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Abstract—In the Cosserat micropolar theory, the stress tensor

is asymmetric, with the antisymmetric part representing micro

rotations, for example, of material particles such as grains in

granular porous media. The solution of the differential equations

includes the classical P and S waves, as well as two micro-rotation

waves, whose effects become significant at high frequencies.

Explicit expressions for the phase and group velocities as functions

of frequency and wavenumber for a plane wave are derived. In

homogeneous media, the P wave is not affected by the micro-

rotations, and the S wave is coupled to the micro-rotation waves, it

is dispersive and has the same velocity as in the classical theory of

elasticity at low frequencies. To our knowledge, there are no

simulations of micro-rotation waves as single wavefronts in the

literature; only their effects on the particle displacements are

simulated. A direct grid method, based on the Fourier pseu-

dospectral method for computing spatial derivatives and a fourth-

order Runge–Kutta algorithm for time integration, calculates the

wavefield in the space-time domain and simulates micro-rotation

wavefronts. A stability analysis verifies the conditions under which

the algorithm solves the Cosserat differential equations.

Keywords: Cosserat micropolar theory, micro-rotation waves,

Fourier method, Runge–Kutta algorithm, direct grid method.

1. Introduction

Differences between the classical theory of elas-

ticity and experiments arise in porous media at high

frequencies when the wavelength is comparable to

the average grain size and the rotational motion of the

grains is considered. If the phenomenon under study

has a characteristic length (such as wavelength)

comparable to the size of the grains in the body, then

the microstructure of the material becomes important

and must be taken into account. The general theory is

termed micropolar and is based on the Cosserat the-

ory (Cosserat & Cosserat, 1909). Lakes (1986)

identified additional elastic constants in polymeric

foams, and Merkel et al. (2011) experimentally

detected the propagating rotational-shear mode in

granular crystals (beads). Hassanpour and Heppler

(2015) in their table 4 provide a set of micropolar

constants for some materials, mainly obtained by

Lakes and co-workers.

Cosserat and Cosserat (1909) assumed that the

body consists of interconnected particles (e.g grains)

in the form of small rigid bodies. During deformation,

each particle is displaced by the vector u and rotated

by a micro-rotation vector u. This results in micro-

rotation waves (labelled R here), in addition to the

classical P and S waves. Parfitt and Eringen (1966)

identify six waves in isotropic media: P and R1, S1

and S2 (referred to as S here) with the same velocity,

and R2 and R3 with the same velocity (referred to as

R2 here). They show that the S wave is dispersive, the

R1 wave is compressional and the R2 wave is shear;

the latter two are also dispersive and exist only above

a cutoff frequency x0 ¼ 2
ffiffiffiffiffiffiffiffi

a=J
p

, where a is a

micropolar constant and J the rotational-inertia den-

sity. Merkel and Luding (2017) describe the

interaction of identical beads with a discrete

approach, where the displacement and rotation of

each individual bead are taken into account. They

compare the results with the micropolar theory and

suggest a modification of the latter.

To our knowledge, there are no simulations of

micro-rotation waves as single wavefronts using

Cosserat theory. Sadovskaya & Sadovskii

(2012, Eq. 10.7 and Fig. 10.19) identify the four
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velocities of the P and S waves, as well as the lon-

gitudinal and transverse rotational waves, and the

events in a micro-seismogram of Lamb’s problem,

where the waves are intermixed in a single wave

packet. They solve the system of equations using a

second-order Crank-Nicolson scheme. Other studies

only examine their effects on classical waves at rel-

atively low frequencies, assuming hypothetical

micropolar constants (Abreu et al., 2020; Xiu et al.,

2020; Dhabu et al., 2021). A completely different

algorithm, the discrete element method (DEM), sup-

ports the existence of micro-rotation waves, where

the medium consists of separate interacting particles.

Buklakov et al. (2023) and Dȩbski (2025) performed

such simulations, observing relatively incoherent

rotational waves. The former authors found that dis-

placements and coherent rotations of the shear wave

move at the same velocity, and that rotations are

more significant at high frequencies. These are

characteristics of Cosserat media. The DEM algo-

rithm could therefore be used to quantify the

micropolar constants.

Here, we consider the theory presented in Now-

acki (1974), who extensively develops the complete

theory of asymmetric elasticity, which was intro-

duced by the brothers François and Eugéne Cosserat,

who published it in 1909 in the work ‘‘Théorie des

corps déformables‘‘. The discussion begins with

dynamic problems, then considers the static ones. In

particular, the micropolar differential equations can

be decomposed into two mutually independent sys-

tems of equations, and this is the case we solve here

with a numerical algorithm. We first perform a plane-

wave analysis, which provides the wave velocities of

the P, S, R1, and R2 modes. We then solve the gov-

erning equations using a fourth-order Runge–Kutta

algorithm for time stepping (e.g., Jain, 1984, pp. 71–

72; Carcione 2022, Section 9.2.3) and the Fourier

pseudospectral method to compute the spatial

derivatives (e.g., Carcione 2022, Section 9.3.2),

which is infinitely accurate for band-limited periodic

functions with cutoff spatial wavenumbers smaller

than the cutoff wavenumbers of the mesh. A stability

analysis illustrates the conditions under which the

numerical solution of the differential equations is

stable.

The novelty of our work is that this is the first

simulation of micro-rotation waves since their dis-

covery by the Cosserat brothers. The two uncoupled

equations from Nowacki (1974) paper have not been

solved before. Previous studies do not show these

waves, which appear at high frequencies. There are

simulations (which we cite), but they do not show the

waves explicitly because they were conducted at low

frequencies. These micro-rotation waves behave

similarly to the slow Biot wave in porous media (e.g.,

Carcione 2022), as they are propagating waves at

high frequencies. However, in this case, there is a cut-

off frequency, and Biot waves are diffusive at low

frequencies.

