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Approximating constant-Q seismic propagation in the time domain
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ABSTRACT
In this study, we investigate the accuracy of approximating constant-Q wave prop-
agation by series of Zener or standard linear solid (SLS) mechanisms. Modelling in
viscoacoustic and viscoelastic media is implemented in the time domain using the
finite-difference (FD) method. The accuracy of numerical solutions is evaluated by
comparison with the analytical solution in homogeneous media. We found that the
FD solutions using three SLS relaxation mechanisms as well as a single SLS mecha-
nism, with properly chosen relaxation times, are quite accurate for both weak and
strong attenuation. Although the RMS errors of FD simulations using a single re-
laxation mechanism increase with increasing offset, especially for strong attenuation
(Q = 20), the results are still acceptable for practical applications. The synthetic
data of the Marmousi-II model further illustrate that the single SLS mechanism, to
model constant Q, is efficient and sufficiently accurate. Moreover, it benefits from
less computational costs in computer time and memory.
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INTRODUCTION

Constant-Q models were developed to approximate seismic
attenuation in seismic exploration and seismology, since at-
tenuation is considered to be almost linear with frequency –
therefore Q is constant – in many frequency bands (McDonal
et al. 1958). It is quite reasonable for exploration of seismic
data over limited frequency bands. Kjartansson’s constant-Q
model (Kjartansson 1979) is popular in many seismic applica-
tions because it is mathematically simple to implement in the
frequency domain, however it is relatively complex in the time
domain (Carcione 2007; Carcione 2009). Instead of Kjartans-
son’s constant-Q model, the superposition of several Zener
or SLS mechanisms was introduced to approximate con-
stant Q over a specified frequency range in the time domain
(Liu, Anderson and Kanamori 1976; Day and Minster 1984;
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Carcione, Kosloff and Kosloff 1988a,b,c), which is often
called the nearly constant-Q model (Casula and Carcione
1992; Carcione 2007). It has been applied in many 2D and
3D problems such as marine surveys (Hestholm et al., 2006),
near-surface environments and reservoirs (Xu and McMechan
1998; Kang and McMechan 1993a,b) and earthquakes (Car-
cione et al., 2002; Komatitsch et al., 2004; Käser et al., 2007).

A practical problem in superposing SLS mechanisms is
how to determine the appropriate number of elements, L, to
provide the desired constant-Q behaviour and to save com-
puter costs for solving viscoelastic wave equations, particu-
larly in 3D modelling. The reason is that the introduction of
memory variables, proportional to L, involves extra compu-
tational costs to solve the equation of motion. In general,
L = 3 SLS elements is considered to be accurate enough
for three-dimensional simulations in geophysical prospecting
(Emmerich and Korn, 1987) and global seismology problems
(Savage, Komatitsch and Tromp 2010). Blanch, Robertsson
and Symes (1995) reported that a single relaxation mech-
anism yields reasonably accurate results for most practical
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applications in seismic exploration but their results are only
shown in a relatively narrow range of frequencies.

In this paper, we systematically investigate the accuracy of
one and three SLS mechanisms to approximate constant Q

over a broad frequency range. We choose a frequency range
[5, 125] Hz that usually covers surface seismic applications.
The numerical solutions of viscoacoustic and viscoelastic wave
equations are obtained with a time-domain FD technique,
where relaxation times are conveniently chosen to better ap-
proximate the constant-Q model. The accuracy of the results
is analysed by comparison with the Green’s function analyti-
cal solution. Afterwards, we show the comparison of simulat-
ing viscoelasticity in complex media with one and three SLS
mechanisms.

