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Modeling seismic attenuation and dispersion in partially saturated rocks
based on fluid distribution from computed tomography scans

Jing Ba', Haojie Che', Chao Sun?, Lin Zhang', and José M. Carcione®

ABSTRACT

The anelastic properties of seismic waves (attenuation and
velocity dispersion) in partially saturated rocks depend on the
spatial distribution of pore fluids. We map the fluid distribu-
tions in three sections of a limestone core sample with X-ray
computed tomography (CT) scans and obtain the radii and
volume fractions of the gas patches. These statistical data
are input into an infinituple-porosity model with partial sat-
uration, the results of which are compared with the forced
oscillation (from 0.004 to 100 Hz) and ultrasonic (1 MHz)
measurements, and the results of other approaches (the fractal
model, the continuous random media model, and the finite-
element method). The anelastic properties indicate significant
differences among different sections due to fluid distribution.
We find that it is possible to effectively characterize seismic
anelasticity in a partially saturated limestone by using actual
fluid distributions from CT scans and an appropriate petroe-
lastic model. The agreement between the theory and the ex-
periment proves the validity of our approach.

INTRODUCTION

Wave-induced fluid flow (WIFF) in partially saturated rocks is
considered one of the main causes of anelasticity (attenuation and
velocity dispersion) (Pride et al., 2004; Miiller et al., 2010; Ba et al.,
2013, 2019; Solazzi et al., 2019; Guo and Gurevich, 2020; Kumar
et al., 2022). These effects depend on the saturation, distribution, and
physical properties of the pore fluid. Differences in fluid properties,
heterogeneity on the rock frame, and other factors lead to attenuation

due to mesoscopic flow, with scales much smaller than the seismic
wavelength but larger than the pore/grain size.

Previous theoretical and experimental studies have shown that
WIFF causes significant anelasticity (White et al., 1975; Murphy,
1982; Carcione et al., 2003; Carcione and Picotti, 2006; Ba et al.,
2008; Sharma and Kumar, 2011; Deng et al., 2012; Wang, 2016;
Ba et al., 2017; Wu et al., 2020; Kumar et al., 2023, 2024). White
(1975) introduces the first model based on spherical fluid patches,
and Dutta and Seriff (1979) reformulate the White model based on
the Biot theory. Johnson (2001) extends the White model to patches
of arbitrary shapes. Miiller and Gurevich (2004) propose a model as-
suming random fluid distributions. Liu et al. (2010) analyze the effects
of different fluids on the anelastic properties. Ba et al. (2011, 2014)
derive the Biot-Rayleigh equations for wave propagation in rocks with
double porosity. Zhang et al. (2021) combine the differential effective
medium theory and Biot-Rayleigh theory to derive an infinituple-
porosity model (IPM), and Zhang et al. (2022) extend this model to
partial saturation based on the fractal patches, hereafter referred to as
the IPM with partial saturation (IPMPS) model. Wu et al. (2021)
develop a model for partially saturated media by combining the micro-
scale squirt-flow and the mesoscale patchy-saturation theories.

Computed tomography (CT) scans are widely adopted to map
the fluid spatial distribution in real rocks. Cadoret et al. (1995)
perform experiments on partially saturated limestone samples us-
ing drying and depressurization methods, wherein CT scanning
was adopted to image the fluid distribution. They find that
the fluid distribution under depressurization conditions is more
uniform, whereas drying leads to heterogeneous distributions.
Toms-Stewart et al. (2009) compute the Debye correlation length
based on CT scans and observe that, with increasing gas satura-
tion, the length exhibits a nearly linear decrease. This indicates
that the correlation length is highly sensitive to gas saturation
and can serve as a key parameter for quantifying changes in
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gas saturation. Qi et al. (2014) extend the random patchy-satura-
tion model to study capillary pressure effects on fluid patches,
with the fluid distribution obtained using CT images. Based on
the CT scans measured by Cadoret et al. (1995), Kobayashi
and Mavko (2016) extend the dynamic equivalent-medium ap-
proach to partially saturated media by introducing correlation
lengths varying with the saturation. This method can predict
the anelasticity of P waves quite well. Chapman et al. (2021)
perform depressurization experiments to induce the exsolution
of carbon dioxide from the water in the Berea sandstone samples
and characterize the fluid distribution with CT scans as input to
calculate the anelasticity. Their numerical solution is consistent
with laboratory experiments. Sun et al. (2022, 2023a) use a
finite-element method combined with CT scans to determine
P-wave anelasticity. Their simulations agree with the experimental
results.