2. Equations of Motion

Let us consider an isotropic 3D medium described

by the micropolar theory, where the displacement and

rotation vectors are

u ¼ ðu1; u2; u3Þ and u ¼ ðu1;u2;u3Þ; ð1Þ

respectively. Following Nowacki (1974), the equa-

tions of motion are

q€ui ¼ rji;j þ Xi; (2.1)

J €ui ¼ �ijkrjk þ sji;j þ Yi; (2.1)

rji ¼ ðlþ aÞcji þ ðl� aÞcij þ kdijckk; (2.9)

sji ¼ ðcþ �Þjji þ ðc� �Þjij þ bdijjkk þ Tji; (2.9)

cij ¼ uj;i � �ijkuk; (2.5)

jij ¼ uj;i; (2.5);

ð2Þ

where
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ui : displacement; [m]

ui : rotation; unitless

rji : force stress; ½Pa: kg/s2/m�
sji : moment stress; ½kg/s2�

cji : strain; unitless

jji : twist strain; [1/m]

q : mass density; ½kg/m3�
J : rotational-inertia density; [kg/m]

Xi : body force; ½kg/s2/m2�
Yi : body moment; ½kg/s2/m�
Tji : moment source; ½kg/s2�
l; k : Lam�e constants; ½Pa: kg/s2/m�
a : micropolar constant; ½Pa: kg/s2/m�

b; �; c : micropolar constants; ½N: kg m/s2�
dij : Kronecker delta; unitless

�ijk : Levi-Civita tensor unitless;

ð3Þ

where we have indicated the units in the MKS system

(J is inertia per unit volume). The numbers in Eq. (2)

correspond to the equations in Nowacki (1974). The

constants satisfy

3kþ 2l[ 0; l[ 0; 3bþ 2c[ 0; c[ 0;

lþ a[ 0; cþ �[ 0; a[ 0; �[ 0
ð4Þ

resulting from the fact that the internal energy is a

quadratic definite form (Nowacki, 1974, p. 7,

Eq. 2.8).

In homogeneous media and in the absence of

sources, the equations of motion become

ðlþ aÞr2uþ ðkþ l� aÞgrad div uþ 2a rotu ¼ q€u;

ðcþ �Þr2uþ ðcþ b� �Þgrad div u� 4auþ 2a rotu ¼ J €u;

ð5Þ

(Nowacki, 1974, Eq. 2.10). Green’s functions are

given in Nowacki and Nowacki (1969).

There are especial cases of the Cosserat theory.

The theory of asymmetric stress given in Qiu (2020)

and Carcione et al. (2025) is a particular case of the

micropolar equations, where b ¼ � ¼ c ¼ 0,

lþ a ¼ l1, l� a ¼ l2, and 2l ¼ l1 þ l2.

On the other hand, if a; b ! 1, then

u ¼ 1
2
r� u, and the couple-stress theory is

obtained, describing only macro-rotations, or micro-

rotations are equivalent to macro-rotations (Hassan-

pour & Heppler, 2014). Hadjesfandiari and Dargush

(2011) solved an indeterminacy of the original cou-

ple-stress theory.

If a = 0, we obtain from (5) two independent

equations, namely, the classical wave equation and

that of a hypothetical elastic medium where only

micro-rotation wave are possible.

The so-called characteristic length of micro-rota-

tion is of the order of the micro-structure (e.g., grain

size, pore radius, etc). It is given by Lr ¼
ffiffiffiffiffiffiffiffi

c=l
p

in

Nowacki’s notation (Lakes, 1986, p. 59). Lakes

(1986) uses Eringen’s (E) notation and the equiva-

lence is kE ¼ k, lE ¼ l� a, bE ¼ c� �, cE ¼ cþ �,

jE ¼ 2a and aE ¼ b (Pujol, 2009, Eq. 120; Hassan-

pour & Heppler, 2015, Table 3). The constitutive

equations in Eringen’s notation are

rji ¼ kE�kkdji þ ð2lE þ jEÞ�ji þ jE�jimðrm � umÞ;

sji ¼ aEuk;kdji þ bEuj;i þ cEui;j;

rm ¼ 1
2
�mlnun;l

1
2
r� u

� �

ð6Þ

(Parfitt & Eringen, 1966, Eqs. 1.4 and 1.5; Pujol,

2009, Eqs. 119 and 118), where

�ij ¼ ð1=2Þðui;j þ uj;iÞ. In terms of the Nowacki con-

stants, we have

rji ¼ k�kkdji þ 2l�ji þ 2a�jimðrm � umÞ;

sji ¼ buk;kdji þ ðc� �Þuj;i þ ðcþ �Þui;j:

ð7Þ

Nowacki (1974, p. 13) consider two-dimensional

problems. Let us assume a 2D problem in which the

displacements are independent of z, such that differ-

entiation along the z-direction vanishes. In such a

case, Eq. (2) can be broken down into two indepen-

dent systems of equations.