V I S C O E L A S T I C W A V E M O D E L

In linear viscoelasticity, the stress tensor σ is related to the
history of the strain tensor ε via a time convolution

σ = ψ(t) ∗ ∂tε, (1)

where ψ(t) is the relaxation function and the symbol ‘∗’ de-
notes time convolution. To obtain the constant-Q model for
attenuation that is linear with frequency, we perform a Fourier
transform of equation (1)

σ (ω) = M(ω)ε(ω), (2)

where ω is the angular frequency and M(ω) is the complex
modulus, which is defined as a Fourier transform of the
time derivative of the relaxation function ψ(t). Then, the
frequency-dependent Q is defined as

Q(ω) = ReM(ω)
ImM(ω)

, (3)

where Re and Im take real and imaginary parts, respectively
(e.g., Carcione 2007). Although attenuation depends on fre-
quency, it is usually considered to be constant in the explo-
ration frequency bandwidth, e.g., 5–125 Hz. The modulus of
the constant-Q model is given by (Kjartansson 1979)

M(ω) = Mr (iω/ωr )
2
π arctan 1

Q , (4)

where ωr is a reference frequency and the reference modulus
is

Mr = ρc2
r cos2

(
1
2

arctan
1
Q

)
, (5)

where ρ and cr are the mass density and a reference phase ve-
locity (Carcione 2007), respectively. The frequency-dependent

phase velocity is

υp = cr

∣∣∣∣ ωω0

∣∣∣∣
1
π

arctan
1
Q
, (6)

(Carcione 2007).
Let us consider one relaxation mechanism or element (a sin-

gle Zener element, L = 1) and show how its parameters have to
be chosen to better approximate the Kjartansson constant-Q
model. First, we assume that the reference frequency ωr = ω0

is the central frequency of the source and we force Q of the
single peak at that frequency to be Kjartansson’s Q, say Q0.
In the frequency domain, the bulk modulus corresponding to
the single peak is

M(ω) = MR

(
1 + iωτε
1 + iωτσ

)
, (7)

where

τε = τ0

Q0

(√
Q2

0 + 1 + 1
)

and τσ = τ0

Q0

(√
Q2

0 + 1 − 1
)
,

(8)

are relaxation times, with τ0 = √
τετσ = 1/ω0 and MR the re-

laxed modulus given below. To find MR we force the phase
velocity atω0 to be the phase velocity of the constant-Q model.
Since the phase velocity of the Zener element is

υp =
[
Re
(√

ρ

M

)]−1

, (9)

using equation (6) we obtain

MR = ρc2
r Re2

(√
1 + iω0τσ

1 + iω0τε

)
. (10)

For L (odd) relaxation mechanisms the theory is given in Car-
cione (2007), Section 2.4.5. In this case the frequency of the
central relaxation peak is ω0.

From equations (3) and (7) we obtain Q as a function of
frequency.

NUMERICAL EXPERIMENTS

In order to evaluate the accuracy of many SLS mechanisms,
we compare numerical solutions with the analytical solu-
tion. A 2D analytical solution obtained from the viscoacoustic
Green’s function in a homogeneous medium is given in Car-
cione et al. (1988a).

We perform two tests with Q = 100 and Q = 20, which
are typical Q values for sedimentary rocks. The tested model
is a homogeneous medium with velocity 3.5 km/s and density
2.4 g/cm3. The centre frequency of the Ricker-wavelet source
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Figure 1 Red (constant Q = 100), blue (three SLS, Q0 = 58) and
black (one SLS, Q0 = 100) lines representing the dissipation factor
(a) and phase velocity (b).

is 25 Hz and the frequency band is 5–125 Hz. For three SLS
mechanisms, τ0 = 1/ω0 is determined in an equally spaced log-
arithmic frequency range. We consider three source-receivers
distances: 500 m, 2500 m and 4500 m, the latter of which is
a very extreme case for Q = 20.

In the first example Q is 100. The dissipation factor (1/Q)
and phase velocity of three and one SLS mechanisms are
shown in Fig. 1. It is not surprising that the three SLS fits the
theoretical model curves very well in the specified frequency
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Figure 2 Comparison between the FD and analytical solutions where
the source-receiver distances are (a) 500 m, (b) 2500 m and (b) 4500
m. Q is 100.
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Figure 3 Red (constant Q = 20), blue (three SLS, Q0 = 12) and black
(one SLS, Q0 = 20) lines representing the dissipation factor (a) and
phase velocity (b).

band. Interestingly, the single SLS has a good approximation
to the phase velocity and dissipation factor around the refer-
ence frequency.

In Fig. 2 we compare the FD results with the analytical
Q solution using the constant-Q model. The numerical and
analytical solutions agree very well (Fig. 2a). At far offsets
(Fig. 2b), we can see that the single SLS mechanism also yields
comparable results.

