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Abstract
Porous rocks in geothermal and ultradeep hydrocarbon reservoirs generally present large differences in temperature and ther-
mal properties between the solid skeleton and pore fillings, leading to strong thermal coupling effects on the dissipation and 
attenuation of elastic waves, which remains unexplored theoretically. The theory of single-temperature thermoporoelasticity, 
as an extension of Biot poroelasticity by incorporating a single temperature (ST) and single-phase-lag (SPL)/dual-phase-lags 
(DPL) relaxation time of heat conduction, has been introduced in geophysics in recent years for wave propagation in non-
isothermal porous rocks. However, the ST thermoporoelasticity assumes only an average temperature over the entire porous 
rock and becomes inadequate in describing the thermal relaxation of pore fillings and the thermal coupling due to heat transfer 
between the solid frame and pore fillings. We address this issue by proposing a two-temperature (TT) thermoporoelasticity 
with the DPL relaxation time of heat conduction, associated with analytical solutions and experimental verification. Plane 
wave analyses are performed for a comprehensive comparison of dispersion and attenuation between the TT-DPL, ST-DPL, 
and ST-SPL thermoporoelasticity models. The proposed TT-DPL model is used to interpret the laboratory measurements 
on a saturated sandstone with glycerin at different temperatures. It accounts for the effect of solid–fluid thermal expansion 
and shows larger thermal attenuation and velocity dispersion than the other two models. Ignoring the effect of solid–fluid 
thermal expansion when fitting the experimental data, however, leads to relatively high values of thermal conductivity and 
thermal relaxation time. The TT-DPL model provides a physically meaningful model for ultradeep hydrocarbon explora-
tion, geothermal recovery, and other applications involving temperature variations between the solid frame and pore fillings.

Highlights

•	 Two-temperature thermoporoelasticity is proposed to describe the thermal coupling effect due to heat transfer between 
the solid frame and pore fillings in porous rocks.

•	 Plane-wave analyses compare various thermoporoelasticity models for dissipation and attenuation with/without the 
interphase coupling in saturated porous rocks.

•	 Experimental verification by a saturated sandstone with glycerin at different temperatures shows the significant effect of 
solid-fluid thermal coupling on attenuation and velocity dispersion.
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1  Introduction

Classical thermoelasticity couples elastic deformation and 
heat flow (Biot 1956). The associated wave dissipation and 
attenuation are relevant to geophysical exploration (e.g., 
Treitel 1959; Savage 1966; Armstrong 1984) and earth-
quake seismology (e.g., Boschi 1973; Ritsema et al. 2011; 
Simmons et al. 2010). Particularly, the investigation of tem-
perature-dependent wave propagation in fluid-filled porous 
rocks is of great interest for the exploration and development 
of geothermal and ultradeep hydrocarbon resources (e.g., 
Cermak et al. 1990; Jacquey et al. 2015; Fu 2017, 2019; 
Poletto et al. 2018; Chicco et al. 2019; Chicco and Man-
drone 2022; Li et al. 2023; Cheng et al. 2024). Geothermal 
and ultradeep hydrocarbon reservoirs have been recognized 
as a thermoporoelastic medium involving complex thermal-
liquid–solid coupling processes (e.g., Breede et al. 2013; 
Liu et al. 2018; Cui and Wong 2021; Jian et al. 2022; Wang 
et al. 2023) where the differences in temperature and ther-
mal properties between the solid skeleton and pore fillings 
result in coupling effects that significantly influence wave 
dissipation and attenuation. In this study, we address this 
issue through theoretical modeling with confirmed validity.