In previous studies (e.g., Carcione and Picotti, 2006; Zhang
etal., 2015), the patch size could be assumed in modeling the wave
responses for a patchy-saturated rock. Here, we obtain CT scans of
the core samples to map the fluid distribution, and the patch radii
and volume fractions are used as inputs for the [IPMPS model. The
results are then validated against the experimental data. Figure 1
shows the workflow for comparing theoretical modeling with
experimental results.

l Experiments

[_ HXeray computed tomography mqu

i
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CT SCANS FOR SATURATION MAPS
Samples and experiments

The sample was taken from Indiana limestone, as described by
Borgomano et al. (2019) and other works (e.g., Michalopoulos and
Triandafilidis, 1976; Hart and Wang, 1995; Vajdova et al., 2004;
Zhu et al., 2010; Ji et al., 2012). All the experimental data (forced
oscillations, ultrasonic measurements, and CT scan data) in this pa-
per were provided by Sun et al. (2022). The physical properties are
provided in Table 1. The porosity was measured by the triple-weight
method, and the permeability was measured by the steady state fluid
flow under water saturation (Borgomano et al., 2019). The CT
scanned volume had a diameter of 40 mm and a height of
38.4 mm, with a voxel size of 0.022 mm X 0.022 mm X 0.022 mm.
The images in different saturation states are shown in Figure 2.
Figure 3a shows the spatial location of the different sections.
The statistical analysis of the variation in porosity with the volume
in 3D digital cores has determined the representative elementary
volume (REV), as characterized by Bear (1972). As shown in
Figure 3b, we consider 10 test points within the 3D digital core
and analyze the trend of porosity variation with increasing pixel
count at these points. At a pixel count of 150, the porosity is stable
and approaches the sample (10.8%). The acceptable REV scale is

approximately 3.3 mm (a pixel count of 150 and
a pixel size of 0.022 mm).

Reconstruction of the saturation map
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pixels of the dry-rock image have the following
values:

CTdry ~ (1 - ¢)CTgrain + ¢CTajrv (D
where ¢ is the porosity and CT,,, and CTy; cor-
respond to the grains and air-filled pore spaces,
respectively. At full water saturation, we have

CTfullsat ~ (1 - ¢)CTgrain + ¢CTwater~ (2)

L4
Prediction resules (& peri | data ]

Figure 1. Workflow to compare the theoretical and experimental results.

Table 1. Physical properties of the Indiana limestone (from
Sun et al., 2022).

Indiana

limestone Air Water
Grain bulk modulus K, =177
(GPa)
Bulk modulus (GPa) K, =25 Kl=1x10"* K =225
Shear modulus (GPa) G, =15.2
Density (g/cm?) ps=2.3692  pl=0.001 =1
Viscosity (Pa-s) n=2x10" zf=1073
Porosity (%) ¢ =10.8
Permeability (m?) k=2x10""

Note: The dry-rock bulk (K,) and shear (G,) moduli of Indiana limestone were
measured at the confining pressure of 5 MPa.

In drainage, the gas in the pore space is air. For
partial saturation, we have

CTpartsal ~ (1 - ¢)CTgrain + ¢(UICTwater + U2CTair)’ (3)

where v; and v, are the percentages of water and air in the pore
spaces, respectively.

Equations 1-3 lead to errors at the grain/pore interfaces that are
negligible, according to Ketcham and Carlson (2001), because these
interfaces rotate randomly relative to the plane of the scan. In general,
the CT value does not change significantly with the relative propor-
tion of gas to water in the pore space. The CT value that changes with
gas saturation is much smaller than the CT value of the rock skeleton.

To effectively determine the gas distribution, we use the approach
of Cadoret et al. (1995) to construct a gas-saturation map. First, we
measure the CT images at different saturation states. Then, the
porosity map is obtained by subtracting the full water-saturation
image from the dry-rock image, and the gas content map is obtained
by subtracting the partial water-saturation image from the full
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water-saturation one. Eventually, the gas-saturation map is obtained
by dividing the gas content map by the porosity map.
The pixels of the three maps have the following values:

CTpor = ¢(CT3.II - CTwater)’ “4)
CTlircont = ¢UZ (CTwaler - CTair)v (@)
CTlirsar = —02- (6)

In the calculation, the pixel size is coarsened from 0.022 to
0.176 mm. Coarsening is applied to obtain a representative elemen-
tal volume in which porosity and gas saturation are determined and
to reduce errors in these properties (Chapman et al., 2021).

Statistical characteristics of the gas patches

The gas-saturation map obtained is shown in Figure 4, where
small gas patches can be seen. These patches do not represent
the actual fluid distribution but rather the noise generated during
the experiment, as it is not guaranteed that the spatial location of
the sample after each scan is entirely consistent with the previous
one. Cadoret et al. (1995) also discuss this noise.

