiment, 
Vm

Pl, V
m
Sl, c

m
l and σm

l are the measured P- and S-wave velocities, porosity 
and electrical conductivity at the l-th differential pressure, respectively, 
and VDEM

Pl , VDEM
Sl ,cp

l and σDEM
l are the predicted values. Then, the S and P 

velocities are VDEM
Sl =

̅̅̅̅̅̅̅̅̅̅
μ*/ρ

√
and VDEM

Pl =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(K* + 4/3μ*)/ρ

√
, respec-

tively, where ρ = ρdry + φρf is the bulk density. 
We adopt the very-fast-simulated annealing method to solve equa-

tion (6) (e.g., Ingber, 1989; Yamanaka, 2001), and to achieve optimal 
results, the aspect ratios are partitioned into those of stiff pores (0.01 ≤

α ≤ 1) and those of cracks (10− 5 ≤ α < 0.01), where the former can take 
any value between 0.01 and 1, while the latter is selected based on an 
equal log-normal spacing similar to that used by Izumotani and Onozuka 
(2013), Tao and King (1993) and Tran et al. (2008). 

4.2. Pore geometry from the joint inversion using the static moduli 

Because wave-induced local fluid flow affects the elastic properties 
of water-saturated rocks (e.g., Müller, et al., 2010; Ba et al., 2017), the 
estimated pore aspect ratio spectrum may be not reliable. Hence, the 
spectrum is inverted from the joint P- and S-wave velocities of the ni-
trogen gas-saturated samples (VP,Ng and VS,Ng) and the electrical con-
ductivity (σ) from the brine-saturated sample. Then, the result, input to 
equation (1), is used to estimate the velocities of the water-saturated 
rocks (VP,sat and VS,sat). In addition, these are also estimated by using 
Gassmann’s equations (Gassmann, 1951), where the dry-rock elastic 
moduli are obtained from of nitrogen gas-saturated samples by inverting 
Gassmann equation. The results for the three samples are shown in 
Figs. 8–10. The inverted bulk and shear moduli of the grains are 

respectively given by 30.74 and 25.54, 37.10 and 31.27, 28.73 and 
25.72 GPa. The corresponding grain conductivities are determined to be 
0.0274, 0.0225, and 0.0596 S/m, values that are higher than the con-
ductivity of sand grains (0.01 S/m from Carcione et al., 2012), and 
significantly smaller than the conductivity of clay (0.2 S/m from Car-
cione et al., 2012). It is also noted that these estimated conductivities are 
positively correlated with the clay contents. 

By comparing Figs. 8–10, it is shown that:  

1. The joint modeling approach reasonably describes the pressure- 
dependent velocities, porosity and electrical conductivity. The 
squared correlation coefficients R2 of the measured and predicted 
values are presented in Table 4. The R2 of the velocities are higher 
than those of porosity and electrical conductivity, indicating that the 
predicted velocities better approach the measurements than the 
estimated porosity and electrical conductivity. In addition, the 
modeling results of TS2 are better than those of TS1 and TS3, sug-
gesting that the estimated pore geometry of TS2 is better. It indicates 
that the multiphase R-DEM model have the capability of jointly 
modeling elastic wave velocities and electrical conductivity for TS1 
and TS2 samples, while the estimated conductivity of the TS3 sample 
is not so good, probably because cracks are well developed in this 
sample (see Fig. 1e and f). The discrepancies between the theory and 
measurements could be associated with the fact that the assumption 
of oblate spheroidal inclusions cannot properly describe the pore 
shapes of real rocks. In addition, this could also be related to the 
presence of clay according to the work of Burns et al. (1990). 