Thermoporoelasticity (e.g., Noda 1990; Nield and Bejan 
2006; Sharma 2008) is an extension of Biot poroelasticity by 
incorporating a single temperature (ST) and single-phase-lag 
(SPL) relaxation time of heat conduction (Lord and Shul-
man 1967) to couple elastic deformations with temperature 
and describe wave dissipation due to fluid and heat flows 
in porous media. Numerical simulations for wave propaga-
tion in ST-SPL thermoporoelastic media (Carcione et al. 
2019) show that the thermal (T1) and Biot slow waves are 
diffusive at low frequencies and wave-like at high frequen-
cies. Wei et al. (2020) formulated the Green function of ST-
SPL thermoporoelasticity to investigate the effect of fluid 
viscosity and thermal properties on wave dissipation. The 
theory is extended to a double-porosity structure of pores 
and cracks (Kumar et al. 2017), but the resulting negative 
dissipation factors indicate instability. The problem is solved 
by incorporating the Biot–Rayleigh double-porosity theory 
(Ba et  al. 2011), predicting positive dissipation factors 
(Li et al. 2022; Kumar et al. 2023). The resulting double-
porosity thermoporoelastic model is then used to develop a 
coupled thermo-hydro-mechanical model (Li et al. 2023) 
for the cyclic recovery of fractured-vuggy thermal reser-
voirs. Yang et al. (2025) formulated an ST-SPL thermoa-
coustoelasticity for wave propagation in preheated and pre-
stressed solid rocks. The refection and transmission (R/T) 
of inhomogeneous waves are investigated at the free surface 
of ST-SPL thermoporoelastic medium (Wang et al. 2021; 
Liu et al. 2022), at the interface between an elastic solid 
and ST-SPL thermoporoelastic medium (Kumar et al. 2022), 

and at the interface between two ST-SPL thermoporoelastic 
media (Hou et al. 2023). The resulting thermoporoelastic 
R/T model is applied to the seismic amplitude-variation-
with-offset (AVO) modeling of Olkaria geothermal reser-
voirs for time-lapse reflection seismic monitoring (Cheng 
et al. 2024). However, these formulations based on the ST-
SPL thermoporoelasticity assume only an average tempera-
ture over the entire fluid-filled rock and become inadequate 
in describing the thermal coupling effect of solid and fluid 
phases on the dissipation and attenuation of elastic waves.

It is worth mentioning that an ST thermoporoelasticity 
with a dual-phase-lags (DPL) relaxation time of heat con-
duction, which is proposed for metals (Tzou 1995; Chan-
drasekharaiah 1998), has been introduced for wave propa-
gation in fluid-filled porous rocks (Liu et al. 2023; Kumar 
et al. 2024). The associated thermal relaxation effect is of 
relevance only in specialized applications involving very 
short time intervals and/or very large heat fluxes. Because 
of the most common engineering materials, such as metals, 
the value of relaxation time is known to be of the order of a 
picosecond or less. The ST-DPL thermoporoelasticity only 
accounts for such small thermal-relaxation effects caused 
by a very small difference of thermal properties between the 
pore infill (fluid) and frame. However, relevant experimental 
studies show that the relaxation times of different materi-
als such as the rock frame and pore fluids are significantly 
different by the order of magnitude from second to a frac-
tion of minute (Kaminski 1990; Vedavarz et al. 1992; Mitra 
et al. 1995). In addition, The ST-DPL thermoporoelasticity 
ignores the solid–fluid thermal coupling effect caused by 
heat transfer in different phases.

Thermal relaxation effects occurring in the solid phase 
of porous rocks are well recognized and described by the 
classical theory of thermoelasticity (e.g., Rudgers 1990; Car-
cione et al. 2018; Wang et al. 2020; Hou et al. 2021). Unlike 
the solid phase, the soft phase of porous rocks, such as pore 
fluids, kerogen, bitumen, and other organic matters, is more 
sensitive to temperature perturbations, presenting larger 
thermal relaxation effects. Noticeable changes in dispersion 
and attenuation due to the temperature-dependent physical 
properties in the soft phase have been observed (e.g., Batzle 
and Wang 1992; Nava et al. 1994; Schmitt 1999; Batzle et al. 
2006; Han et al. 2008; Rabbani and Schmitt 2018; Yuan 
et al. 2019). The solid–fluid thermal coupling effect on the 
dissipation and attenuation of elastic waves enhances sig-
nificantly with increasing temperature differences between 
solid and fluid phases. However, the theoretical understand-
ing of these phenomena seems insufficient. Considering the 
temperature difference between the solid frame and the pore 
infill (fluid) of porous rocks for microscopic interactions in 
the heat transfer process, Youssef (2007) extended the ST-
DPL theory to a two-temperature (TT) thermoporoelasticity 
with a dual-phase-lags model of heat conduction. It predicts 
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an additional slow thermal wave (T2) (Singh 2011). Hou 
et al. (2024) formulated the refection and transmission (R/T) 
of inhomogeneous waves at the interface between two TT-
DPL thermoporoelastic media. However, these theoretical 
studies are lack of experimental data verification. In this 
study, we will address this issue by incorporating laboratory 
measurements.