The accuracy is further assessed by using the RMS error,
which is defined as

E =
nt∑

j=1

(
dn

j − da
j

)2/ nt∑
j=1

(
da

j

)2
. (11)

Where nt is the number of time samples of the seismic trace,
dn

j is the calculated value of the numerically simulated trace at
sample j and the superscript a is the corresponding analytical
value. The RMS errors are listed in Table 1. We can verify that
these errors are quite small and that the single SLS mechanism
is a good approximation to constant Q.

In the strong attenuation case, i.e., constant Q = 20, the
dissipation factor and phase velocity of the three and one SLS
mechanisms are shown in Fig. 3. Again, the three SLS ap-
proximates fairly well to the theoretical model in the specified
frequency band while the single SLS has a good approximation

Table 1 Comparison of RMS errors of two
relaxation mechanisms for Q = 100.

Error with offset L = 1 L = 3

500 m 2.62e-4 3.94e-4
2500 m 0.0038 0.0014
4500 m 0.0122 0.0040

C© 2013 European Association of Geoscientists & Engineers, Geophysical Prospecting, 1–10



4 T. Zhu, J.M. Carcione and J.M. Harris

0.15 0.2 0.25 0.3 0.35

−3
−2
−1

0
1
2
3
4

P
re

ss
ur

e

 

 

Analytical Sol..

3 relaxations
1 relaxation

1.2 1.25 1.3 1.35 1.4 1.45
−0.04

−0.02

0

0.02

0.04

Time (sec)

P
re

ss
ur

e

 

 

0.65 0.7 0.75 0.8 0.85 0.9

-0.2

-0.1

0

0.1

0.2

0.3

P
re

ss
ur

e

 

 

(a)

(b)

(c)

Figure 4 Comparison between the FD and analytical solutions where
the source-receiver distances are (a) 500 m, (b) 2500 m and (c) 4500
m. Q is 20.

Table 2 Comparison of RMS errors of two
relaxation mechanisms for Q = 20.

Error with offset L = 1 L = 3

500 m 0.0052 0.0068
2500 m 0.0835 0.0108
4500 m 0.6307 0.0706

to the phase velocity and dissipation factor around the refer-
ence frequency.

In Fig. 4 we show comparisons between the FD results and
the analytical solution. The numerical and analytical solutions
also agree very well (Fig. 4a). At far offsets (Fig. 4b,c), the
single SLS mechanism is not so accurate (see RMS errors in
Table 2). Nevertheless, we note that the amplitude at 4500 m
offset is approximately one hundred times smaller than that at
500 m. In exploration geophysics or earthquake seismology, it
is improbable to find a situation where a wave propagates such
long distances in media with such a low Q value. In addition,
at these distances noise would dominant the signal. Hence,
we consider that a single SLS, with the parameters chosen as
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Figure 5 Synthetic models: (a) P-wave velocity; (b) S-wave velocity;
(c) density; (d) Q model.

indicated above, approximates sufficiently well a constant-Q
medium. Moreover, in view of the realistic simulations that
we shall perform below, we also consider the case L = 3.

Synthetic model

To further evaluate the accuracy of the SLS mechanisms we
consider the Marmousi-II elastic model (Martin, Wiley and
Marfurt 2006), which is a representative model including con-
tinuous and discontinuous parameter changes. We cut the left
corner of the Marmousi-II elastic model for simulation to
reduce computational costs and help analyse and easily iden-
tify types of waves in the wavefield for comparison. Figure 5
shows the elastic properties – P-wave velocity, S-wave veloc-
ity and density. The attenuation (1/Q) properties are based
on lithology information. For example, we take Q = 50 for
the water-saturated sand, Q = 35 for the oil-saturated sand
and Q = 20 for the gas-saturated sand, while the background
rock has Q = 100 (Fig. 5d).