Fig. 11. Shear moduli as a function of the differential pressure for the TS1(a), TS2(b) and TS3(c) samples. The black and red lines with circles denote measurements 
under nitrogen gas and water saturation conditions, respectively, and the red lines with squares denotes the results of the DEM model. (For interpretation of the 
references to color in this figure legend, the reader is referred to the Web version of this article.) 
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2. VP,sat estimated from the Gassmann equation is lower than the 
measurements, and the difference decreases with pressure. Similar 
results were reported in previous experimental studies (Adelinet 
et al., 2011; Agersborg et al., 2008; David and Zimmerman, 2012; 
King et al., 2000; King and Marsden, 2002; Zhang et al., 2019b). In 
contrast, the results obtained from the DEM model are in better in 
agreement with the experimental data of water-saturated rocks, 
suggesting that this model, with a unified pore geometry obtained 
with the joint inversion, can be used in this case. The water-saturated 
samples are in an unrelaxed regime, which can be described by a 
critical frequency of the local fluid flow between pores and cracks, i. 
e., fc = α3

maxKg/ηw (O’Connell and Budiansky, 1977), where αmax is 
the maximum crack aspect ratio of the spectrum, and water viscosity 
ηw is 0.001 Pa⋅s. For the TS1, TS2 and TS3 samples, the values of αmax 

are 0.00294, 0.00321 and 0.00267 at Pd = 2 MPa, and the critical 
frequencies are approximately equal to 0.78, 1.2 and 0.54 MHz, 
respectively. Water is trapped in the individual pores or cracks 
during the ultrasonic measurement process (f = 0.5 MHz). The pre-
dictions of the DEM model can provide an upper bound for the elastic 

moduli. Similar discussions were presented in David and Zimmer-
man. (2012).  

3. For VS, the estimations with the Gassmann equation are lower than 
the measurements for the nitrogen-saturated rocks (VS,Ng), which is 
related to a fluid-density effect. There is a crossover point between 
the predictions and measurements for water-saturated rocks (VS,sat), 
which can be related to the combined effects of fluid density, and 
shear stiffening and weakening. Previous studies showed that the 
shear-stiffening effect is associated with the presence of cracks 
(David et al., 2013; David and Zimmerman, 2012; Shafiro and 
Kachanov, 1997), and the shear-weakening one (a chemical reaction 
between fluid and solid phases) can be due to the presence of clay 
minerals (Clark et al., 1980; Khazanehdari and Sothcott, 2003; 
Pimienta et al., 2014b). To analyze both effects, Fig. 11 shows the 
shear moduli derived from ultrasonic S-wave velocities and the 
corresponding densities under nitrogen-gas and water saturation 
conditions. Those corresponding to water are higher than those of 
nitrogen gas at low differential pressures, suggesting that the 
shear-stiffening effect is more significant than the shear-weakening 
one. At low differential pressures, a large number of open cracks 
are present. Since cracks close at increasing pressure, both the shear 
stiffening and weakening effects decrease (Khazanehdari and Soth-
cott, 2003; Yin et al., 2019). However, the decrease of the former is 
more pronounced. This explains why the measured shear moduli of 
water-saturated rocks is lower than those of the nitrogen 
gas-saturated ones at high differential pressures. Fig. 11 shows that 
the results obtained with the DEM model are higher than the 
experimental data for water-saturated rocks. The shear stiffening and 
weakening effects lead to the misfits between the Gassmann equation 
and DEM model and experimental data. 

Fig. 12. Pore aspect ratio spectra obtained with the joint inversion, based on the dynamic moduli for the TS1(a), TS2(b) and TS3(c) samples.  

Table 5 
Squared correlation coefficients R2 between theory and experiments from the 
joint inversion with the dynamic moduli.  