Gas saturation of ‘Water saturation of Water saturation of
100% 89% 100%

10 1mm

10 mm
i T

10 e

Figure 2. The CT scan images along different sections with satu-
rations, extracted based on the CT data of Sun et al. (2022). Here,
XY, XZ, and YZ denote the core sections (the black: the pores,
where gas exhibits an even darker color compared with water,
and the gray: the grains).
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To eliminate the noise, adaptive filtering is applied to the gas-sat-
uration map. The adaptive filter is more selective than a comparable
linear filter, preserving the edges and other high-frequency parts of
an image. This involves binary segmentation using a global thresh-
old to filter out the noise. The image is then converted to a binary
matrix. The binary gas-saturation map, as shown in Figure 5, in-
cludes water-saturated regions (in blue) and gas-saturated regions
(in orange). The binary map provides a visual representation of
the distribution of the gas patches. In the XY section, the distribu-
tion of the patches is more uniform and their size is much smaller
than in the XZ and YZ sections. Differences in the spatial distribu-
tion of pore structures (i.e., the pores and cracks) and the density of
gas, which is obviously less than that of water, can lead to discrep-
ancies between the patch sizes obtained from the XY section and
those obtained from the XZ and YZ sections, which may be the
reason why the patch size obtained from the XY section is smaller
than those obtained from the XZ and YZ sections.

We perform a statistical analysis of the gas patch size for the three
different sections. By finding the smallest circumscribed circle and
the largest inscribed circle for the irregular shape, we obtain the
circumradius and inradius of the gas patch, and the average radius
is then obtained as the average of the two values. The volume frac-
tion is determined by counting the percentage of the individual gas

a)

44 mm
44 mm

38.346 mm

50 100 150 200 250 300
Number of pixels

Figure 3. (a) The spatial locations of the three sections and (b) the
relationship between the REV size and porosity.
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patch in the binary map shown in Figure 5. Thus, we obtain the data
for the three sets of radii (r) and volume fraction (v).

Figure 6 shows the range of the radius distribution resulting from
the statistical analysis of the sections. It is noticeable that the num-
ber of bins for the inradius is smaller, and the frequency is higher for
the circumradius. This discrepancy is attributed to the coarsening
effect. The histogram for the XY section has an overall exponential
distribution. The number of small radii (circumradius <0.24 mm,

4

indicates gas saturation.

.h).w.

Figure 5. A binary map of the (a) XY, (b) XZ, and (c) YZ sections.
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Figure 4. The gas-saturation map of the (a) XY, (b) XZ, and (c) YZ sections. Here, S,

Ba et al.

average radius <0.2 mm, and inradius <0.17 mm) accounts for a
large proportion of all the patches. As the radius increases, the pro-
portion gradually decreases. In contrast, the histograms for the XZ
and YZ sections are similar. The number of large radii (circumra-
dius >1.58 mm, average radius >0.86 mm, and inradius >0.35 mm)
and small radii (circumradius <0.48 mm, average radius <0.37 mm,
and inradius <0.17 mm) account for a small proportion of all
the patches, whereas the proportion of patches with medium radii
predominates.

Figure 7 shows the relationship between the
radius and the volume fraction of the different
sections. Each scatter point represents a gas patch
of a particular size. More data scatters for smaller
gas patch radii indicate that there are more small-
sized gas patches within the sample. It is relevant
to the pore structure and the fundamental physi-
cal properties of the core and fluids, where more
small-sized gas pockets could be expected within
the host fluid of water (e.g., see the results of Sun
et al., 2023b). There is an apparent correlation,
indicating that small-radius gas patches corre-
spond to smaller volume fractions and occupy
a smaller percentage of the pore space. As the
radius increases, the corresponding volume fraction also increases
and occupies more pore space. The calculated sum of all gas patch
volume fractions in the three sections is as follows: 11.11% (XY),
10.98% (XZ), and 11.14% (YZ). These values are in good agree-
ment with the gas saturation (11%).

THEORY

Based on the gas patch distribution shown in Figure 5, it is evi-
dent that each section contains hundreds of groups of gas patches
with varying shapes. In the theoretical model of

partially saturated rocks, the White model as-
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sumes a uniform size distribution of gas patches,
whereas the continuous random media (CRM)
model introduces an autocorrelation function
to characterize the spatial distribution of gas
patches within a certain size range. However,
these models fail to account for the impact of
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propagation. The IPMPS model has the ability
to address this limitation by assuming that there
are two immiscible fluids with different proper-
ties, one relatively less compressible (e.g., water)
and one highly compressible (e.g., gas). The for-
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mer occupies a completely continuous volume of
rock (the host) surrounding a dilute concentra-
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tion of spherical gas-saturated patches (the inclu-
sions). The inclusions are divided into infinite
groups of additions with the same properties,
such as density, viscosity, and volume fraction,
and different sizes. These patches are gradually
introduced into the host phase of a fully water-

YZ

. 0
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Figure 6. Statistical frequency distribution histograms of the different radii in different
sections: (a, d, and g) circumradius, (b, e, and h) average radius, and (c, f, and i) inradius.

