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An acoustic theory of thermally cracked rocks

José M. Carcione and Flavio Poletto

Department of Geophysics, National Institute of Oceanography and Applied Geophysics - OGS, Trieste, Italy

ABSTRACT ARTICLE HISTORY
High temperatures in rocks lead to thermal cracking, whereby porosity and Received 3 July 2025
permeability increase and the P and S wave velocities as well as the Q Accepted 29 August 2025
(quality) factor decrease. In addition, the crack density increases and the
crack aspect ratio decreases. There are many ultrasonic data in the litera-
ture, usually for dry, stiff rocks (granite, basalt) and ambient pressure, density: o

- . R - . ensity; permeability;
which can be processed and described using appropriate theories. The porosity; Q factor; thermal
data were usually measured up to a temperature of about 600-800 °C cracking; velocity
before melting of the grain minerals. In this work, we use Gassmann equa-
tions based on Pride’s dry-rock moduli and estimate the consolidation
coefficient, mass density, wave velocities, quality factor and permeability as
a function of temperature. Fluid substitution is then applied to determine
the density and velocities of the rock saturated with steam and water
under supercritical conditions. The equivalent inclusion average stress
(EIAS) model is used in combination with the Zener model to model
attenuation and estimate crack fraction, density and aspect ratio. We com-
pare the results with the simplified approach of O’Connell and Budiansky
to determine the crack density. The permeability mainly follows power
laws as a function of porosity. The inversion method uses a simulated
annealing algorithm.

KEYWORDS
Crack aspect ratio; crack

1. Introduction

High temperatures affect porosity, permeability and other rock properties such as stiffness, wave
velocity and attenuation. These effects are relevant for volcanism (e.g., [1]), the extraction of geo-
thermal energy (e.g., [2,3]), the safe design of waste repositories of any kind [4] and the monitor-
ing of dams [5], bridges and tunnels built from granite rock.

Jones et al. [6] conducted thermal cracking experiments to investigate the role of thermal
expansion in basalt and microgranite. The basalt shows significant thermal cracking even when
heated slowly at room pressure. Microcracking significantly increases permeability when heated
above 300 °C. The authors note that this result may help to explain the narrow range of dis-
charge temperatures around 350 °C of hydrothermal systems below sea level.

David et al. [7] investigated thermal cracking in granite and its effects on porosity, wave vel-
ocity, attenuation, electrical conductivity and permeability. They used Hudson’s [8] model to
determine the crack density and aspect ratio. The porosity increases almost fourfold up to 450 °C
and the crack aspect ratio decreases by a factor of 2/3. The laboratory experiments were carried
out at ambient pressure. In addition to acoustic measurements, crack density can also be esti-
mated by processing optical photomicrographs of the rock. Griffiths et al. [9] applied this method
to fine-grained granite samples that were damaged to varying degrees by thermal microcracking.
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Darot and Reuschlé [10] reported on acoustic measurements in thermally pre-cracked granite as
a function of pore and confining pressures.

Chaki et al. [11] performed laboratory experiments at ambient pressure on dry granite and
observed an increase in (connected) porosity and permeability as well as a decrease in P and S
wave velocities and Q factor as a function of temperature up to 600 °C. The data show significant
thermal cracking above 300 °C, with a fourfold increase in porosity, a decrease in P-wave velocity
from 5 to 2km/s and a strong wave anelasticity (low quality factors).

Sun et al. [12] point out that the temperature range of 400-600 °C corresponds to the transi-
tion from brittle state to plasticity (or ductility) of granite and 400 °C may represent a critical
threshold for thermal damage. The transition from brittleness to ductility plays an important role
in earthquake seismology (e.g., [13,14]).

Alcock et al. [15] heated core samples at temperatures between 25 and 800 °C and measured
P-wave velocity and porosity. They compared the estimated fracture density with values obtained
from optical maps of microfracture damage. They conclude that the combined effects of thermal
expansion and the phase transition from o to f of the quartz crystals have a pronounced effect
on tensile strength (the transition occurs at 573 °C). In the case of the Earth’s crust, the transi-
tion is accompanied by large changes in volume and elastic stiffness, large tensile stresses are gen-
erated by the down-temperature transition, brittle and viscous damage associated with the
transition weakens the crust, and microcracking associated with the transition can facilitate fluid
access to dry rock and is associated with seismicity and earthquakes [16]. In addition, Brown [17]
shows that a-quartz reduces the vp/vs ratio, while f-quartz does not. The P-wave reflection coef-
ficient in the a-f range increases with an increase in the modal abundance of quartz.

Our paper presents theories for modeling the stiffness, wave velocities, quality factor, perme-
ability, crack fraction and density, and aspect ratio of thermally damaged rocks. To illustrate how
the crack attributes are related, consider an oblate ellipsoid of minor and major radii r; and ry,
respectively. Its volume is V. = (4/3)rmar;, where a =r,/r; is the aspect ratio. Then, the crack
(soft) porosity is ¢, = ¢c = nyV,, where c is the crack fraction, the volume fraction of the pore
space composed of cracks, and ny is the number of cracks per unit volume. Moreover, the crack
density is € = nyr; = 3¢c/(4na) o ¢/a ([18], Equation 4).

The theories are mainly based on the Gassmann equations, the EIAS model (equivalent inclu-
sion average stress), in combination with the viscoelastic Zener model, and the approach of
O’Connell and Budiansky [18] and Budiansky and O’Connell [19]. We apply the theories to ultra-
sonic data measured in granite by David et al. [7] and Chaki et al. [11].