Viscoacoustic case

The first-order pressure-velocity viscoacoustic wave equation
is used to compute the synthetic seismograms (see details in
the Appendix). The staggered-grid FD solver has 2nd-order
accuracy in time and 4th-order accuracy in space. To minimize
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numerical dispersion, ten samples per wavelength are required
for the lowest velocity in the model (Robertsson, Blanch and
Symes 1994). The model has 471 × 1870 grid points and we
use a time step dt = 0.25 ms. The grid spacing in the x and
z directions is 5 m. A pressure source is located at (zs, xs) =
(250 m, 4300 m), which is a zero-phase Ricker wavelet with
a centre frequency of 25 Hz. To reduce artificial reflections
that are introduced by the edge of the computational grid, an
absorbing boundary condition (Cerjan, Kosloff and Reshef
1985) is applied to the sides and bottom of the model.

Figure 6 shows the FD synthetic data – acoustic and vis-
coacoustic with two scenarios (L = 3 and L = 1). The same
colour scale was applied for comparison. As expected, ma-
jor features, including first arrivals, refractions, reflections,
diffractions and multiples are evident in both the acoustic
and viscoacoustic simulated data. However, the viscoacoustic
signals are weaker, particularly the multiples. The strong re-
flections are also reduced in amplitude and have a small phase
delay due to velocity dispersion.

The difference waveforms between the acoustic and vis-
coacoustic data are illustrated in Fig. 7. Two viscoacoustic
data are quite close together since the total energy (definition:∑

diff 2) in Fig. 7(b) is about 1.5% of that in Fig. 7(a). Figure
8 shows trace number 200 for the three cases of Fig. 6. As
we can verify, the viscoacoustic solutions are very close to-
gether. However, the CPU times (2.93 GHz Intel Core 2 Duo)
for the single and three SLS relaxation mechanism schemes
are 5.3 and 7.8 min, respectively. It is evident that the FD

simulation with the single relaxation mechanism requires less
computational effort (see Table 3). Moreover, the number of
first-order equations to solve for the viscoacoustic wave equa-
tion is 3+L in 2D space and 4+L in 3D space. These results
illustrate that the viscoacoustic simulation with a single SLS
mechanism can accurately and efficiently capture attenuation
described by the constant-Q model.

Viscoelastic case

To be realistic, we extend the investigation of the accuracy
of SLS mechanisms to describe the constant-Q model in vis-
coelastic media. The first-order pressure-velocity viscoelastic
wave equation (see the Appendix) is solved by the staggered-
grid finite-difference method with 2nd-order temporal accu-
racy and 4th-order spatial accuracy. In the elastic model, the
minimum velocity is approximately 500 m/s. The grid spacing
of 1.25 m in the x and z directions is chosen on the basis of nu-
merical dispersion criteria (Robertsson et al. 1994). The same
2D model is discretized with 1521 × 7120 grid points and
we use a time step dt = 0.15 ms. A pressure source is located
at (zs, xs) = (246.25 m, 4301.25 m), which is a zero-phase
Ricker wavelet with a centre frequency of 25 Hz.

Figure 9 shows the elastic and viscoelastic FD synthetic
data corresponding to the x and z components. We observe
the attenuation effects in the reduced amplitude and delayed
traveltimes. To evidence the difference between the L = 3 and
L = 1 viscoelastic data – Fig. 9(c) and Fig. 9(e), Fig. 9(d)

Figure 6 FD synthetic data. (a) Acoustic; (b) viscoacoustic (L = 3); (c) viscoacoustic (L = 1).
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and Fig. 9(f), we subtract the data and examine the difference
waveforms illustrated in Fig. 10. Apparently, the difference
between the two viscoelastic cases is quite small and the total
energy in Fig. 10(c,d) is about 2% of that in Fig. 10(a,b)
(difference between the elastic and viscoelastic seismograms).
Trace number 200 of the three cases is illustrated in Fig. 11
that confirms this observation. From a computational point of
view, the FD simulation with a single SLS mechanism is more
than two times faster than that with three SLS mechanisms
(see Table 3). In this case, the number of first-order equations
to solve is 5 + 3L in 2D space and 9 + 6L in 3D space (see the
Appendix). The number of equations to solve in the single SLS
mechanism case is nearly 45% less than those of the three SLS
mechanisms. It can be concluded that one may safely use the
one single SLS mechanism to describe the constant-Q model,
which requires less computational time and storage than that
of the three SLS mechanisms.