As pointed out by Youssef (2007), there are two terms, 
K(Ts–Tf) and J�s�f , that represent the temperature coupling 
effect in non-isothermal porous media where J is a mixed 
thermoelastic coupling coefficient. The former stands for the 
interphase heat transfer resulting from the unequal tempera-
ture of the phases at every point of the medium, which must 
be considered in application scenarios where the matrix 
temperature differs significantly from that in the surround-
ing fluid phase. Such significant temperature gradients are 
common in many situations such as thermal recovery, oil 
and gas drilling activities, and hydraulic fracturing (e.g., 
Breede et al. 2013; Olasolo et al. 2016). For example, large 
natural temperature gradients between hot thermal reservoir 
and cold recharge water in natural geothermal system have 
been recorded, which is due to the deep magma as source 
of heat (Banks 2012). On the other hand, thermal stresses 
occur when there is a temperature perturbation between 
the environment and the whole rock, regardless of whether 
there is an interphase temperature difference between the 
solid and fluid phases. The latter term is attributed to the 
differentiation of thermal expansion coefficients in dif-
ferent phases. Many experiments show that ignoring the 
solid–fluid thermal expansion leads to an incorrect inter-
pretation of the thermo-osmotic experimental data and will 
result in higher values for thermal osmotic flow (e.g., Al-
Bazali 2005; Roshan et al. 2015). Despite the fundamental 
importance of the heat transfer process between the solid and 
fluid phases which have been recognized, less literature has 
given a clear physical definition or specific values in plane 
wave calculations and numerical simulations. When the ana-
lytical solution including the correct effect of solid–fluid 
thermal expansion is used, no specific heat was needed to 
fit the experimental data for the rock samples. Ignoring the 
effect of solid–fluid thermal expansion in fitting the data, 
however, leads to unreasonably low, and incorrect, values 
for the specific heat coefficients. We refine the definition 
and unit of the aforementioned two coupling terms and cor-
responding coefficients in Sect. 2.2 as indicated in Table 1 
for a saturated sandstone.

In this article, we start from the energy function in the Biot 
notation to formulate the constitutive and heat conduction 
equations of TT-DPL thermoporoelasticity in non-isothermal 
conditions. We use some empirical relations to characterize the 
temperature-dependent properties of the soft phase of porous 
rocks. Physical explanations to relevant thermoporoelastic 

coefficients in the TT-DPL model are provided in contrast to 
those in the ST-SPL model. The thermal coupling term due 
to the solid–fluid temperature difference cannot be neglected, 
given the inherent differences in the coefficient of thermal 
expansion that exist between the two phases. Further, we show 
that ignoring the solid–fluid thermal expansion leads to an 
incorrect interpretation of the seismic data and therefore erro-
neous estimation of the thermal properties. We use plane wave 
analyses to perform a comprehensive comparison of dispersion 
and attenuation between the TT-DPL, ST-DPL, and ST-SPL 
models. Finally, we use the TT-DPL model to interpret the lab-
oratory measurements on the saturated sandstone with brine or 
glycerin (Yin et al. 2017) at different temperature. These find-
ings provide an essential understanding of seismic exploration 
for reservoir characteristics under high-temperature conditions.