2. Theories

We assume that the medium is composed of solid (grains) and fluid with a porosity ¢. The solid
fraction is 1 - ¢. The bulk density is

p=(1=¢)ps+ ¢py (1)
where p; and py are the solid and fluid densities, respectively.
Gassmann equations give the bulk and shear moduli:
Ky = Ky + ¢K (Ko /K — 1)
1 - ¢ —K,/Ks + oK /Ky

, ()

and
U= Uy (3)

(e.g., [20], Equation 7.35), where K, and Kj are the solid and fluid bulk moduli, respectively, K,
and u,, are the dry-rock bulk and shear moduli, respectively, obtained with Pride equations:
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Pride et al. [21], where C is a consolidation coefficient that represents the degree of bonding
between grains. High values of C imply poor cementation or bonding, a situation expected at
high temperatures.

Other theories used here are the Gassmann-consistent EIAS model in combination with
Zener’s viscoelastic model (see Appendices A and B), which takes attenuation into account to
obtain the crack fraction, density and crack aspect ratio, and the approach of O’Connell and
Budiansky [18], which provides the crack density. The EIAS model, which is based on the con-
cept of crack fraction, differs from the second approach by modeling wave attenuation and the
possibility that the cracks have a non-zero aspect ratio. The thermal crack tests are carried out
at high frequencies. In the first example, we initially adopted the Gassmann equations, valid at
low frequencies, as an approximation for low-loss media in order to obtain the quality factor Q.
In this case, Q>> 1, as shown in the following calculations, and the velocity dispersion is
limited.

The seismic P and S velocities are

K+4u/3
vp = +7[u/ and vg = \/E (5)
V' » p

To perform inversions, we minimize an objective function using a simulated-annealing algo-
rithm developed by Goffe et al. [22], based on Corana et al. [23]. The Fortran code can be
found in:

https://econwpa.ub.uni-muenchen.de/econ-wp/prog/papers/9406/9406001.txt

See Qadrouh et al. [24] for examples of application.

3. Examples
3.1. Chaki et al. [11] data

We consider the experimental velocity for granite from Chaki et al. [11, Table 2, Figures 3, 5 and 6].
Table 1 shows the data, where f; is the dominant frequency of the spectrum, and A the relative
amplitude (normalized with respect to that at T=105 °C).

The following equation fits the velocity:

Tl’l
VP(T) =" |:1 + (1 —Tn> X nX 10_3:|, To < T < T], (6)
0
where vy = 5000 m/s at Tp = 105 °C, T; = 600 °C and n=3.05. Figure 1 shows the fit.
Chaki et al. [11, Table 2] provide the experimental (connected) porosity as a function of tem-
perature. The following equation fits the data:

b= [@Jr (T/100)2+ exp (azT/IOO)] 1

) (7)
Ao a 2000 as

with T in °C, where gy = 8.8, a; = 5, a; = 1.845 and a3 = 16.4. Figure 2 shows the fit.

According to Table 1 of Chaki et al. [11], the density at T=105 °C is p = 2687 kg/m’
with ¢ = 0.68%. The bulk density is given in equation (1). In their experiments air saturates
the pore space. We assume p; = 1.208 kg/m3, and Ky = 1.01 x 10° Pa. Moreover, p, =
2705kg/m>. To obtain K, and u,, we consider the data at T=105 °C, with p = 2687 kg/m’
and vp = 5000 km/s. Then, we have a P-wave plane modulus M = pvi = 67 GPa. It is [25,
Table 2.1]:


https://econwpa.ub.uni-muenchen.de/econ-wp/prog/papers/9406/9406001.txt
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Table 1. Chaki et al. [11] Experimental data.

Temperature, T °C Porosity, ¢ % Velocity, vp m/s Frequency, f MHz Amplitude (relative) Permeability, i (u D)

105 0.68 5000 051 1 9.53
200 0.71 4867 0.49 0.85 10.86
300 0.81 4385 047 0.76 16.20
400 0.91 4067 045 0.58 22.87
500 1.10 3460 0.40 0.44 40.69
600 2.85 1900 0.40 0.13 73333
5500 —
5000 o
4500 -
(@]
@ -
£ 4000+
b <
8 3500+ o
(0] 4
>
© 3000
©
g ]
a 2500
2000 -
1500 T T T T T T T T T T T T T J
0 100 200 300 400 500 600
T(°C)

Figure 1. Fit of Chaki et al. [11] velocity as a function of temperature.

3.5
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1
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Figure 2. Fit of Chaki et al. [11] porosity as a function of temperature.
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M:M. (8)
3u—E

Then,

1
u8<E+3M—\/(E+3M)2—16EM>. 9)

However, if we consider the Young modulus proposed by Chaki et al. [11] (E=75GPa), we
obtain a negative sign within the square root. Therefore their value is not realistic. We therefore
assume a Young modulus E=58.63 GPa, which is given in Table 6 of Schock et al. [26], which
corresponds to a granite with properties similar to that of Chaki et al. [11]. We obtain p =
24GPa and K =M —4u/3 = 35GPa. The values of K, and p, should be greater than these
values.

Next, we consider the mineralogy (see Table 2), and its moduli according to Mavko et al. [25,
Table A.4.1]. The properties of mica are taken from McNeil and Grimsditcht [27, Table 1]),
assuming M = ¢33 and p = cs5. We set K and p equal to the arithmetic average of the upper
and lower Hashin-Shtrikman bounds [28] (see Appendix C). The calculation results in K; =
50 GPa and u, = 30 GPa. [The Wood, Reuss and Hill averages are 49, 55 and 52 GPa for the bulk
modulus, and 27, 32 and 30 GPa for the shear modulus (see [25, Sections 4.1 and 4.5])].