CONCLUSIONS

We have investigated the accuracy of the Zener or standard
linear solid model (SLS) to approximate constant Q in the
time domain. The comparison of numerical FD results against
analytical solutions clearly shows a similar accuracy between
one SLS element and three SLS mechanisms. We showed that
FD simulations using a single SLS mechanism are sufficiently
accurate and efficient for most practical applications.

Table 3 Computational costs of the Marmousi-II model.

Lossless L = 3 L = 1

Acoustic 3.6 min 7.8 min 5.3 min
Viscoelastic 1.4 hr 15 hr 7.3 hr
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Figure 8 Comparison of trace number 200 of acoustic (black), L = 3
viscoacoustic (blue) and L = 1 viscoacoustic (red).

We have considered the viscoacoustic and viscoelastic wave
equations. In the viscoacoustic case, modelling constant Q

with a single SLS mechanism is faster than using three SLS
mechanisms, because four memory-variable equations have
to be solved instead of six.

In the viscoelastic case, the use of a single SLS mechanism
is much more convenient. Modelling constant Q with a single
SLS mechanism is more than two times faster than using three

Figure 7 (a) Difference between acoustic and viscoacoustic (L = 3). (b) Difference between viscoacoustic (L = 3) and viscoacoustic (L = 1).
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Figure 9 Elastic data, (a) x-component, (b) z-component; L = 3 viscoelastic data in the x-component (c) and z-component (d); L = 1 viscoelastic
data in the x-component (e) and z-component (f).
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Figure 10 (a) Difference between elastic (Fig. 9a) and viscoelastic (Fig. 9c) x-component data; (b) difference between elastic (Fig. 9b) and
viscoelastic (Fig. 9d) z-component data; (c) difference between viscoelastic (Fig. 9c) and viscoelastic (Fig. 9e) x-component data; (d) difference
between viscoelastic (Fig. 9d) and viscoelastic (Fig. 9f) z-component data;

SLS mechanisms, because eight memory-variable equations
have to be solved instead of fourteen. Moreover, in 3D space
the saving in computer time and storage will be substantial. In
this case it is advisable to use high-order finite difference meth-
ods or alternatively the Fourier pseudospectral method that

uses two grid points per minimum wavelength. This work also
shows that fitting a constant Q model can be avoided and use
of a single mechanism with properly chosen parameters is suf-
ficient. Therefore, we suggest that a single SLS mechanism is
an efficient approach to model constant Q for computational

C© 2013 European Association of Geoscientists & Engineers, Geophysical Prospecting, 1–10
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Figure 11 Comparison of trace number 200 of elastic (black), L = 3
viscoelastic (blue) and L = 1 viscoelastic (red).

intensive seismic modelling and inversion in practical applica-
tions.
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APPENDIX

Viscoacoustic and viscoelastic wave equations

The complete time-domain equations for wave propagation in
heterogeneous viscoacoustic and viscoelastic media can also
be found in Carcione (2007).

Viscoacoustic wave equation

Assuming pressure P = −σi i (i = x, y, z) is viscoacoustic and
σ is the stress, the viscoacoustic P-SV velocity/stress equations
in 3D are written below.
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1) Euler-Newton’s equations

ρ
∂υx

∂t
= −∂P

∂x
+ fx,

ρ
∂υy

∂t
= −∂P

∂y
+ fy, (A1)

ρ
∂υz

∂t
= −∂P

∂z
+ fz,

where υx, υy and υz are the particle velocities, ρ is the bulk
density and fx, fy and fz are the body forces.