0.3
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e @ saturated rock to achieve a partial-saturation

state. Figure 8 shows a diagram of adding inclu-
sions of different sizes. The specific equation of
the IPMPS model is provided in Appendix A.
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The order of the addition of the patches

To investigate the influence of the order in which the inclusions
are added, the XZ section serves as an example. We inserted the
statistically determined radius and volume fractions from Figure 7d
to 7f into the model in two different ways: first, by adding them
sequentially from the smallest to the largest inclusion, and second,
by adding them in random order. Further properties are shown in
Table 1. The results are shown in Figure 9. It was found that the
order in which patches are added has a minimal
effect on the result. Therefore, in the following,

MR243

properties has a smaller effect. Porosity, permeability, and water vis-
cosity have a certain influence on the attenuation when considered
individually, whereas permeability and water viscosity have a
stronger influence on the attenuation when they interact with other
properties. Figure 10c and 10d shows the effects of the properties on
the bulk modulus and attenuation at a frequency of 400 Hz. Porosity
and water viscosity have a greater influence on the bulk modulus
when considered separately. Similarly, porosity, permeability, and
water viscosity all have a significant effect on attenuation when

the gas patches are added in order from the small- a)x - b)x - Clm_j
est to the largest patch. J . A . 3 .
CRE: . . 15 L s 2
Sensitivity analysis £, .-.':, : ol | H .
. g - - .:g.‘ !*4.3.0.' | L] Xy
To validate the robustness of the IPMPS Z0s ji‘ r 0s h'- 05
model, we applied the Sobol method to perform 1 " ol \
a Sensitivity analySiS fOr the parameters prO- L 0.5 1 L5 0.2 o4 0.6 08 015 0.2 025 03 03s
vided in Table 1. The Sobol method, a vari- d . € . b
ance-based Monte Carlo technique, serves as 3 : 3 : 3 :
a form of global sensitivity analysis. In this E ] % E
method, the model is decomposed into func- ;? z . 2% "t R . .:‘ 3 : H HEr—
tions that include individual input parameters _§ . .ﬁ\g - i "‘g?g' o ; I | i ;
and combinations of multiple input parameters. = # §
By evaluating the impact of the variance of indi- S s 2 15 ' s 1 1S 005 02 025 03 035 04
vidual or multiple input parameters on the total g h) | .
variance of the output, the Sobol sensitivity in- 251 . I =T o B L e
dices are calculated. These indices are defined E? Jae o 2 : : . .
as follows (Sobol, 2001): 218 e, & 15 T .
b ‘F; i ﬁl . i . I l . YZ
i ..y s
Sil...isle? @) E: ": ’
n 1 2 3 L5 o 0.z 03 (L] ns (X
Circomradiuns {(mm) Average radius (mm) Tnradias (mm)

where D is the variance and D;, ; denotes the
partial variance corresponding to the subset of
parameters. For the ith input parameter, S; =
(D;/D) represents the first-order sensitivity
index, S;; = (D;;/D) denotes the second-
order sensitivity index, and Sr; = §; + S;;+ --- +8;.; , repre-
sents the total-order sensitivity index. In general, the first-order
sensitivity indices and the total-order sensitivity index are used to
measure the importance of the input parameters: the first-order sen-
sitivity index serves as an indicator that measures the contribution of
a single parameter to the variance of the output. A larger first-order
sensitivity index indicates a greater influence of this parameter on the
variance of the output. In contrast, the total-order sensitivity index
evaluates the contribution of an individual parameter and its interac-
tion with other parameters to the output variance. The difference be-
tween the total- and first-order sensitivity indices reflects the size of
the contribution of the interaction between the parameter and other
parameters to the variance of the output.

We have selected four key properties for the analysis: porosity,
permeability, water, and gas viscosity. The variation range of these
properties is shown in Table 2. Their effects on the bulk modulus
and attenuation were investigated at frequencies of 40 and 400 Hz.
Figure 10a and 10b shows the influence of these properties on the
bulk modulus and attenuation at a frequency of 40 Hz. It can be seen
that permeability and water viscosity individually have the greatest
influence on the bulk modulus, whereas the interaction between the

Figure 7. The relationship between the different gas patch radii (r) and the volume frac-
tion (v) of the different sections: (a, d, and g) circumradius, (b, e, and h) average radius,
and (c, f, and i) inradius.

The host

The host 1

=

The host 0 and
the inclusions 1

The host T and
the inclusions 2

The host a-1 and
the inclusions o

Figure 8. Schematic diagram of adding inclusions.
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considered individually. Although there is some influence, the in-

teraction between the properties has a minimal effect on the bulk

modulus and attenuation. The influence of gas viscosity on the

model prediction results is negligible and can be ignored.
RESULTS

Example with statistical data

Based on the statistical analysis, the gas patch radii (r) and volume
fraction (v) in Figure 7 are considered as inputs to equations A-1-A-4.

Table 2. Ranges in the sensitivity analysis.

Lower limit Upper limit

Ba et al.

The results from equations A-18 to A-20 are compared with exper-
imental data for a rock with 89% water saturation during the drainage
process. The properties are shown in Table 1.