In the experiments of Chaki et al. [11], thermal cracking occurs due to the o-f quartz transi-
tion. The room temperature form of quartz, o quartz, undergoes a reversible change in crystal
structure to § quartz at 573 °C. This phenomenon is known as inversion and is accompanied by
a linear expansion of 0.45%. This explains the large variations in mechanical and physical proper-
ties. The melting temperature of dry granite is 1215-1260 °C at ambient pressure and drops
sharply in the presence of water, down to 650 °C at several hundred MPa pressure. Therefore,
there is no melting in their experiments, otherwise alternative models must be employed (e.g.,
[29]). The values of Chaki et al. [11] (their Table 1) are vp = 5000m/s and ¢ = 0.0068 at
T = 105 °C, where ¢ is the connected porosity. For the inversion of the Pride consolidation coef-
ficient C we use the simulated annealing algorithm. Figure 3 shows the fitting of the P-wave vel-
ocity and Figure 4 shows the consolidation coefficient, which indicates that the rock becomes less
consolidated with increasing C at high temperatures.

The dominant frequency of the pulse spectrum (see Table 1) [11, Figure 6] can be used to
obtain the quality factor of the rock. Quan and Harris [30, Equation 14] showed that for a
Gaussian spectrum of variance ¢ (bandwidth) at the source, the relationship between the quality
factor Q and the dominant frequency shift Af is as follows

B no*d
N VpAf’

where d is the distance between source and receiver [31, Equation 10.31]. The attenuation factor
is

(10)

I (11)
vpQ

Carcione [20, Equation 2.126].
Another method to determine the quality factor is to consider the relative amplitude of spec-
trum of the signal (Figure 6 in Chaki et al. [11]) and assume that the attenuation along the sam-

ple is equal to
A = exp (—ad), (12)

Carcione [20, Equation 2.85], where A is the relative amplitude in Table 1. Combining this
equation with [11], we obtain
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Table 2. Proportion and stiffness moduli (in GPa) of the minerals.

Mineral Proportion (%) K u
plagioclase 46 75 25
quartz 42 37 44
feldspar 8 37 15
mica 4 43 13
: Chaki et al.
5000 4 X simulated annealing
4500 —
@ 4000
E ]
2
£’ 3500
o
o _
o 3000~
>
g .
o 2500
2000 +
1500 T T T T T T T T T T T T T !
0 100 200 300 400 500 600
T(°C)

Figure 3. P-Wave velocity as a function of temperature, by using the consolidation coefficient C as a fit parameter.

250 —

200 —

150

100

Pride consolidation coefficient

50 +

T T T 1
300 400 500 600

T(°C)

Figure 4. Consolidation coefficient C as a function of temperature. The bulk and shear moduli of the grains are K, = 50 GPa and
1, = 30 GPa, respectively, constant with temperature. A high value indicates a more unconsolidated rock.

T T
0 100 200
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Figure 5. Quality factor as a a function of temperature obtained with two different methods.

nfd
Qi_VplIlA. (13)

Following Quan and Harris [30, Table 1] and Figure 6 in Chaki et al. [11], ¢ = 250kHz and
T=105 °C is assumed as the “source” spectrum, where Q >> 1, and we assume d=10cm (e.g.,
[32]). Figure 5 compares the results of the two methods. Since the dominant frequency does not
change from 500 to 600 °C, we have assumed that the quality factor remains constant in this
interval, despite the sharp drop in velocity, which could represent a velocity dispersion with
respect to temperature. As can be seen, the agreement is very good.

Next, we perform a fluid substitution by considering water in the pore space. It should be
noted that the dry-rock moduli vary not only with temperature but also with the differential pres-
sure pg = p. — p, where p. and p are the confining and pore pressures (we have assumed an
effective pressure coefficient equal to 1). In sandstones, this variation follows an exponential law
as a function of p; (e.g., [20, Equation 7.61]). In granites, it can be assumed that the dry-rock vel-
ocity follows a linear law, as shown in Figure 7 by Darot and Reuschlé [10]. The moduli then fol-
low a quadratic law:

4
K = po(veo +apa)° = St = po(vso +apa)’s  po = (1= d)py, (14)

where vpy and vgy are the P and S velocities under atmospheric conditions measured by Chaki
et al. [11] at p. =p = 0.1 MPa and a=6m/s/MPa (from Darot and Reuschlé [10]), assuming
that both moduli have the same value of a, taking into account that a actually corresponds to the

P-wave velocity proportional to /K, + 4,,/3.

The temperature at the critical point of water is 374 °C, with a pore pressure of 22 MPa. We
consider p, = 0.1 (atmospheric conditions, Chaki et al. [11] data) and temperatures below the
critical point. The density and wave velocity of pure water as a function of temperature and pres-
sure are given in Appendix D.1 according to Batzle and Wang [33]. Water is a liquid at 22 MPa
below the critical temperature, and at 0.1 MPa below 100 °C. Above this boiling temperature, we
assume that water (in a vapor state at 0.1 MPa) has the properties of ideal gases, where
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(a) T T T T T T T T T T T T T T
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Figure 6. Density (solid line) and wave velocity (dashed line) of water-vapor (a) and saturated rock (b) as a function of tempera-
ture at atmospheric pressure (0.1 MPa). At 100 °C water becomes vapor.

M,y /1.31RT
pW:pRT, and v, = T (15)

are the density and wave velocity, R=8.3144J/mol/°’K, M,, = 0.018kg/mol, and T is given in °K
[34]. Figure 6a shows the density (a) and velocity (b) of water-vapor as a function of temperature,
and Figure 6b shows the rock density and velocity.