2) Stress-strain relations:

∂P
∂t

= −MRM1

(
∂υx

∂x
+ ∂υy

∂y
+ ∂υz

∂z

)
− MR

L

L∑
l=1

rl , (A2)

3) Memory variable equations:

∂rl

∂t
= 1
τσ l

[(
1 − τεl

τσ l

)(
∂υx

∂x
+ ∂υy

∂y
+ ∂υz

∂z

)
− rl

]
, (A3)

where r is the first time derivative of the memory variable
(∂e/∂t) (Carcione 2007, page 95). MR is the relaxed Lamé
constant. The complex Zener modulus is written as:

M1 = 1 − 1
L

L∑
l=1

(
1 − τεl

τσ l

)
= 1 − 1

L

L∑
l=1

τεl

τσ l
, (A4)

where L is the number of mechanisms. The relaxation times
can be expressed as

τσ l = τ0

Q0l

(√
1 + Q2

0l − 1
)
, τεl = τ0

Q0l

(√
1 + Q2

0l + 1
)
,

(A5)

where τ0 = 1
ω0

, ω0 is the centre angular frequency of the relax-
ation peak. Q0l are the minimum quality factors. τεl is equal
to τσ l in the elastic case.

Viscoelastic wave equation

The viscoelastic P-SV velocity/stress equations in 3D space are
formulated in equations (A6)–(A9).

1) Euler-Newton’s equation:

ρ
∂υx

∂t
= −

(
∂σxx

∂x
+ ∂σxy

∂y
+ ∂σxz

∂z

)
+ fx,

ρ
∂υy

∂t
= −

(
∂σxy

∂x
+ ∂σyy

∂y
+ ∂σyz

∂z

)
+ fy,

ρ
∂υz

∂t
= −

(
∂σxz

∂x
+ ∂σyz

∂y
+ ∂σzz

∂z

)
+ fz,

(A6)

2) Stress-strain relations:

∂σxx

∂t
= (λu + 2μu)

∂υx

∂x
+ λu

(
∂υy

∂y
+ ∂υz

∂z

)

+
(
λr + 2

n
μr

) L1∑
l=1

r1l + 2μr

L2∑
l=1

r11l ,

∂σyy

∂t
= (λu + 2μu)

∂υy

∂y
+ λu

(
∂υx

∂x
+ ∂υz

∂z

)

+
(
λr + 2

n
μr

) L1∑
l=1

r1l + 2μr

L2∑
l=1

r22l ,

∂σzz

∂t
= (λu + 2μu)

∂υz

∂z
+ λu

(
∂υx

∂x
+ ∂υy

∂y

)

+
(
λr + 2

n
μr

) L1∑
l=1

r1l − 2μr

L2∑
l=1

(r11l + r22l ),

∂σxy

∂t
= μu

(
∂υx

∂y
+ ∂υy

∂x

)
+ μr

L2∑
l=1

r12l ,

∂σxz

∂t
= μu

(
∂υx

∂z
+ ∂υz

∂x

)
+ μr

L2∑
l=1

r13l ,

∂σyz

∂t
= μu

(
∂υy

∂z
+ ∂υz

∂y

)
+ μr

L2∑
l=1

r23l ,

(A7)

where λu = (λr + 2
nμr )MU1 − 2

nμr MU2, μu = μr MU2. For the
general standard linear solid rheology, they are given by

MUv = 1 − 1
Lv

∑Lv
l=1 (1 − τ

(v)
εl

τ
(v)
σ l

), v = 1, 2.

Two relaxation mechanisms are used v = 1,2 – they are the
dilatational and shear modes.
3) Memory-variable equations:
∂r1l

∂t
= φ1lθ − r1l

τ
(1)
σ l

,

∂r11l

∂t
= φ2l

(
∂υx

∂x
− θ

n

)
− r11l

τ
(2)
σ l

,

∂r22l

∂t
= φ2l

(
∂υy

∂y
− θ

n

)
− r22l

τ
(2)
σ l

,

∂r12l

∂t
= φ2l

(
∂υx

∂y
+ ∂υy

∂x

)
− r12l

τ
(2)
σ l

,

∂r13l

∂t
= φ2l

(
∂υx

∂z
+ ∂υz

∂x

)
− r13l

τ
(2)
σ l

,

∂r23l

∂t
= φ2l

(
∂υy

∂z
+ ∂υz

∂y

)
− r23l

τ
(2)
σ l

,

(A8)

where

φvl = 1

τ
(v)
σ l

(
1 − τ

(v)
εl

τ
(v)
σ l

)
∂rl

∂t

θ = ∂υx

∂x
+ ∂υy

∂y
+ ∂υz

∂z
,

(A9)

where r is the first time derivative of the memory variable
(∂e/∂t).
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