2 � Methodologies

2.1 � Equations of Motions

The theory of TT-DPL thermoporoelasticity emphasizes 
the differences in both temperature and thermal properties 
between the pore infill (fluid) and the frame in the heat trans-
fer process. It includes the model parameters (four poroelastic 
moduli similar to Biot (1962) and seven additional coefficients 
without explicitly determined) in Eq. (30). Based on the dou-
ble-temperature equations of heat conduction, we follow the 
ST-SPL thermoporoelasticity (Carcione et al. 2019) to redefine 
additional coefficients with a clear physical definition and units 
for investigating thermal interactions that occurs within and 
between the solid and fluid phases.

The displacement of the solid matrix and average fluid are 
designated by the components ui and Ui , respectively, where 
t denotes the time variable and xi, i = 1, 2, 3 define the spatial 
variables. Moreover, we introduce the corresponding strain 
components:

and define the dilatations as e = ui,i, where the subscript “, 
i” denotes the spatial derivative �∕�xi . The strain energy in 
thermoporoelasticity medium with two temperature items 
can be expanded as

Compared with the original Eq. (30) in Youssef (2007), 
we amend temperature-related items from �m to �∗m , where 
�∗m = �m∕T0 and the supscript m (m = s, f) denote the solid 
and fluid phases, respectively, and �m is the temperature 

(1)eij =
1

2

(
ui,j + uj,i

)
and � = Ui,i,

(2)

� = �eijeij +
P

2
eiiejj +

1

2
R�2 + Qeii� + Ceii�

∗s

+ D
1
eii�

∗f D
2
��∗f + F��∗s + G�∗s

2 + H�∗f
2

+ J�∗s�∗f .
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perturbation above a reference absolute temperature T0 of 
the phases. We also use the notation P in Eq. (2) replac-
ing the original notation � in Youssef’s (2007) Eq. (29), 
since � and � commonly represent the Lamé constants. In 
addition to the poroelastic moduli R, Q consistent with 
Biot (1962), the parameters C, D1, D2, F, G, H, and J are 
interpreted only as additional mixed and thermal coeffi-
cients, lacking a clear physical definition or unit. We give 
the definitions and expressions for the seven parameters 
in Appendix A, which can be determined as a function of 
the solid and fluid and the microstructural properties of the 
medium. Note the temperture coupling term between the 
solid and the fluid represented by the coefficient J.

Based on the heat transfer in the solid and fluid (Youssef 
2007), the thermal expansion coefficient of both phases 

can be introduced to include the inertial and the nonlin-
ear advection terms in the two-temperature equation. The 
extending law of TT is

where the coefficient of heat conduction (or thermal conduc-
tivity) k, the increment of temperature � above a reference 

(3)
ks�s

,ii
=

(
�

�t
+ �s

0

�2

�t2

)(
�Cs

E
�s −

(
3�s�sf + �fs�f

)

Ts
0
�f + Ts

0
�seii + Ts

0
�fs�

)
+ h

(
�s − �f

)
,

(4)
kf �

f

,ii
=

(
�

�t
+ �

f

0

�2

�t2

)(
�C

f

E
�f −

(
3�sf �s + �f �fs

)
T
f

0
�s

+T
f

0
�sf eii + T

f

0
�f �

)
+ h

(
�f − �s

)
,

Table 1   Physical properties of 
the material used in plane wave 
analysis

Properties Values

Grain bulk modulus, Ks (GPa) 35
density, � s (kg/m3) 2650
Frame bulk modulus, Km (GPa) 1.7
Shear modulus, � m (GPa) 1.8
Porosity,� 0.3
Permeability, k (m2) 1 × 10–15

Tortuosity,� 2
Fluid density, � f (kg/m3) 1000
Viscosity, � (Pa⋅s) 0.001
Thermoelastic coefficient, � f (kg/(m⋅s2⋅deg K)) 40 000
Bulk modulus, Kf (GPa) 2.40
ST-SPL case in Carcione et al., 2017
Bulk specific heat, CV (kg/(m⋅s2⋅degK)) Case 1 (rock) Case 2 (gas)

1.8 × 106 1000
Thermoelastic coefficient, � (kg/(m⋅s2⋅degK)) 120 000
Thermal conductivity, k (m⋅kg/(s3⋅degK)) 10.5
Relaxation time, � (s) 1.5 × 10–8