Let us consider water at supercritical conditions (e.g., [35]), i.e., a temperature in excess of
374 °C. The Iceland Deep Drilling project involves deepening of the RN-15 well in the Reykjanes
geothermal field from its original depth of 2507 m to a depth of ~ 5km. The well was completed
on January 25, 2017 at a depth of 4659 m, where an unequilibrated bottom-hole temperature of
427 °C was recorded together with a fluid pressure of 35MPa [36,37]. According to Sudrez-
Arriaga [38] the bulk modulus of water at 35MPa and 400 °C is 0.04 GPa and the density is
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Figure 7. Approximation of the NIST data for water (see Appendix D.2). Density (a) at three different pressures, and (b) sound
velocity at 25 MPa.

475kg/m’, with a sound velocity of 290 m/s. This results in the following P and S rock velocities:
3971 m/s and 2686 kg/m”.

Let us now consider a pressure of 25 MPa and the entire temperature range as in Chaki et al.
[11]. The density and wave velocity of pure water as a function of temperature and pressure are
given in Appendix D.2 according to the National Institute of Standards and Technology (NIST)
[39]. To facilitate the reproduction of the figures, we have approximated the NIST data by analyt-
ical expressions [equations (52) and (55)]. Figure 7 shows the approximation for the density and
sound velocity and Figure 8 shows the bulk modulus at 25 MPa, where we have corrected outlier
points in the approximations at 375.75 °C (from 711 to 311kg/m’), and at 387.88 °C (from 138
to 525m/s), based on a discretization of 100 points in the temperature range. As can be seen, the
bulk modulus is almost constant above the critical temperature. Figure 9a shows the density and

velocity of water as a function of temperature, and Figure 9b shows the corresponding rock
values.
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Figure 8. Bulk modulus of water as a function of temperature at 25 MPa.

In their Figure 3, Chaki et al. [11] give the relative gas permeability x in relation to that of the
intact rock, ko. Measurements are carried out at 20 °C and the relative pressure and the confining
pressure applied to the sample are successively 0.5 and 0.8 MPa. The actual values in microdarcy
(uD) are listed in Table 1, since ko = 9.53 u D at ¢, = 0.0068, according to Table 1 of these
authors. At very low porosity (¢ < 1), the Kozeny-Carman relationship between porosity and
permeability becomes a cubic equation:

K = Kk’ (16)

Mavko et al. [25, Section 8.4], where k. = Ko/q’)g =3 x 10’ uD, obtained by calibration with the
values of the intact rock (105 °C). Figure 10 shows the permeability as a function of porosity (a)
and temperature (b), where the open circles represent the experimental values. We used equation
(7), which relates porosity to temperature. From Tables 1, 3 and 4, we produce Figure 11, show-
ing the permeability as a function of the crack density, (a) form the O’Connell and Budiansky
[18] equations, and (b) from the EIAS model.

Based on randomly oriented and circular dry cracks, the crack density can be calculated from
the velocity and mass density of the rock. The initial (intact) rock has a high-frequency P-wave
velocity vpy = 5000 m/s and a porosity of 0.68% and we assume that this initial rock has no ther-
mal cracks. According to equation (1), the bulk density of the air-saturated rock is approximately
po = (1—0.0068) 2705kg/m3 =2687kg/m3. Then My = Ko + 44y/3 = pyvi,= 67 GPa, and we
have seen above that with a Young’s modulus of 58.63 GPa we have p,= 24GPa and Ky=
35 GPa, where we use the sub-index “0” for the initial rock at 105°C. We consider the relation-
ship between moduli and crack density given by O’Connell and Budiansky [18] (see [40, Section
6.7.3.2]). Since the cracks are isolated with respect to the flow, this approach simulates a very
high-frequency saturated rock behaviour. O’Connell and Budiansky [18, Equations 5, 7 and 8],
Schon [40, Equations 6.101-6.105] or Mavko et al. [25, Equations 4.11.1-4.11.3] give

16 (1 —12
k=x[i-(122)] W

- nf-3e=p0)]

45 2—v
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Figure 9. Density (solid line) and wave velocity (dashed line) of water (a) and saturated rock (b) as a function of temperature at
25 MPa.

with

45 (vo—v)(2—v)

_® , 19
“T16(1 = v2)(100 — 3o — ) (19)

where v is the Poisson ratio of the cracked rock. An approximation (that we do not use in this
work) is

16 3Ky —2
v=1y|l——¢€], 1/0:07#0. (20)
9 2(3Ko + 1)

If we combine equations (17) and (18), with M, = Po"%o = Ko + 41y/3, we get

_ My - M 16 (1-1? 32 ((1-»)(5-v) B
T (0K + ig(Ony’ f(e)_9<1—2y>’ g(e)_45<z_y)’ v=u(e), @I
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Figure 10. Permeability as a function of porosity (a) and temperature (b). The open circles are experimental values by Chaki
etal. [11].

where M = pvi = K +44/3 is the P-wave modulus of the cracked rock at temperature T. We
solve the nonlinear equations (19) and (21) using the simulated annealing algorithm, with € and
v as unknowns, assuming initial values v = 14 for each temperature (ranging from ¢ = 0 at 105
°C to 0.37 at 600 °C). The crack densities, with the Poisson ratios and dry-rock moduli, are given
in Table 3. We verify the simulating annealing results by solving equation (19) for v analytically
as a function of the crack density e (a cubic equation), where vy = 0.2, Ky = 35GPa and p, =
24 GPa, corresponding to T=105 °C. We select the root with zero imaginary part and real part
between 0 and 9/16, since the moduli approach zero uniformly as € increases and vanishes exactly
for € = 9/16, as the approximation is not valid at this limit [18]. Then, we replace v into equa-
tions (17) and (18) to obtain K and pu.
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Figure 11. Permeability as a function of crack density corresponding to Chaki et al. [11] data. (a) from the O’Connell and
Budiansky [18] equations; (b) from the EIAS model.