Figure 11 compares the theoretical and experimental bulk modulus
(K) and attenuation (dissipation factor, 1/Q) for the different sections
at 89% water saturation. In Figure 1la, R*> = 0.8217 (BR),
R? = 0.6669 (R), and R? = 0.3840 (SR) (the bulk modulus). In Fig-
ure 11b, R? = 0.6749 (BR), R? = 0.6198 (R), and R? = 0.5839 (SR)
(attenuation). In Figure 11c, R? = 0.9442 (BR), R? = 0.9484 (R), and
R? = 0.4228 (SR) (the bulk modulus). In Figure 11d, R> = 0.8864
(BR), R? = 0.8300 (R), and R?> = 0.5845 (SR) (attenuation). In
Figure 11e, R? = 0.9488 (BR), R? = 0.9430 (R), and R? = 0.4329
(SR) (the bulk modulus). In Figure 11f, R> = 0.9021 (BR),
R? = 0.8091 (R), and R? = 0.5870 (SR) (attenuation). The results
for sections XZ and YZ are in better agreement with the experimental

Porosity (%) ¢ 5 15 data than those for section XY. Due to the strong heterogeneity of the
Permeability (m?) x 2 % 10718 2 % 10716 p}?re sFructuge, tl}e p(();;f shapes a;e different in diflferent directi(;gs, @d
. - 4 ) there is a density difference between gas and water, resulting in
W.ater. VlSC.OSIIy (Pa-s)l Tt 10 » 10 i differences in the fluid distribution in different directions. The XZ
Air viscosity (Pa-s) r; 2x10 2x10 and YZ sections can better represent the main shapes of fluids in
3D rocks. Among the three sets of radii and vol-
ume fractions, those of the average radius (the red
a) h) 015 curves) agree better with the data. In the following
Fn T S; NN discussions, the average radius is considered the
S 30 / ‘;" é 0.1 ," ;‘““ 5 / "‘,‘ representative radius for gas patches.
= S/ E / ;A ;!,! A The results for the bulk modulus are generally
E g — 7 ;\ i ] consistent with the data. However, at low frequen-
o M /7 /AN N\ cies (<1 Hz), the predicted bulk modulus is
= = oA A\ N slightly higher. The dry-rock bulk modulus (K,)
v ﬂ_";ur, 0 == I(::' was measured at the confining pressure of 5 MPa.

Frequency (Hz)

Frequency (Hz)

Figure 9. The effect of the different additions of gas patches in the XZ section on the
model predictions for (a) bulk modulus and (b) attenuation. The dotted lines are added in
order from small to large and the dotted lines are added in random order.
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Figure 10. The effect of porosity, permeability, water viscosity, and air viscosity on the
model predictions. (a and b) The predicted bulk modulus and attenuation of 40 Hz, respec-
tively, and (c and d) the predicted bulk modulus and attenuation of 400 Hz, respectively.

Compared with zero confining pressure, a few
cracks have closed, resulting in a predicted bulk
modulus higher than the experimental one. Attenu-
ation follows a similar frequency-dependent trend
as the experimental data. The theoretical peak at-
tenuation is higher than the experimental one,
which could be due to subtle differences between
the fluid distributions obtained from the 2D sec-
tions and the real conditions.

Example with fractal dimension

Previous work states that fluid distribution has
fractal characteristics (Feder, 1988; Miiller et al.,
2008; Zhang et al., 2015). We classify the gas
patches in the binary map of Figure 5 by the box
counting method (Liebovitch and Toth,1989). The
fractal dimensions D of the three sections are: the
XY section: 1.4826, the XZ section: 1.3907, and
the YZ section: 1.4507. Based on the relationship
between porosity and the measurement scale pro-
posed by Rieu and Perrier (1998), the volume frac-
tion of the embedded inclusion as a function of the
inclusion sizes is
Dg=Dy

vp=1- (rmin/rmax) ®)
where Dy, is the Euclidean dimension, Dy is the
fractal dimension, and 7, and 7, are the mini-
mum and maximum inclusion radii, respectively.
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These quantities for the gas patches are obtained by the statistical
analysis of the three sections and then substituted into equation 8
to estimate the corresponding volume fractions. The inclusion is di-
vided into 25 parts and added to the IPMPS model. In fact, the IPMPS
model theoretically allows for the division of the inclusions into in-
finite (much more than 25) parts. To reduce the computational cost
and maintain the accuracy of the predictions, it is found that dividing
the inclusions into 25 parts yields acceptable simulation results. The
radius and volume fraction satisfy the fractal (self-similar) distribu-
tion. The properties are provided in Table 1.

Figure 12 compares the modeling results obtained using the
average radius (in red) and fractal dimension (in blue) with the
experimental data (in circles). In Figure 12a, R?> = 0.6669 (R)
and R? = 0.7668 (D ¢) (the bulk modulus). In Figure 12b,
R?=0.6198 (R) and R? = 0.6414 (D) (attenuation). In Figure 12c,
R?=0.9484 (R) and R? = 0.9515 (D) (the bulk modulus). In Fig-
ure 12d, R? = 0.8300 (R) and R* = 0.8480 (D) (attenuation). In
Figure 12e, R? = 0.9430 (R) and R? = 0.9500 (Dy) (the bulk modu-
lus). In Figure 12f, R? = 0.8091 (R) and R? = 0.8471 (Dy) (attenu-
ation). The results are in good agreement with the data, and those of
the XZ and YZ sections show a better consistency. The velocity
dispersion and attenuation can be used to directly estimate the
gas patch radii and volume fractions or the fractal dimension by
assuming a self-similar distribution.