2.1. First System of Differential Equations

The following vectors appear in the first system of

equations:

u ¼ ðu1; u2; 0Þ; u ¼ ð0; 0;u3Þ;
X ¼ ðX1;X2; 0Þ; Y ¼ ð0; 0; Y3Þ;

ð8Þ

Define the particle velocity and rate of rotation as
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v ¼ ðv1 ¼ _u1; v2 ¼ _u2; 0Þ and g ¼ ð0; 0; g ¼ _u3Þ;
ð9Þ

respectively. Now the system of Eq. (2) takes the

form

_v1 ¼ ðr11;1 þ r21;2 þ X1Þ=q;
_v2 ¼ ðr12;1 þ r22;2 þ X2Þ=q;

_g ¼ ðr12 � r21 þ s13;1 þ s23;2 þ Y3Þ=J;
_r11 ¼ ðkþ 2lÞv1;1 þ kv2;2;

_r22 ¼ ðkþ 2lÞv2;2 þ kv1;1;

_r12 ¼ ðlþ aÞv2;1 þ ðl� aÞv1;2 � 2ag;

_r21 ¼ ðlþ aÞv1;2 þ ðl� aÞv2;1 þ 2ag;

_s13 ¼ ðcþ �Þg;1;
_s23 ¼ ðcþ �Þg;2:

ð10Þ

Equation (10) are the velocity-stress formulation,

corresponding to equations 2.21 and 2.22 in Nowacki

(1974). While these equations are only valid for

homogeneous media and are not suitable for the

simulation of wave fields in heterogeneous media

using direct methods (finite differences, pseudospec-

tral method, etc.), Eq. (10) are valid in general. Note

the constant b is not present in the equations. If a ¼
c ¼ � = 0, the equations of classical elasticity are

obtained since r12 ¼ r21 and s13 ¼ s23 = 0.

2.2. Second System of Differential Equations

In the second system

v ¼ ð0; 0; v3 ¼ _u3Þ and g ¼ ðg1 ¼ _u1; g2 ¼ _u2; 0Þ;
ð11Þ

and equations (2) takes the form

_v3 ¼ ðr13;1 þ r23;2 þ X3Þ=q;
_g1 ¼ ðr23 � r32 þ s11;1 þ s21;2 þ Y1Þ=J;
_g2 ¼ ðr31 � r13 þ s12;1 þ s22;2 þ Y2Þ=J;

_r13 ¼ ðlþ aÞv3;1 þ 2ag2;

_r31 ¼ ðl� aÞv3;1 � 2ag2;

_r23 ¼ ðlþ aÞv3;2 � 2ag1;

_r32 ¼ ðl� aÞv3;2 þ 2ag1;

_s11 ¼ ð2cþ bÞg1;1 þ bg2;2;

_s22 ¼ ð2cþ bÞg2;2 þ bg1;1;

_s12 ¼ ðcþ �Þg2;1 þ ðc� �Þg1;2 þ T12;

_s21 ¼ ðcþ �Þg1;2 þ ðc� �Þg2;1 þ T21:

ð12Þ

Equations (12) are the velocity-stress formulation,

corresponding to equations 2.24 and 2.25 in Nowacki

(1974).

3. Plane-Wave Analysis

A plane-wave analysis yields the expression for

the velocities and attenuations of the different wave

modes. A general plane-wave kernel is

exp½iðxt � k � xÞ� ¼ exp½iðxt � k1x1 � k2x2Þ�;
ð13Þ

where x is the angular frequency, k ¼ ðk1; k2Þ is the

wavenumber, x ¼ ðx1; x2Þ is the position vector and

i ¼
ffiffiffiffiffiffiffi

�1
p

. x and k can be complex and real, respec-

tively (stationary waves) or real and complex

(traveling waves).

In the absence of external forces

(X ¼ Y ¼ T ¼ 0), we consider plane waves propa-

gating along the ðl1; l2Þ direction, where l1 and l2 are

the direction cosines. We assume homogeneous

waves (Carcione, 2022, Eq. 3.27) for which

k ¼ ðk1; k2Þ ¼ ðl1; l2Þk; ð14Þ

where k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
1 þ k2

2

p

is the complex magnitude of the

wavevector, and l21 þ l22 ¼ 1. The spatial and time

derivatives can be replaced by

o1 ! �ik1 ¼ �ikl1; o2 ! �ik2 ¼ �ikl2; ot ! ix:

ð15Þ

3.1. System1:P; Sandblank;R2Waves

Consider the first system of Eq. (10). First, we

assume that the wavenumber k a real quantity. Using

the relations (15) and replacing the stresses into the

first three Eq. (10), we obtain an eigenvalue equation

ðA� x2I3Þ � w ¼ 0; w ¼ ðu1; u2;u3Þ>; ð16Þ

where

A ¼
k2q0½El21 þ ðlþ aÞl22� k2q0l1l2ðkþ l� aÞ �2iakq0l2
k2q0l1l2ðkþ l� aÞ k2q0½El22 þ ðlþ aÞl21� þ2iakq0l1

þ2iakJ0l2 �2iakJ0l1 ½ðcþ �Þk2 þ 4a�J0

0

B

@

1

C

A

;

ð17Þ

to be solved for the three roots x2, where q0 ¼ 1=q
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and J0 ¼ 1=J. Since the medium is isotropic, it is

enough to solve the equation in one direction, say the

x-direction. Then l1 = 1, l2 = 0 and

A ¼
k2q0E 0 0

0 k2q0ðlþ aÞ 2iakq0

0 �2iakJ0 ½ðcþ �Þk2 þ 4a�J0

0

B

@

1

C

A

:

ð18Þ

An eigenvalue is x2 ¼ k2q0E (11-component) and

corresponds to the P wave, and if a ¼ c ¼ � = 0, the

classical S-wave can also be obtained (22-compo-

nent), so the velocities are

vP ¼
ffiffiffiffiffiffiffi

Eq0
p

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kþ 2l
q

s

; vS ¼
ffiffiffi

l
q

r

: ð19Þ

In the micropolar case, the dispersion equation is

obtained by setting the determinant in Eq. (16) equal

to zero. From this equation and (18), we obtain

½k2q0ðlþ aÞ � x2� ½ðcþ �Þk2 þ 4a�J0 � x2
� �

� 4a2k2q0J0 ¼ 0:
ð20Þ

or

x4 þ Bx2 þ C ¼ 0;