Table 3. Crack density, poisson ratio and dry-rock moduli [18] theory.

T(°Q) Crack density v K (GPa) 1 (GPa)
105 0 0.20 35 24
200 0.023 0.21 33 23
300 0.11 0.18 25 20
400 0.16 0.16 21 18
500 0.26 0.12 14 14
600 0.47 0.04 34 4.6

Using the quality factors, we apply the EIAS-Zener model to the data to obtain the crack frac-
tion and crack aspect ratio (see Appendices A and B and Cheng et al. [41]). We assume that
water vapor is present in the pore space at ambient conditions, with Ky = 0.13MPa and p; =

0.75kg/m’ (air, in practice).
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Table 4. Properties of granite (air saturated, EIAS-zener model) [11].

TCQ Crack fraction Aspect ratio Crack density Veom (M/S) Vao (M/S) Qp vﬁom (m/s) vﬂo (m/s)
105 1.6 x 1072 1.9 x 107 0.14 4995 5005 500 3042 3043
200 8.9 x 1073 8.8 x 107 0.17 4855 4979 201 2982 2085
300 1.2 x 1072 7.5 x 107° 0.31 4367 4403 124 2756 2761
400 94 x 1073 45 x 107 0.45 4036 4099 64 2589 2597
500 48 x 1073 14 x 107° 0.86 3364 3564 44 (17) 2219 2248
600 9.0 x 1073 1.6 x 107° 4.1 1834 1973 32 (14) 1259 1284
Viso IS Vp in Table 1.

The low- and high-frequency (laboratory) P-wave velocities are (see Appendix A)

M,
Veom = %a Mcom = Keom + 4:ucom/3 (22)
and
M4
Viso = plso) Miso = Kiso + 4:uiso/3 (23)

respectively. The velocity reported in Table 1 is v, at 500kHz, according to Chaki et al. [11].

We consider this value in the range veom < Viso < Voo, Where voo = /My /p, and M is the P-
wave modulus [35].

The quality factor at w; = 2 © 500kHz can be expressed as in equation (41). The constraints
in the simulated-annealing algorithm to obtain the aspect ratio and crack fraction are amin = 0,
Amax = 1, starting at a=0.5, and cpin = 1078, cnax = 1, starting at c = 107°.

The crack porosity is c¢, the part of the pore space occupied by cracks, while the rest is occu-
pied by stiff (uniform) spherical pores. The crack density is defined as

3¢pc
P

" 4ma

Gurevich [42, eq. 36], Schon [40, Equation 6.108], Adelinet et al. [43, eq. 5]; Sun et al. [44,
Equation 10], and Carcione [20, eq. 7.609]. As can be seen, the crack fraction can be in principle
determined from equation (24) as ¢ = 4mea/(3¢), but the crack aspect ratio a is required, a prop-
erty not considered in the theory of O’Connell and Budiansky [18].

Table 4 shows the results, with the velocities in the 5th and 6th columns corresponding to the
P-wave and those in the last two columns to the S-wave. As Sun et al. [44] and Cheng et al. [41,
Figure 2] show, the EIAS and CPEM (Cracks and Pores Effective Medium) models provide simi-
lar results, whereby the uncertainty in the estimation of the crack density and aspect ratio is
around 15%, as Sun et al. [45] report. We consider the quality factors of Figure 5 based on the
amplitude and the algorithm recalculates them (in parentheses). The crack fraction behaves in a
wavelike manner depending on the temperature. There is no monotonic relationship between the
crack fraction and the quality factor Qp, but an increasing crack density and a decreasing aspect
ratio correlate with a higher attenuation (lower Qp). As shown in Figure 1 of Endres and Knight
[46], Figure 2 in Cheng et al. [41] and Figure 7.22 in Carcione [20], the bulk modulus dispersion
and thus the bulk attenuation does not behave monotonically as a function of the crack fraction.
The quality factor Qp of the P-wave depends on the crack fraction ¢ via the dispersion index [44,
Equation 46].

(24)

Mcom

v
D=—""—-1=1/Qp, Voo=2x

Vcom

= X Vcom> (25)
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Table 5. Properties of La Peyratte granite (air saturated) [7].

Rock ¢ (%) Crack density Aspect ratio Crack fraction Vp = Viso (M/S) Qr

intact 0.35 0.075 (0.078) 0.0130 (3.3 x 107%) (3.1 x 1073) 5450 140
220 °C 0.57 0.139 (0.230) 0.0098 (1.1 x 107°) (1.9 x 1073) 4836 23
450 °C 0.87 0.245 (0.740) 0.0085 (1.2 x 107%) (4.5 x 1073) 3729 25 (16)

The values in parentheses are our calculations with the EIAS model.

Table 6. Properties of La Peyratte granite (water saturated, EIAS-Zener model).

Rock Vo = Veom (M/S) Vp = Viso (M/s) Qp Permeability (uD)
intact 5701 5832 21 0.006
220 °C 5409 5671 10 0.678
450 °C 4916 5344 5 1.570

The permeability is data from Table 2 of David et al. [7].