Comparison with the CRM model

In the CRM model, correlation length is a key parameter for pre-
dicting wave velocities and attenuation (Toms et al., 2006, 2007).
Toms-Stewart et al. (2009) propose a method to determine the
Debye length as a substitute for the correlation length, and the
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Figure 11. A comparison between the theory and the experiment
for the (a and b) XY, (c and d) XZ, and (e and f) YZ sections. Here,
BR, SR, and R indicate the results corresponding to the circumra-
dius, inradius, and average radius, respectively. The red circles are
the measured data.
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correlation function in a binary map can be derived based on the
probability of random points falling into two distinct regions:

x(1) = Sy (L. 1+ dl) = S ()%, ©)

where [ is the correlation lag and S, (/, [ + dl) is the two-point prob-
ability function for the water-saturated domain, where this function
refers to the probability that two random points displaced by a scalar
distance d! are located in that domain. The function is determined
using the Monte Carlo method (Hammersley, 2013). In addition,
Sy (1) is the single-point probability function for the water-saturated
domain, i.e., it is based on randomly generating a point on the
binary map and recording the number of times for which it falls
within the water-saturated area divided by the number of all random
points. It is equivalent to the volume fraction of the water-saturated
region in the binary map.

Figure 13 illustrates the correlation functions of different sections
as a function of the correlation lag, showing an exponentially de-
creasing trend. Toms-Stewart et al. (2009) consider that the correla-
tion functions change with fluid saturation and rock type. This study
shows that the differences in the correlation functions for the 2D sec-
tions can be related to the distinct flow patterns in different directions.

By assuming a binary map representing a Debye random
material, the Debye correlation length can be obtained using the
correlation function (Debye and Bueche, 1949)

xt) e (“11). (10)

a

where a is the Debye correlation length. The Debye correlation
lengths of the three sections XY, XZ, and YZ are 0.332, 0.433,
and 0.432 mm, respectively, obtained by substituting a into the
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Figure 12. A comparison between the theory and the experiment
for the (a and b) XY, (c and d) XZ, and (e and f) YZ sections ob-
tained with the average radius (in red) and the fractal dimension
(in blue). The red circles are the measured data.
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CRM model. Except for the correlation length, the other modeling
parameters are the same as those of the IPMPS model.

Figure 14 shows the effects of correlation length on the CRM
model. In Figure 14a, R? = 0.6669 (XY), R? = 0.9484 (XZ), and
R? = 0.9430 (YZ) (the bulk modulus by the IPMPS model), and
R? =0.3879 (XY), R? = 0.4446 (XZ), and R? = 0.4442 (YZ) (the
bulk modulus by the CRM model). In Figure 14b, R? = 0.6198
(XY), R* = 0.8300 (XZ), and R*> = 0.8091 (YZ) (attenuation
by the IPMPS model) and R?> = 0.6568 (XY), R* = 0.6850
(XZ), and R? = 0.6848 (YZ) (attenuation by the CRM model).
As the length increases, the dispersion and the attenuation shift
toward lower frequencies. In contrast to the IPMPS model, the

0.8

0.6}
0.4\

0.2f

Correlation function

0 10 20 30 40
Correlation lag

Figure 13. Correlation functions for the different sections. The lag
is the number of pixels.

Ba et al.

CRM model results show little difference between the sections. Fig-
ure 14a shows that the two models have the same bulk moduli at the
low- and high-frequency limits. The IPMPS model shows a narrower
band of anelasticity (2.7-8.3 x 10? Hz) and agrees well with the ex-
perimental data, whereas the CRM model shows a wider dispersion
band (5.6-1.6 x 10° Hz). This discrepancy could be due to the fact
that the Debye correlation length is an approximation and cannot
fully reproduce the scales of the gas patches in the binary map. In
Figure 14b, it can be seen that the CRM model predicts significantly
lower attenuation compared with the IPMPS model. In addition, the
characteristic frequency of the peak attenuation of the IPMPS model
is lower and agrees better with the experimental data, whereas the
CRM model predicts a higher characteristic frequency.

Figure 7 shows that the proportion of gas patches with a small
radius is also very small. The correlation lengths in the CRM model
of the three sections are close to the statistical minimum radius limit.
They can only reflect the size of a very small part of the gas patches
and cannot be used to represent all gas patches. As a result, the pre-
dictions of the CRM model are suboptimal. The biggest advantage of
the IPMPS model is that it can replace gas spots of different sizes one
after another, which makes it an effective tool for studying multiscale
fluid distribution.