Sample R2 on 
VP,Ng 

R2 on 
VS,Ng 

R2 on 
VP,sat 

R2 on 
VS,sat 

R2 on φ R2 on 
σ 

TS1 0.977 0.980 0.813 − 1.003 − 0.132 0.739 
TS2 0.994 0.979 0.912 0.402 0.342 0.916 
TS3 0.966 0.926 0.904 0.171 0.014 0.212  
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4. In the pore aspect ratio spectrum at zero differential pressure, the 
first two represent stiff pores, while the remaining ones are cracks. 
For samples TS1, TS2 and TS3, the pores with aspect ratio of 1, 0.2 
and 1 dominate, and the crack aspect ratios are in the range of 
0.00316–0.0002, 0.00347–0.00025 and 0.00316–0.00032, respec-
tively. It is noted that the distribution of crack aspect ratios in TS1 
are slightly wider compared to the other two samples, and there is a 
distinct peak in the spectrum of TS1 at the smallest one (0.0002). The 
histograms suggest that these cracks will sharply approach closure 
with increasing pressure, which explains why the nonlinear range of 
the measured porosity and permeability of TS1 is narrow (see Fig. 2). 
In addition, the crack porosities (the sum of the volume fractions of 
all cracks at zero differential pressure) estimated with the joint 
inversion are 0.0127, 0.00448 and 0.00876 for the three samples, 
which are almost consistent with the values estimated from the 
measured porosity (See Table 2). 

4.3. Pore geometry from the joint inversion with the dynamic moduli 

Since K*
A, K̂A and μ̂Aare not known or measured, they are usually 

considered to be equal to the effective dynamic moduli of the dry rock 
(Cheng and Toksöz, 1979; Izumotani and Onozuka, 2013; Yan et al., 
2014; Tang et al., 2021), which are obtained from the measurements on 
the nitrogen gas-saturated samples by inverting the Gassmann equation. 
To analyze the differences, the aspect ratio spectra obtained from the 
joint inversion, using the dynamic moduli, are given in Fig. 12. The 
estimated bulk (shear) moduli and conductivities of the grains are 31.22 
(27.2) GPa and 0.0277 S/m, 35 (32) GPa and 0.023 S/m, and 28.68 
(27.23) GPa and 0.0636 S/m for the TS1, TS2 and TS3 samples, 
respectively. These grain properties are close to those listed in Section 
4.2. It is shown that the crack aspect ratios at zero differential pressure 
are in the ranges 0.0017–0.00008, 0.00158–0.00006 and 
0.00158–0.00004 for TS1, TS2 and TS3, respectively. Unlike Fig. 10, 
cracks with low aspect ratio are significant in the results, because the 
dynamic moduli are generally higher than the static ones, and then the 
rate of crack closure is lower. Hence, only when cracks have a small 
aspect ratio, the modeling with the dynamic moduli reasonably agrees 
with the data. It also indicates that the aspect ratio spectra obtained 
from the dynamic moduli underestimates the true ones. Similar discus-
sions can be found in Cheng and Toksöz (1979). The squared correlation 
coefficients R2 of the measured and predicted values are presented in 
Table 5, where the estimated spectra in this section, input to equation 
(1), are used to calculate the velocities of water-saturated rocks. 
Compared with Table 4, the results obtained with the static moduli are 
better. Moreover, the estimated crack porosities are 0.013, 0.005 and 
0.01 for the three samples, which are slightly higher than the values 
estimated with the measured porosities (See Table 2). 

Fig. 13. Pore aspect ratio spectra estimated from unjoint elastic and electrical inversions, based on the static moduli for the TS1(a), TS2(b) and TS3(c) samples.  

Table 6 
Squared correlation coefficients R2 between theory and experiments from the 
unjoint inversion, based on the static moduli.  

Sample R2 on 
VP,Ng 

R2 on 
VS,Ng 

R2 on 
VP,sat 

R2 on 
VS,sat 

R2 on 
φ 

R2 on 
σ 

TS1 0.985 0.937 0.713 − 0.143 0.454 0.972 
TS2 0.994 0.986 0.940 0.309 0.885 0.985 
TS3 0.990 0.985 0.934 0.121 0.531 0.998  
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4.4. Pore geometry estimated from unjoint elastic and electrical 
inversions, based on the static moduli 