(see Appendix A.1), such that

QP ~ > (26)

an approximation of equation (41). At constant aspect ratio a, the dissipation factor Q' has a
maximum at intermediate values of ¢ (see Figure 7.22 in Carcione [20]) with zero values (no
attenuation) at ¢=0 and 1, while the shear dispersion increases from zero to a maximum at
c¢=1. For the same value of Qp, we can have two different crack fractions. If a single pore shape
is present (c=0 or 1), the incremental fluid pressure is the same in all pores, so that no P-wave
dispersion occurs at these limits. For mixed pore shapes, the induced fluid pressure change is
greater in the cracks than in the spherical pores, and dispersion occurs. Table 4 also shows that
the aspect ratio decreases with temperature and the crack density increases with values higher
than those in Table 3, which result from the theory of O’Connell and Budiansky [18], which
assumes zero aspect ratio and no attenuation. Attenuation increases with crack density [44].
Abnormal behavior occurs at 600 °C with a crack density greater than 1. There is a significant
drop in P-wave velocity from 500 °C (3460 m/s) to 600 °C (1900 m/s). Between 500 and 600 °C,
the samples are severely damaged due to the anisotropic expansion associated with the o/ quartz
transition that occurs at 573 °C and room pressure.

A Qs quality factor could be defined as in equation (25), where v, is replaced by v, but it is
not representative of the true factor, since we need v, and this can only be determined by meas-
urements, which allows the calculation of shear relaxation times.

3.2. Example 2: David et al. [7] data

David et al. [7] report on the properties of two samples of La Peyratte granite at 220 and 450 °C.
The samples were heated at a low rate (18 °C per minute) until the maximum temperature was
reached. The temperature is then kept constant for one hour. Then the system is cooled down at
the same low rate to avoid temperature shocks during the heating/cooling cycle.

La Peyratte granite consists of 40% plagioclase, 2.6% K-feldspar, 24% quartz and 10% biotite
[47]. Based on this composition, the effective bulk and shear modulus of the grains, calculated
with a Voigt-Reuss-Hill average, David et al. [7] obtain K; = 52 GPa and u, = 31.2 GPa, respect-
ively, and the composite density is p, = 2660 kg/m’. According to David et al. [7], the intact and
thermally cracked rocks have the crack density and aspect ratio reported in their Table 3,
obtained from the elastic moduli of the grains and P-wave velocity and density. They do not use
the measured quality factors to obtain these values. From the data of David et al. [7] in their
Table 3 we obtain ¢ = 4mea/(3¢)) = 1.170, 1.001 and 1.002 for the intact rock, the 220 °C sample
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Figure 12. Permeability as a function of porosity. The open circles are experimental values by David et al. [7].

and the 450 °C sample, respectively. However, ¢ cannot be greater than 1. We report their values
in Table 5 in addition to the values for porosity, P-wave velocity and quality factors.

We invert for the crack density and aspect ratio with the simulated annealing algorithm to fit
the velocities and quality factors, using the crack fraction ¢ and aspect ratio a as fit parameters.
We use the EIAS theory in combination with the Zener attenuation model to obtain the low- and
high-frequency P-wave velocities (and moduli) and quality factors. The value of ¢ must be
between 0 and 1 and cannot assume these two limits because the EIAS model does not predict
attenuation at these limits. As above, we assume that water vapor is present in the pore space at
ambient conditions. The velocity reported in Table 5 is v, at 700 kHz, according to David et al.
[7]. The quality factor at ; = 2 m 700kHz can be expressed as in equation (41). The values for
€ and a that fit the data are given in parentheses in Table 5. We obtained a value of 16 for the
quality factor of the 450 °C sample, in contrast to the value of 25 obtained by David et al. [7].
However, the quality factor should decrease with increasing crack density (compared to 23 for
the 220 °C sample) as predicted by our calculations. The experimental negative correlation
between attenuation and induced thermal damage is attributed by David et al. [7] to the fact that
the 450 °C sample is the only one with a length significantly different from that of the reference
sample. If we replace steam or air by water (K; = 2.22GPa, p = 1000 kg/m®), we obtain the
velocities and quality factors listed in Table 6.

The permeability in David et al. [7] has been measured at an effective pressure of 3 MPa on
the water saturated samples. Table 6 lists the permeability, which follows an almost linear law as
a function of porosity, as can be seen in Figure 12, where the open circles represent the data and
the solid line represent the function

k=A¢+B, A=2300.7uD, B=—1.046 uD. 27)
The dashed line corresponds to a power law,
K=K, (28)

where k. = 3.26 x 10'> uD. Both behaviors are anomalous and deviate significantly from the
Kozeny-Carman laws. The experiments to obtain permeability in David et al. [7] show some con-
tradictions, such as a reversal of the trend in permeability with increasing damage (see their
Table 2, last row).
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Next, the velocities are determined from the crack densities, calculated with the EIAS model,
using the equations of O’Connell and Budiansky [18] in order to compare the two theories. The
initial (intact) rock has a high-frequency P-wave velocity vp = 5450 m/s, and a porosity of 0.35%.
According to equation (1), the bulk density of the air saturated rock is approximately p, = (1-
0.0035) 2660 kg/m3 =2651kg/m3. Then My = pyvh,= 79 GPa. David et al. [7] report mineral
Lamé constants A= 31.3GPa and pu,= 31.2GPa. Then K;= ;+2u,/3= 52GPa and
M, = /s + 2u,= 93.5 GPa. Using Pride equations (4), we have

K; 4 U

2 4 —
M:p%_Kﬁ+y%_a—¢)U+C@+§U+Mwﬁ), (29)

which gives a quadratic equation in C:

AC’ +BC+C =0,

_ 3¢°M
S 2(1-¢) 0)
_p| M 3K A
B*¢2u—¢) 2 3
c=M _u
— g M

Solving the equation gives consolidation coefficients C=43, 73 and 147 for the intact rock, 220 °C
and 450 °C, respectively. Using the crack densities computed with the EIAS-Zener model, give the P-
wave velocities (equation (5)) 5295, 4404 m/s and an imaginary value, respectively, indicating that the
two theories are not fully compatible. The solutions corresponding to the exact solution of the prob-
lem with € and v as unknowns, ie., with an objective function based on equations (19) and (21) gives
€ = 0, 0.09 and 0.25 [with K(u): 45(25), 33(22), 17(15) GPa] for the intact rock, 220 °C and 450 °C,
respectively. The values of € are closer to the results of David et al. [7] in Table 5, as expected, since
they used a similar model [8], that is consistent with that of O’Connell and Budiansky [18].