B ¼ �½q0ðlþ aÞ þ J0ðcþ �Þ�k2 � 4aJ0;

C ¼ q0J0k2½ðlþ aÞðcþ �Þk2 þ 4la�;
ð21Þ

whose solution is

x1;2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð�B �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B2 � 4C
p

Þ=2

q

: ð22Þ

If k = 0 the solutions are 0, and 2
ffiffiffiffiffiffi

aJ0
p

. In general, the

corresponding phase velocities are

vp ¼
ReðxÞ

k
ð23Þ

(Carcione, 2022, Eq. 2.149). The two roots corre-

spond to the S and R2 waves. The velocity of the

energy can be approximated by the group velocity:

vg ¼
oReðxÞ

ok
¼ Re

ox
ok

� �

ð24Þ

(Carcione, 2022, Eq. 2.89). An explicit calculation of

the group velocity from Eq. (22) gives

vgðkÞ ¼
1

4
Re

1

x
�B0 � 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B2 � 4C
p ðBB0 � 2C0Þ

" #( )

;

ð25Þ

where

oB

ok
¼ B0 ¼ �2k½q0ðlþ aÞ þ J0ðcþ �Þ�;

oC

ok
¼ C0 ¼ 4q0J0k½ðlþ aÞðcþ �Þk2 þ 2la�:

ð26Þ

Now, we consider k ¼ j� i�a complex (Carcione,

2022, Eq. 2.84) and x real, where j is the real

wavenumber and �a is the attenuation factor. Equa-

tion (20) can be written as

k4 þ Bk2 þ C ¼ 0; ð27Þ

where

B ¼ 4q0J0la� x2½ðlþ aÞq0 þ ðcþ �ÞJ0�
ðlþ aÞðcþ �Þq0J0 ;

C ¼ x2ðx2 � 4aJ0Þ
ðlþ aÞðcþ �Þq0J0 :

ð28Þ

whose solution is

k1;2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð�B�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B2 � 4C
p

Þ=2Þ
q

: ð29Þ

Then, we define the phase velocity

vp ¼
x

ReðkÞ ¼
x
j ð30Þ

(Carcione, 2022, Eq. 2.86) and attenuation factor

�a ¼ �ImðkÞ ð31Þ

(Carcione, 2022, Eq. 2.88), respectively.

In this case, the group velocity is

vgðxÞ ¼
ox
oj

¼ Re
ok

ox

� �	 
�1

ð32Þ

An explicit calculation from Eq. (27) gives

ok

ox
¼ 1

4k
�B0 � 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B2 � 4C
p ðBB0 � 2C0Þ

	 


: ð33Þ

where
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oB

ox
¼ B0 ¼ � 2x½ðlþ aÞq0 þ ðcþ �ÞJ0�

ðlþ aÞðcþ �Þq0J0 ;

oC

ox
¼ C0 ¼ 4xðx2 � 2aJ0Þ

ðlþ aÞðcþ �Þq0J0 :
ð34Þ

Another approach to obtain the phase velocity and

attenuation factor as a function of frequency is based

on the complex velocity

v ¼
ffiffiffiffi

x
k

r

: ð35Þ

Dividing (20) by k4, we obtain

½q0ðlþ aÞ � v2� ðcþ �ÞJ0 þ X� 1ð Þv2
� �

� aq0Xv2 ¼ 0:

ð36Þ

where

X ¼ 4aJ0

x2
: ð37Þ

After some calculations, Eq. (36) can be written as

v4 þ Bv2 þ C ¼ 0; ð38Þ

where

B ¼ ðcþ �ÞJ0 þ aq0X½ �=ðX� 1Þ � ðlþ aÞq0;

C ¼ �ðlþ aÞðcþ �Þq0J0=ðX� 1Þ;
ð39Þ

whose solution is

v1;2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð�B�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B2 � 4C
p

Þ=2Þ
q

: ð40Þ

Then, we obtain the phase velocity

vp ¼ Re
1

v

� �	 
�1

ð41Þ

and attenuation factor

�a ¼ �xIm
1

v

� �

; ð42Þ

respectively, as above.

In this case, the group velocity is

vgðxÞ ¼
ox
oj

¼ Re
ok

ox

� �	 
�1

¼ Re
oðx=vÞ
ox

� �	 
�1

¼ Re
1

v
1 � x

v

ov

ox

� �	 

 ��1

:

ð43Þ

3.2. System2:S;R2andblank;R1Waves

Consider the second system of Eq. (12). Using the

relations (15) and replacing the stresses into the first

three Eq. (12), we obtain an eigenvalue equation

similar to (16) with w ¼ ðu3;u1;u2Þ
>

. Since the

medium is isotropic, we assume only for this

derivation that l1 = 1 and l2 = 0, and obtain

An eigenvalue is x2 ¼ ½ð2cþ bÞk2 þ 4a�J0 (22-com-

ponent) and corresponds to a compressional or

longitudinal micro-rotation wave R1 (Parfitt & Erin-

gen, 1966, Eq. 1.31; Nowacki, 1974, Eqs. 2.14 and

2.29). The phase velocities, given by x=k, are

det

q0ðlþ aÞk2 � x2 0 2iakq0

0 ½ð2cþ bÞk2 þ 4a�J0 � x2 0

�2iakJ0 0 J0½4aþ ðcþ �Þk2� � x2

0

B

@

1

C

A

¼ 0: ð44Þ
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vpR1
ðkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

J
ð2cþ bÞ þ 4a

k2

	 


s

; and

vpR1
ðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2cþ b
J � 4a=x2

s

:

ð45Þ

If x ¼ 2
ffiffiffiffiffiffiffiffi

a=J
p

¼ x0 the wave has infinite velocity

and below this frequency does not exist. Moreover,

the determinant in Eq. (44) gives the dispersion

Eq. (20), with an additional micro-rotation wave R2

and the S wave, whose properties were analyzed

above. The same cutoff frequency x0 applies to the

R2 wave.