In this section, we consider independent (unjoint) inversions, based 
on the static moduli. Fig. 13 shows the results. The grain properties of 
the three samples are consistent with the values of Section 4.2. For each 
sample, the estimated pore aspect ratios with different properties are 
almost the same, while there are differences between the volume frac-
tions, other than that of pores with highest aspect ratio. Although the 
fluid-filled pores are added into the host medium in the same way as in 
the elastic modeling, the discrepancy between the pore aspect ratio 
spectra is present. The volume fractions of cracks for the TS3 sample 
obtained by electrical inversion are higher than those estimated by 
elastic inversion. Similar conclusions are given in Han et al. (2016), 
while the results of the other samples do not exhibit such behavior. The 
squared correlation coefficients R2 are given in Table 6, where the 
estimated pore aspect ratio spectrum from the elastic inversion, input to 
equation (1), is used to estimate the velocities of the water-saturated 
samples. Although the unjoint results are better than the joint ones 
(compare with Table 4), it is seen that the estimated pore aspect ratio 
spectra significantly differ (compare Figs. 10 and 13). The results indi-
cate that the pore geometry inverted with one physical property may fail 
to predict the other physical property. 

4.5. Inversion by using published data 

To further check the proposed model, we apply it to the reported 
measurements of ultrasonic velocity and electrical conductivity of a 

clean sandstone (E4) (Han et al., 2011), used by Han et al. (2016) to test 
a joint inversion with the SC model. These authors state: “Therefore, 
these SC models are not suitable for the joint elastic-electrical modeling 
of reservoir rocks, at least as currently configured. This argument is 
further strengthened by the large misfit (see Fig. 5) between the 
measured and the computed elastic and electrical properties based on 
the joint elastic-electrical inversion using a combination of equations (6) 
and (7) as the cost function”. On the other hand, the proposed model 
performs quite well with a squared correlation coefficient R2 of 0.933, 
0.976 and 0.822 for VP, VS and σ, respectively (see Fig. 14). In the 
modeling, the values of K*

A, K̂A and μ̂A are approximated with the dy-
namic moduli of the dry rock, which are estimated from wet-rock 
measurements using Gassmann equation. The estimated bulk (shear) 
modulus and electrical conductivity of the grains are 35 (45) GPa and 
0.0792 S/m, respectively. These values are different from those pro-
vided by Han et al. (2016) (35.7 (44) GPa and 0.03S/m). This is due to 
the different order with which the components are added in the SC and 
DEM models. 

5. Conclusions 

We have developed a novel elastic-electrical multiphase R-DEM 
theory (reformulated differential effective-medium) to model the 
physical properties of rocks (elastic velocity and electrical conductivity) 
and estimate a unified pore geometry, i.e., pore/crack with different 
aspect ratios and volume fractions. To test the model, we performed 
experiments on tight-sandstone samples to measure those properties as a 

Fig. 14. Joint inversion for the clean sandstone E4. (a) P-wave velocity, (b) S-wave velocity, (c) electrical conductivity, and (d) estimated pore aspect ratio spectra. 
The solid lines are the modeling results according to the multiphase R-DEM model and the circles denote the measurements by Han et al. (2011). 
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function of the different differential pressure. The comparison between 
theory and experiment indicates that the theory shows a good perfor-
mance, and that the inversion of the unified pore geometry by using the 
static stiffness modulus is more appropriate than the dynamic one. On 
the other hand, an unjoint modeling yields different pore geometries, 
confirming the use of the joint approach. Moreover, an application of the 
model to a clean sandstone is more successful than the use of the self- 
consistent theory. However, this does not mean that it can be applied 
to all clastic rocks and lithologies, but the model can easily be refor-
mulated by adapting the theory to the specific case. Moreover, the 
estimated unified pore geometry can be used to estimate other physical 
properties, such as permeability and thermal conductivity. 
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Kuster, G.T., Toksöz, M.N., 1974. Velocity and attenuation of seismic waves in two-phase 
media: Part I. Theoretical formulations. Geophysics 39 (5), 587–606. https://doi. 
org/10.1190/1.1440450. 

Lai, J., Wang, G., Wang, Z., Chen, J., Pang, X., Wang, S., Zhou, Z., He, Z., Fan, X., 2018. 
A review on pore structure characterization in tight sandstones. Earth Sci. Rev. 177, 
436–457. https://doi.org/10.1016/j.earscirev.2017.12.003. 
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