3.3. Additional data

Jones et al. [6] report on crack density (Figure 4, values from 0 to 0.05) and permeability (Figure 5)
in basalt as a function of temperature. Crack density is calculated from ultrasonic velocities (not
given) using the method of O’Connell and Budiansky [18]. The permeability ranges from 1 to 10
nanodarcy. Oven-dried rock samples were heated at ambient pressure at a rate of 1 °C/min to various
peak temperatures up to 800 °C. A low heating rate was used to ensure that cracking was due to
temperature alone and not to thermal gradients in the sample. Samples were heated to their peak
temperature, held for 1h and then cooled to room temperature at 1 °C/min. Due to lack of data
(mineral properties, density, velocity and attenuation) analysis is not possible

Griffiths et al. [9, Table 2] provide data on the porosity and P-wave velocity of Garibaldi gray
granite samples as a function of temperature, measured at room temperature and pressure. The
heating procedure consisted of drying the rock in a vacuum pump at 40 °C for 24 h before plac-
ing the sample in the oven, which was programmed to heat at 1 °C/min to the desired maximum
temperature. The rock remained at the target temperature for two hours before being heated
again at a temperature of 1 °C/min before being cooled back down to room temperature. Due to
the lack of data (mineral properties, density and attenuation), analysis is not possible.

Recently, Alcock et al. [15] reported new data on thermally treated core samples from Devon
granite. The samples were thermally treated at temperatures between 25 and 800 °C. Their Table
1 shows the mineralogy, and their Table 2 the density, P-wave velocity and porosity as a function
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of temperature. The mass density ranges from 2.62 to 2.52 g/cm’, the porosity from 1 to 8% and
the velocity from 4.7 to 0.5km/s. The crack density is obtained from optical images, and the
P-wave velocity is calculated from the crack density according to the method of O’Connell and
Budiansky [18]. However, there is a significant discrepancy between the experimental (their Table 2)
and numerical (their Table 5) values, with a difference of 1.85km/s at 800 °C.

The discrepancies in crack density between the EIAS and O’Connell-Budiansky models are
due to the different physical foundations of the two theories. In contrast to the work of
Budiansky and O’Connell [19], the EIAS model describes the pore structure as a continuous spec-
trum of pore shapes instead of dividing the pore space into two categories: spherical pores and
very thin cracks. Furthermore, the EIAS model allows the cracks to have a non-zero aspect ratio,
and the theory of Budiansky and O’Connell [19] uses a self-consistent formulation; therefore,
their result is not compatible with the Gassmann-Biot theory,

4. Conclusions

We consider experiments published in the literature on the acoustics of thermally cracked (stiff) rocks
(granite, basalt) and propose appropriate models to describe the data. The results show that the pro-
posed models can explain the experiments. These concern dry rocks at ambient pressure, where the
dry-rock moduli play the main role. The Hashin-Shtrikmann bounds and the Voigt-Reuss-Hill mean
are used to obtain the mineral properties, and the Gassmann equations, based on a consolidation
coefficient calculated with a simulated annealing method, are used to fit the P-wave velocity as a func-
tion of temperature. In addition, the quality factor, which decreases with temperature, is determined
using two different methods, namely from the amplitude decay and from the dominant frequency of
the signal spectrum. Both results agree very well. Subsequently, a fluid substitution is performed in
which the rock is saturated with water at ambient and supercritical conditions. The acoustic proper-
ties of water are based on the NIST data and we propose explicit expressions for the density and bulk
modulus. We obtain the crack fraction, crack density and aspect ratio from the wave velocity using
two different approaches, namely the EIAS-Zener model and the equations of O’Connell and
Budiansky. The first model can be used to predict the attenuation of the saturated rock. As expected,
the quality factor decreases with temperature and decreasing aspect ratio, and the density increases
with temperature. The permeability is satisfactorily described by a power law relationship to porosity
with powers of 3 and 6, although in the latter case only two permeability values are given. The pro-
posed equations and methods can be useful for monitoring acoustic properties in various applications
such as volcanism, geothermal energy and nuclear waste disposal sites.
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frequencies. If the pore space is filled with a fluid of volume modulus Ky, the corresponding high
frequency moduli are

¢(Ky — Ky)y _ u(1-¢)

Kiso = Ky + ——(—F———, iso — s 31
Flgi-y M T 1-60-0) Gy
y=(1-=c)Pr+cP;, 0= (1-¢)Qi+cQ, (32)
where c is the crack fraction [46, Equations 32, 33, 54 and 55]; [20, Section 7.22],
K+ 4u,/3
LK a3
K, 3K, +
Prm o fepe o
¢+ maf 3K, + 4pu (33)
Ky 9K + 8 33
=14+p/é E==——7—,
Q w/& & 6 K.t21
1 8 Kr+2u,/3
Q=1+ K = b/ ]
5 ma(u, + 2) Ky + maf

where P; and Q; correspond to spherical pores and P, and Q, are approximations for penny-
shaped cracks [25,48,49, p. 247].