The attenuation factor of the R1 wave is given by

Eq. (31) and we obtain

�a ¼ �Im

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx2 � x2
0ÞJ

2cþ b

s

¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx2
0 � x2ÞJ
2cþ b

s

; x\x0;

ð46Þ

and �a = 0 if x�x0.

The group velocities of the R1 wave, given by

ox=ok, are

vgR1
ðkÞ ¼ 2cþ b

JvpR1
ðkÞ ; and vgR1

ðxÞ ¼ 2cþ b
JvpR1

ðxÞ ;

ð47Þ

showing that they are reciprocals of the phase

velocities.

4. Numerical Solution

Equations (10) can be written in matrix form as

_w ¼ M wþ s;

w ¼ ðv1; v2; g; r11; r22; r12; r21; s13; s23Þ>;
s ¼ ðX1=q;X2=q; Y3=J; 0; 0; 0; 0; 0; 0Þ>;

ð48Þ

where

where q0 ¼ 1=q, J0 ¼ 1=J and E ¼ kþ 2l.

M ¼

0 0 0 q0o1 0 0 q0o2 0 0

0 0 0 0 q0o2 q0o1 0 0 0

0 0 0 0 0 J0 �J0 J0o1 J0o2

Eo1 ko2 0 0 0 0 0 0 0

ko1 Eo2 0 0 0 0 0 0 0

ðl� aÞo2 ðlþ aÞo1 �2a 0 0 0 0 0 0

ðlþ aÞo2 ðl� aÞo1 þ2a 0 0 0 0 0 0

0 0 ðcþ �Þo1 0 0 0 0 0 0

0 0 ðcþ �Þo2 0 0 0 0 0 0

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

; ð49Þ
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On the other hand, Eq. (12) can be written in

matrix form as

_w ¼ M wþ s;

w ¼ ðv3; g1; g2; r13; r31; r23; r32; s11; s22; s12; s21Þ>;
s ¼ ðX3=q; Y1=J; Y2=J; 0; 0; 0; 0; 0; 0; T12; T21Þ>;

ð50Þ

where

The equations are solved with a 4th-order Runge

Kutta algorithm, discretizing the time variable as

t ¼ ndt, where dt is the time step (e.g. Carcione,

2022, Section 9.2.3). The field vector at ðnþ 1Þdt is

wnþ1 ¼ wn þ dt

6
ðD1 þ 2D2 þ 2D3 þ D4Þ; ð52Þ

where

D1 ¼ M wn þ sn;

D2 ¼ M wn þ dt

2
D1

� �

þ snþ1=2;

D3 ¼ M wn þ dt

2
D2

� �

þ snþ1=2;

D4 ¼ M wn þ dtD3ð Þ þ snþ1:

The model is discretized on a regular mesh and the

spatial derivatives are calculated with the Fourier

method by using the Fast Fourier Transform (Car-

cione, 2022, Section 9.3.2). This approach is called

‘‘pseudospectral’’ and it is infinitely accurate for

band-limited periodic functions with cutoff spatial

wavenumbers smaller than the cutoff wavenumbers

of the mesh. The conditions are maximum frequency

fmax ¼ vmin=ð2dxmaxÞ and dt\ð2=pÞdxmin=vmax,

where f, dx and v denote source frequency, grid

spacing and wave velocity (Carcione,

2022, Section 9.7).

5. Examples

Let us consider the example in Section 7.3 of

Sluys (1992). The data reported in Section 7.4.1 are m
= 0.4 (Poisson ratio) k ¼ 2ml=ð1 � 2mÞ, l = 5 mm,

with J ¼ 2ql2=ð1 þ mÞ. Comparing Eqs. 7.25 and

7.26 in Sluys (1992) with the 2nd and 3rd Eqs. 2.21 in

Nowacki (1974), the equivalence is uy ¼ u2,

xz ¼ u3, lc ¼ a, H ¼ J and 2ll2 ¼ cþ �. These

data gives a P-wave velocity of 6387 m/s, and the

M ¼

0 0 0 q0o1 0 q0o2 0 0 0 0 0

0 0 0 0 0 J0 �J0 J0o1 0 0 J0o2

0 0 0 �J0 J0 0 0 0 J0o2 J0o1 0

ðlþ aÞo1 0 2a 0 0 0 0 0 0 0 0

ðl� aÞo1 0 �2a 0 0 0 0 0 0 0 0

ðlþ aÞo2 �2a 0 0 0 0 0 0 0 0 0

ðl� aÞo2 2a 0 0 0 0 0 0 0 0 0

0 ð2cþ bÞo1 bo2 0 0 0 0 0 0 0 0

0 bo1 ð2cþ bÞo2 0 0 0 0 0 0 0 0

0 ðc� �Þo2 ðcþ �Þo1 0 0 0 0 0 0 0 0

0 ðcþ �Þo2 ðc� �Þo1 0 0 0 0 0 0 0 0

0

B
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B

B

B

B

B

B
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3440 J. M. Carcione et al. Pure Appl. Geophys.



values listed in Table 1. Figure 1 shows the fre-

quency and phase velocities of the R2 and S waves as

a function of the wavenumber, corresponding to

Eqs. (22) and (23). There is a cutoff frequency
ffiffiffiffiffiffiffiffi

a=J
p

=p = 75.3 kHz for the R2 wave. The group

velocity (24) as a function of the wavenumber is

shown in Fig. 2.