Comparison with the finite-element method

Figure 15 shows the comparison between the IPMPS model and
that of Sun et al. (2022) based on finite elements. In Figure 15a,
R? = 0.9484 (XZ) and R* = 0.9430 (YZ) (the bulk modulus by
the IPMPS model), and R> = 0.9080 (XZ) and R? = 0.8725 (YZ)
(the bulk modulus by Sun et al, 2022). In Figure 15b,

R? =0.8300 (XZ) and R? = 0.8091 (YZ) (attenu-
- ation by the IPMPS model), and R? = 0.8673 (XZ)

and R? = 0.8255 (YZ) (attenuation by Sun et al.,
2022). At low frequencies (<18 Hz), the predic-
tions of the two methods are consistent. However,
as the frequency increases, the IPMPS model pre-
dicts higher moduli and attenuation. Figure 15a
shows that the moduli determined by the IPMPS
model agree better with the data. Figure 15b
shows that both methods predict the characteristic
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Figure 14. A comparison between the IPMPS and CRM models for (a) bulk modulus

and (b) attenuation. The red circles are the measured data.
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frequency of peak attenuation. At low frequencies
(<20 Hz), the attenuations of both models are
lower than the experimental values. In the
frequency range around the peak (>20 Hz), the
IPMPS model predicts higher attenuation. The
finite-element method allows for precise simula-

tions of structural, thermal, and fluid dynamics
behaviors by discretizing the domain into smaller
and manageable elements. This approach is
particularly useful for predicting responses in
heterogeneous materials and systems under vari-
ous loading conditions, making it a valuable tool
for research and practical engineering applica-
tions. The IPMPS model fully considers the
impact of gas patch size on seismic wave disper-
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Figure 15. (aand b) A comparison between the IPMPS model and the finite-element-based
model for (a) bulk modulus and (b) attenuation. The red circles are the measured data.
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sion and can predict variations in the seismic wave
velocity for different saturations. The method is
well suited for applications involving hetero-
geneous rocks caused by differences in fluid prop-
erties.

10? 10
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A comparison of prediction results for different
sections in the same direction

We have considered the three different sections in the XY direc-
tion: XY1 (the same as the XY section mentioned in Figure 3a),
XY2, and XY3, whose spatial locations are shown in Figure 16a.
By using the same processing steps as described, we obtain the
gas-saturation maps with the corresponding binary images shown
in Figure 16b—16d. The number of gas patches in the XY3 section
is obviously lower than those in the XY1 and XY2 sections. The
calculations show that the total volume fractions of the pockets in
the binary images are as follows: 11.11% (XY1), 12.11% (XY2),
and 7.04% (XY3). Figure 16 shows that the gas-water distribution
in different sections in the XY direction is influenced by gravity,
with more gas distributed in the upper layers of the core sample
and more water concentrated in the lower layers. Figure 17 shows
a comparison of the model predictions for different sections. The
predictions for XY1 and XY2 are similar, whereas the difference
in gas saturation between the sections leads to deviations in the
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Figure 16. Spatial locations of the three sections in the XY direc-
tion and their corresponding binary images. (a) Spatial locations of
the three sections (XY1, XY2, and XY3) and (b—d) the binary im-
ages corresponding to these sections.

&
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prediction for XY3. The bulk modulus is higher overall, with
slightly larger attenuation and a shift to lower frequencies.

From the results in Figures 16 and 17, it is evident that, due to the
influence of gravity, there are significant differences in fluid saturation
between 2D sections in the XY direction, making it difficult to select
an appropriate 2D section to represent the entire 3D rock. Therefore,
the 2D sections in the XY direction are not representative of the whole
sample. By comparing the prediction results in all three directions, it is
observed that in the XZ and YZ directions, the fluid saturation ob-
tained from the 2D sections is similar to that of the entire rock,
and the predicted results match well with the measured bulk modulus
and attenuation, whereas the prediction results from the XY section
differ more significantly. This suggests that the sections in the XZ
and YZ directions are less influenced by gravity and can better re-
present the overall rock.

CONCLUSION

We use CT scan images to obtain information on fluid distribution
in partially saturated rocks and perform statistical analysis of the gas
patches. This information is used to calculate the wave attenuation and
velocity dispersion caused by the local fluid flow at the mesoscopic
scale using the IPM with partial saturation. The results show a good
agreement with the experimental data. It has been shown that the use
of CT scan information to replace the assumed fluid distribution sce-
narios in the model is feasible. Application of the workflow presented
here to other samples also could be considered in future work.