The effective moduli, when complete fluid pressure communication occurs (low frequencies),
are

d)Ks(Kf - Ks)VO
(1_¢)(K5_Kf)+ [Kf‘i'ﬁb(Ks_Kf)]VO, (34)
o :us(l _d))
,ucom - 1— ¢(1 _50) .

Endres and Knight [46, Equations 34 and 35], Sun et al. [44], and Carcione [20, Section 7.22],
where

Keom = K +

70 = (1 = ¢)Po1 + cPo2, 6o = (1 —¢)Qo1 + ¢Qo2s (35)

K p —P(K—O)—KS
4#5) 02 = 2Ky = _naﬁ’

1 4pg  po+ 8B
Qo = Qi(Kf ) =Q1, Qo= Q(Ky ) 5 ra 3B+ 2)

The moduli Keom and g, with Ky =0, are the dry-rock moduli to be used in Gassmann
equations, i.e.,

Py =P(Kr=0) =1+
(36)

_KO-9) _ w0=9)
"1+ d(p - 1) "1+ ¢(0 - 1)
since those moduli with Ky # 0 [Equations (34)] are identical to the Gassmann moduli (Egs. (52)

and (53) in Endres and Knight [46]). Expressions [38] are similar to equations (4). Values of a
and ¢ can be obtained by fitting the relaxed and unrelaxed moduli.

(37)
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Appendix B. EIAS-Zener attenuation model.

We model the wave attenuation with the Zener element, whose P-wave complex modulus is
1+iwt
M(o) = M, (#)

1+iwt,
Carcione [20, Section 2.4.3], where 1., 7, are P-wave relaxation times, the relaxed modulus M, is
obtained for w = 0, and the unrelaxed modulus

(38)

Te

MoczM()( ) (My < M) (39)

T

for w — oo.
We set My = Mcom = Keom + 4ltcom/3, according to the EIAS model, and My = Kiso + 4l4i50/3
is the modulus at the working frequency in the laboratory, say @;. We locate the Zener relaxation

peak at
1
w; = p T = /T, (40)

At this frequency the quality factor has the minimum value

2 2 e
Q=—"—=—"_, x=,/= (41)
Te—1T, x—1/x Te
Then, for Q > 1,
1+ imgt, 141 2M
Migy ~ MoRe ~ %) _ poRe( -2 ) = 220 (42)
1 +imt, 1+i/x 1+ 1/x?
where we have used equations (39) and (40). Solving for x,
Moo ~1/2
X = ( om - 1) , (43)
Miso

which can be replaced in equation (41) to obtain the quality factor.

Appendix C. grain stiffness moduli.

Defining the solid proportions by p;, for n minerals, the following relation holds

> opi=1 (44)
i=1

The Hashin-Shtrikman upper (+) and lower (-) bounds for the bulk and shear moduli are

KM = A(ps), (45)
45

where

-1
Alus) = <14> - é,“:’ (46)
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I = <;>_1 - (47)

p+ &

Pe 9K+ +8u.
Keop,) =t (2270 48
ek ) = 2 (R ) (48)

(e.g., [25]), and the subscripts + and - denote the maximum and minimum moduli of the sin-
gle constituents. The brackets (-) indicate an average over the constituents weighted by their vol-
ume fractions. The density is simply the arithmetic average of the densities of the single
constituents weighted by the corresponding volume fractions.

Appendix D. Density and bulk modulus of water.

D.1. Batzle and Wang equations

The properties of water depend on temperature and pressure. The equations are restricted to the
pressures and temperatures of the experiments performed by Batzle and Wang [33] (about
60 MPa and 100 °C).

The density of water in g/cm’ is

Py =1+107(=80T — 3.3T% + 0.00175T> + 489p — 2Tp + 0.016T*p
- 1.3 x 107°T°p — 0.333p* — 0.002Tp?), (49)

where T is given in °C and p in MPa.
The sound velocity is

4 3
ve= > wiT'P, (50)
i=0 =0

with constants wj; given in Table 1 of Batzle and Wang [3].
Finally, the bulk modulus is

K, = p, V2. (51)

D.2. NIST equations

The National Institute of Standards and Technology (NIST) provides data about the properties of
water at a wide range of temperatures and pressures [13]. The temperature at the critical point of
water is 374 °C, with a pore pressure of 22 MPa.

Our analytical expression for the density is

p(T.p) = AH(Ty) + B[1 = H(To)], (52)
where
1000
A :—ul—a2T0+a3, (53)
Ty

Table 7. Coefficients to fit the NIST density.

Pressure (MPa) a a, as ay as dg
25 0.9 0.25 110 0.085 0.65 600
35 0.6 0.30 118 0.200 0.60 900

45 0.5 0.30 120 0.400 0.75 1190
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1000
B = 2000 — [I—H(T())] W-ﬁ-as’ro—f-&% . (54)
=Ty
H(T) is the Heaviside function, Top = T — Tj,, where T}, is 374, 400 and 430 °C for 25, 35 and
45 MPa, respectively, and Table 7 gives the coefficients a;.
On the other hand, we consider the velocity or sound speed at 25MPa, whose analytical
expression is

V(x=90-T), 0 < T < 90°C
yy = ) Vlx=T=090), 90 < T < 385°C (55)
—%4—})2@—385)—#%, T > 385 °C
where
V(x) = 16021 — (50x)*D7!], (56)

D=3.33 x 108 b; =0.9, b, = 0.8 and b3 = 522. The bulk modulus is given in equation (51).
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