Figure 3 shows the phase velocity (41) (a) and

attenuation factor (42) as a function frequency. The

plots show that the S wave is dispersive but exhibits

no attenuation as a function of frequency.

This behaviour, apparently in contrast to the

Kramers-Kronig relations and causality (Carcione,

2022, Section 2.3.2), has not been studied in the lit-

erature and deserves a detailed investigation, but as a

reviewer noticed, ‘‘the Kramers-Kronig relations

strictly enforce the pairing of dispersion and attenu-

ation in systems featuring dissipative energy loss

(like friction or viscosity). The S wave in the Cosserat

model experiences ‘‘structural dispersion‘‘ due to a

purely mechanical, lossless coupling with grain

rotations. Having a frequency-dependent velocity

without energy dissipation is physically sound,

entirely expected in structured media, and, to my

knowledge, does not violate causality’’.

On the other hand, the R2 wave is strongly

attenuated till the cut-off frequency. The group

velocity is displayed in Fig. 4. On the other hand, the

phase and group velocities (45) and (47) for the R1

wave are shown in Fig. 5. It can be seen that at the

cut-off frequency the phase velocity of the R1 wave

tends to infinity.

To obtain these curves, we have assumed c ¼ �=9

and b ¼ c=2 (see Table 1). In this case, the charac-

teristic length is Lr = 2.24 mm. The attenuation factor

(46) of the R1 wave as a function frequency is shown

in Fig. 6. Beyond the cutoff frequency x0 there is no

attenuation. Summarizing, the group velocities of all

the modes are shown in Fig. 7, indicating the values

at the low and high frequency limits.

Consider now the numerical solution of the wave

Eqs. (48–49). Let us assume a vertical force X2 whose

time history is

Table 1

Medium properties (Sluys, 1992)

k 13.6 GPa

l 3.4 GPa

a 1 GPa

b 8.5 kN

� 153 kN

c 17 kN

q 500 kg/m3

J 0.018 kg/m
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Figure 1
Frequency, x=ð2pÞ (a), and velocities, x=k, (b and c) as functions

of wavenumber. Figure 1c is a zoomed plot to better show the

S-wave velocity dispersion
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Phase velocity (41) (a) and attenuation factor (42) as a function

frequency
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Group velocity (32) as a function of frequency
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Phase and group velocities (45) and (47) as a function of the

wavenumber (a) and frequency (b)
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hðtÞ ¼ o� 1

2

� �

expð�oÞ; o ¼ pðt � tsÞ
tp

	 
2

;

ð53Þ

where tp is the period of the wave and we take

ts ¼ 1:4tp. The peak frequency is fp ¼ 1=tp.

In the first simulation, the numerical mesh has

uniform vertical and horizontal grid spacings of dx =

dy = 10 m, and 231 � 231 grid points. The vertical

force (X2 = 1) is applied at the center of the mesh

with a peak frequency fp = 20 Hz. According to the

stability analysis of Appendix A, the eigenvalues of

matrix M for the first system of equations are shown

in Fig. 8, for the elastic case (a) with dt = 0.8 ms and

the micropolar case (b) with dt = 0.003 ms. In both

cases the eigenvalues lie in the stable domain, but the

latter case requires a much smaller time step. The

phase velocities obtained from the eigenvalues are

vP ¼
ffiffiffiffiffiffiffiffiffi

E=q
p

= 6.387 km/s, vS ¼
ffiffiffiffiffiffiffiffi

l=q
p

= 2.608 km/s

and vR2
= 1065 km/s, corresponding to the P, S and

R2 waves, respectively. The latter velocity can also

be obtained from Fig. 1 for the wavenumber k ¼
ffiffiffi

2
p

p=dx = 0.44/m. Figure 9 shows snapshots at

210 ms of vx (a), vy (b) and g (c), where only the P

and S waves can be seen. A small part of the energy

as S wave is present in the rotation field g. However,

if we compare the particle velocity fields with those

of classical elasticity (a ¼ c ¼ � ¼ 0), there is no

practical difference, indicating that micro-rotation

waves have no effect at low frequencies.

Next, we consider fp = 2 MHz and a grid spacing

dx = dy = 0.1 mm. The stability analysis indicates that
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Attenuation factor (46) as a function frequency of the R1 wave
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dt = 0.008 ls gives eigenvalues (times dt) inside the

stable domain (see Fig. 10). The phase velocities

obtained from the eigenvalues are vP ¼
ffiffiffiffiffiffiffiffiffi

E=q
p

=

6.387 km/s, vR2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðcþ �Þ=J
p

¼3.085 km/s and

vS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðlþ aÞ=q
p

= 2.966 km/s, corresponding to the

P, R2 and S waves, respectively, in agreement with

the limit velocities of Fig. 1c.

Figure 11 shows snapshots at 1.8 ls of vx (a), vy
(b), and g (c), where the P and S waves are visible.

Contrary to the low-frequency case, the energy is

mainly present in the rotation field g. As can be seen

in Fig. 10, the velocities of the S and R2 waves are

similar, making it difficult to distinguish the two

wavefronts.

Next, we consider the second system of equations

and compute the eigenvalues of matrix (56) (times dt)

for dx = dy = 0.1 mm and dt = 0.008 ls (see Fig. 12).