We use other methods to calculate the wave anelasticity, namely,
one based on the fractal dimension and another based on the finite-
element method. Comparisons show that the present model provides
better agreement with the experimental data, although the difference
between the predictions of the model based on directly measured fluid
distributions and those based on the estimated fractal dimension is
small. In the XY direction, comparisons among the different sections
indicate that the effect of gravity plays a role in the gas-water distri-
bution in the rock sample. By extracting the gas patches’ radii and
volume fractions from the CT scan images of the rock samples
and inputting them into the IPMPS model for prediction, the theoreti-
cal results have achieved an R? value of up to 0.94 compared with the
experimental data. The method is applicable to effectively predict the
seismic wave dispersion and attenuation responses, providing a quan-
titative link between seismic attributes and pore fluid distribution.

In this work, the radii and volume fractions of the three used sec-
tions may be close to the averaged ones, although there are some mis-
matches of the modulus dispersion and 1/Q in the
low-frequency range. In the rock-physics studies
probing into the detailed microstructures of rock

b) 4.5
0 )

= 30} g o0a
= 28} 5
E g

E 26 £ 005
£ =
5 241 =
=

22 0

samples, each sample could be different, and
one can never have two identical rock samples,
leading to endless challenges. The work presented
here can be one of the showcases if we need to dig
into the microscale structures of rocks, whereas
seismic data cannot have such a high resolution.
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Figure 17. Model predictions for the different sections in the XY direction for (a) bulk

modulus and (b) attenuation.
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APPENDIX A
IPM WITH PARTIAL SATURATION
The corresponding equations for wave propagation are (Zhang
et al., 2022)
(N + NZ¢ydS)V?u+ (A + N)Ve + (Ag + NZ)odSVe

+ OnpoSV (Eu + {podS)
1Ry (% _a 1) $odSVEy + Q1odSV (& — $oSC)

K
= pooli + (P00 Z — ps — Por) PodSii + po1poSUx
N S
+ p019p5ZSdSUy + porpodSU; +—— (1 — Uy)

Ky
2.1
LI 2450 -0 + S ),
Ky K1
R
QHVe+RHV<§H+4¢odS>+§(V§H—Ve>¢ods

Ry/ 1 o
(H‘ SH <KH Ks>d5> <P01“+P1|UH

(A-2)

_ o 3 _(/’oﬂlf[ T
O1Ve + RV (&1 —¢SE) = poaii + po Uy P (u-0y),
(A-3)
(QHe + Ry (&n + {podS)) — (Qre + Ri(& — ¢0S¢))
2 A4
¢3S <¢o C) (A-4)

where u, Uy, and Uj are the solid displacement and the fluid
displacements of the two-pore phases, respectively; the water sat-
urations (S) are equal to the volume fractions (v) of the host; ¢ is
the porosity of the host; e is the solid divergence field; £y and &; are
the fluid strains of the two-pore phases saturated by the host and
inclusion fluids, respectively; ¢ denotes the fluid strain increment
between the two pore phases; K, K?, and K% are the grain, host,
and inclusion fluid bulk moduli, respectively; p; and pf are the den-
sities of the grain and host fluid, respectively; ki and k; are the per-
meabilities of the host skeleton and inclusions, respectively; 7 and
nt are the viscosities of the host and inclusion fluids, respectively;
and r is the inclusion radius. The stiffnesses A, A4, N, Oy, O, Ry,
Ry, and Z and the density coefficients py, po1s P02, P11, and py, are

Ag=(1-pS)K

H
S (ﬁ—UH>>,

Ba et al.

2
A= (1-¢S)K, - §N — K /K{' OuepoS. (A-5)

2
Z-3NZ - OiRy(K,/(K{'K}) = 1/K})

- O1K,/K} + RyK, /K — K (A-6)
N =G, (A-T)

o S s
=1z 415)5( 1—_Kq:(}§<_f I;é[;;g}qsos (A-9)
Ra =1 g5 - Kf/lqzoi K,/Ki,S (A-10)
R = KdoS , (A-11)

1= oS — K,/ K + Ky/KihoS

Z = Ry/(¢oS)(1/Kf = 1/K) + Ri/ (¢oS)(1/K} — 1/Ky),

(A-12)
poo = (1 = ¢oS)ps = dopor - (A-13)
por = (1 —a)pi!, (A-14)

pox = (1= a)pi, (A-15)

i = flﬂ?» (A-16)

P = 0‘/’}’ (A-17)

where K, and G, are the dry-rock bulk and shear moduli, respec-
tively; a is the tortuosity; and p! is the density of the inclusion fluid.
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The complex P and S wavenumbers (kp and kg) are obtained by
a plane-wave analysis of equations A-1-A-4. In each iteration,
equations B-1-B-4 of Ba et al. (2011) are solved (Zhang et al.,
2022) to obtain the complex bulk and shear moduli of the composite
porous medium:

k) 3
(A-18)

Ko = (1= (S +dS))p, + (S + dS)py) (3) A6

Gu = (1= oS + dS))p, + (S + dS)py) (kﬁ)

(A-19)

where o is the angular frequency and py = pHSy + pLS; is the
effective fluid density.

After the last iteration, when all the patches have been included,
we obtain the final complex bulk modulus, and the dissipation
factor is

Im(K )

g = (A-20)
€ Re(Kaw)
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