The phase velocities obtained from the eigenvalues

are vR1
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2cþ bÞ=J
p

= 1.542 km/s,

vR2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðcþ �Þ=J
p

¼3.085 km/s and vS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðlþ aÞ=q
p

= 2.966 km/s, corresponding to the R1,

R2 and S waves, respectively, in agreement with the

limit velocities of Figs. 1c and 5a. We consider fp = 2

MHz, a grid spacing dx = dy = 0.1 mm and sources in

the micro-rotation fields: Y1 ¼ Y2 = 1. Figure 13

shows snapshots at 4 ls of vz (a), g1 (b), and g2 (c),

where the S, R1 and R2 waves are visible, The energy

is mainly present in the rotational fields.

Nowacki (1974, Eq. 2.13a) set

u ¼ grad Cþ curl H, and shows that C and H satisfy

two wave equations representing longitudinal and

transverse micro-rotation waves, respectively (Now-

acki, 1974, Eq. 2.14). The first vector has non-zero

divergence and the second vector has non-zero curl.

To verify the polarizations of the micro-rotation

waves, we compute the divergence and curl of the

vector g ¼ _u (see Eq. (11)), i.e. r � g ¼ o1g1 þ o2g2

and r� g ¼ o1g2 � o2g1, respectively, Fig. 14 ver-

ifies that R1 and R2 have longitudinal and shear
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Snapshots at 210 ms of vx (a), vy (b) and g (c). The maximum

amplitude ratio is 0.52 (a)/1 (b)/0.031 (c). Explicitly, the plots show

the P and S waves in the components of the particle velocity, and

the S wave in the rate of micro-rotation
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polarizations, respectively. Here, the sources are

T12 ¼ T21 = 1.

Let us check whether the energy travels with the

group velocity. According to Figs. 4 and 5b, the

group velocities of the R2 and R1 modes are 2.16 km/

s and 1.014 km/s at a frequency of 0.1 MHz,

respectively (3.08 km/s and 1.54 km/s at 2 MHz). We

consider fp = 0.1 MHz, a grid spacing of dx = dy =

1 mm, and sources in the micro-rotation fields: T12 ¼
T21 = 1. Figure 15 shows a snapshot at 53 ls of g2,

which indicates that the waves travel at the group

velocity predicted by Figs. 4 and 5b, since 53 ls is

the time that the R2 wave employs to travel to the

border of the mesh.

Next we consider an interface separating two

media to illustrate how the algorithm can compute

wavefields in heterogeneous media. Figure 16 shows

a snapshot at 4 ls of vz (a) and g1 (b), solution of

Eq. (12), where fp = 2 MHz, dx = dy = 0.1 mm and

sources are T12 ¼ T21 = 1. The upper and lower

medium have � = 153 kN and 51 kN, respectively.

The group velocities of the R2 waves at 2 MHz are

vR2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðcþ �Þ=J
p

¼3.080 km/s (upper medium) and

1.951 km/s (lower medium) and this velocity differ-

ence can be seen in the location of the R2 wavefronts.

On the other hand, the group velocity of the R1 wave

is 1.542 km/s.

6. Discussion

In the example presented here, micro-rotation

waves are a high-frequency phenomenon, and there is

a cutoff frequency below which there is no energy

associated with these waves. This contrasts with the

slow waves in Biot (poroelastic media), which at low

frequency exhibit diffusive behavior and allow con-

version from fast P wave to slow wave (e.g.,

Carcione, 2022, Sections 7.16 and 7.26). In the pre-

sent case, the value of the cutoff frequency

determines the existence of micro-rotation waves at

low frequencies and their possible applications in

Earth sciences. Abreu and co-workers studied this

possibility (e.g., Abreu et al., 2017; Abreu, 2025),

and particularly Abreu and Duran (2022) presented

an alternative micropolar theory that, based on the

same physical concepts as the original model, cir-

cumvents the problem of the cutoff frequency.

At laboratory frequencies, an experimental study

by Merkel et al. (2011) observed coupled rotational-

transverse modes in a non-cohesive granular pho-

nonic crystal composed of 2 mm stainless steel

beads. They measured a cutoff frequency for the

rotational-transverse mode between 105 and 170

kHz. This is close to our theoretical 75 kHz cutoff

frequency for the R2 wave, and our characteristic

length of 2.24 mm matches their physical grain size.

Our numerical grid method could be explicitly cali-

brated to compare the experimental data from these

experiments to our simulations, a task that can be

reported in a future paper. However, in the experi-

ment by Merkel et al., the rotational-transverse

modes were physically triggered using an ultrasonic

shear piezo-transducer that applied actual mechanical

shear and traction to the boundary of the granular

crystal. In this case, applying a point source is not

realistic and requires an extended source involving

many grid points at the surface of the specimen to

simulate a real transducer source, as in Carcione

(1998).

Below the cutoff frequency (x0), micro-rotation

waves are forbidden because our Cosserat model is

perfectly elastic and lacks any frictional dissipation.

This type of attenuation creates what is known as an

‘‘evanescent bandgap‘‘ – a frequency range where the

wavenumber becomes complex and the wave’s
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Figure 10
Eigenvalues (times dt) of the propagation matrix, corresponding to

the first system of Eq. (55) in the ultrasonic case. The curve shows

the domain of stability of the 4th-order Runge–Kutta algorithm
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amplitude decays exponentially with distance, rather

than losing energy to heat. Essentially, the rotational

inertia and stiffness of the microscopic grains act as a

mechanical filter, structurally blocking low-fre-

quency rotational waves from propagating through

the medium. Abreu (2025) discusses how this specific

bandgap might be exploited in practical engineering

applications, such as designing acoustic metamateri-

als (Madeo et al., 2015). He shows how the theory

and its extension can be reconciled in a single

equation, with direct and documented applications in

areas such as civil engineering (Timoshenko’s equa-

tion), solid-state physics (lattice theory), seismic

metamaterials (materials with frequency band gaps),

granular materials (micropolar model), and biological

materials (microstretch model).
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Eigenvalues (times dt) of the propagation matrix, corresponding to

the second system of Eq. (56) in the ultrasonic case. The curve

shows the domain of stability of the 4th-order Runge–Kutta

algorithm

bFigure 11

Snapshots at 1.8 ls of vx (a), vy (b) and g (c), solution of Eq. (10).

The maximum amplitude ratio is 0.02 (a)/0.04 (b)/1 (c). Explicitly,

the plots show the P and S waves in the components of the particle

velocity, and a superposition of the S and R2 waves in the rate of

micro-rotation
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Snapshots at 4 ls of vz (a), g1 (b) and g2 (c), solution of Eq. (12),

where fp = 2 MHz, dx = dy = 0.1 mm and sources in the micro-

rotation fields: Y1 ¼ Y2 = 1. Explicitly, the plots show the particle

velocity (a), and the two micro-rotation components (b and c). The

maximum amplitude ratio is 0.00023 (a)/1 (b)/1 (c). The phase

velocities of the S, R1 and R2 waves are vS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðlþ aÞ=q
p

= 2.966

km/s, vR1
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2cþ bÞ=J
p

¼1.542 km/s, and

vR2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðcþ �Þ=J
p

¼3.085 km/s, respectively
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Snapshots at 4 ls of r � g (a) r� g (b), showing that R1 and R2

have longitudinal and shear polarizations, respectively
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7. Conclusions

We have numerically solved the differential

equations for wave propagation based on the Cosserat

micropolar theory. This theory shares the same

foundation as classical elasticity but explicitly

accounts for micro-rotations of the material particles

(e.g. grains), resulting in asymmetric stress and strain

tensors. The plane-wave theory predicts the classical

P and S waves, as well as two micro-rotation waves

one with longitudinal polarization (R1) and the other

with transverse polarization (R2). These predictions

are confirmed by the stability analysis and full-wave

simulations, which are based on the 4th-order Runge–

Kutta algorithm for time stepping and the Fourier

pseudospectral method to compute the spatial

derivatives.

It is found that, in the example presented here,

micro-rotation waves are a high-frequency phe-

nomenon. The distinction between low and high

frequencies is determined by a cutoff frequency,

which in this example is 75 kHz. However, in geo-

logical and/or inhomogeneous media, a different

cutoff frequency and mode conversion could have

practical implications, for instance, in overpressured

sandstones or unconsolidated rocks, where the grains

are partially or not cemented.
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A Stability Analysis

Let us consider the plane wave

v ¼ v0 exp½iðxct � k1x� k2yÞ� ð54Þ

where xc is the complex frequency, solution of

Eq. (49), which gives an eigenvalue equation for the

eigenvalues K ¼ ixc: detðM� KI9Þ ¼ 0, where

and I9 is the 9 � 9 identity matrix.

Let us now consider the second system of

Eq. (51). Matrix M is

M ¼

0 0 0 �ik1q0 0 0 �ik2q0 0 0

0 0 0 0 �ik2q0 �ik1q0 0 0 0

0 0 0 0 0 J0 �J0 �ik1J
0 �ik2J

0

�ik1E �ik2k 0 0 0 0 0 0 0

�ik1k �ik2E 0 0 0 0 0 0 0

�ik2ðl� aÞ �ik1ðlþ aÞ �2a 0 0 0 0 0 0

�ik2ðlþ aÞ �ik1ðl� aÞ þ2a 0 0 0 0 0 0

0 0 �ik1ðcþ �Þ 0 0 0 0 0 0

0 0 �ik2ðcþ �Þ 0 0 0 0 0 0
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; ð55Þ

M ¼

0 0 0 �ik1q0 0 �ik2q0 0 0 0 0 0

0 0 0 0 0 J0 �J0 �ik1J
0 0 0 �ik2J

0

0 0 0 �J0 J0 0 0 0 �ik2J
0 �ik1J

0 0

�ik1ðlþ aÞ 0 2a 0 0 0 0 0 0 0 0

�ik1ðl� aÞ 0 �2a 0 0 0 0 0 0 0 0

�ik2ðlþ aÞ �2a 0 0 0 0 0 0 0 0 0

�ik2ðl� aÞ 2a 0 0 0 0 0 0 0 0 0

0 �ik1ð2cþ bÞ �ik2b 0 0 0 0 0 0 0 0

0 �ik1b �ik2ð2cþ bÞ 0 0 0 0 0 0 0 0

0 �ik2ðc� �Þ �ik1ðcþ �Þ 0 0 0 0 0 0 0 0
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: ð56Þ
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When using the Fourier pseudospectral method for

computing the spatial derivatives, the wavenumbers

supported by the numerical mesh span from k1 = 0

and k2 = 0 to the Nyquist wavenumbers k1 ¼ p=dx
and k2 ¼ p=dy, where dx and dy are the grid spacings.

According to Jain (1984, p. 71-72, Fig. 2.7) all

complex eigenvalues must lie with the domain of

stability of the Runge–Kutta algorithm. For a real

eigenvalue, �2:78\dtK\0, and for an imaginary

eigenvalue 0\jdtKj\2
ffiffiffi

2
p

, where dt is the time step.

The eigenvalues in the elastic case (a ¼ c ¼ � ¼ 0)

lie in the imaginary K axis and Im(KÞ=k, where k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
1 þ k2

2

p

gives the phase velocity. The eigenvalues

of matrix M are obtained with subroutine CG from

the eigen-system package (eispack) to find the

eigenvalues and eigenvectors of a complex general

matrix (https://www.netlib.org/eispack/).
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