TT-DPL case in this work
Solid specific heat, Cs

E
 (kg/(m⋅s2⋅degK)) Case 1 (rock) Case 2 (gas)

1.08 × 106 754
Thermal expansion coefficient, � s (degK−1) 1.3 × 10–6

Thermal conductivity, ks (m⋅kg/(s3⋅degK)) 14.7
Relaxation time, � f (s) 1.5 × 10–8

Fluid specific heat, Cf

E
(kg/(m⋅s2⋅degK)) 3.5 × 106 4186

Thermal expansion coefficient, � f (degK−1) 3.8 × 10–4

Thermal conductivity, kf (m⋅kg/(s3⋅degK)) 0.61
Relaxation time, � f (s) 1.5 × 10–8

Solid–fluid thermal expansion coefficient,�sf = �fs (degK−1) 2 × 10–5
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absolute temperature T0 for the state of zero stress and strain, 
the specific heat capacity CE , the relaxation time �0, and 
the thermoelasticity coefficient � are common thermoelastic 
parameters. The superscript ‘s’ and ‘f’ represent the solid 
and liquid phases, respectively, while the superscripts ‘sf’ 
and ‘fs’ indicate the coupling between the phases. h is the 
interphase heat transfer coefficient, kg/(s3⋅degK), and other 
properties are given in Appendix A (Eqs. 27 and 28).

Since we assume that the temperatures of the skeleton 
and the fluid are locally the same, the coupling terms of 
interphase heat convection h(�f − �s) resulting from the 
unequal temperature of the phases can be neglected. How-
ever, this item should not be ignored in special application 
scenarios, e.g., the cyclic recovery of thermal reservoirs 
and cold shock on dry hot rocks. � is the relaxation time. 
In classical thermoporoelastic theory, �0 is used as the 
equivalent relaxation time by neglecting the differences 
between the two phases. However, studies on various 
materials have shown that the difference in thermal relaxa-
tion time between solid and liquid can reach several orders 
of magnitude at room temperature (e.g., Kaminski 1990; 
Mitra et al. 1995). Following Youssef’s (2007) study, we 
introduce two relaxation times ( �s

0
 and � f

0
 ) into heat con-

duction equations, which avoids the overestimation of 
thermal effects on wave dissipation and the two relaxation 
times involved become more distinct in physics.

Since Eqs. (3) and (4) involve only the volumetric 
strain and do not introduce shear strain, the shear wave 
is not affected by temperature under the TT theoretical 
framework. Effective stress and effective pressure play an 
important role in rock physics. The total stress is decom-
posed into an effective stress, which acts on the frame, 
and into a hydrostatic stress, which acts on the fluid. As 
shown by Carcione et al. (2019), the constitutive relation 

of thermoporoelasticity theory with single temperature for 
the frame �ij and fluid �f  is

where the macroscopic particle velocity of the fluid relative 
to the solid is w = �(Ui,i − ui,i) . � is the Lamé constant of 
the drained matrix and � is the shear modulus of the drained 
(and saturated) matrix. � and M are the stiffness coefficients 
given in Appendix A. If thermal interaction within and 
between the solid and fluid phases are considered, as in 
Carcione et al. (2019), we have the extended constitutive 
relations:

The dynamical equations are

where the quantity � = (1 − �)�s + ��f  is the composite 
density with solid �s and fluid phase �f  . � is the tortuosity 
and the Darcy law defines the movement of viscous fluids 
of viscosity η in the frame of permeability �.

Coupling the TT heat conduction equation (Eqs. 3 and 4) 
and the constitutive relation (Eqs. 7 and 8) into momentum 
conservation (Eq. 9), the non-isothermal wave equations for 
isotropic thermoporous medium with two relaxation times 
are

(5)�ij = 2�eij +
(
(� + �2M)e + �Mw − ��

)
�ij,

(6)�f = ��Me + �Mw − �f �,

(7)

�ij = 2�eij + �ekk�ij + �M(�e + w)�ij

−
[(
3Km + 3�M(� − �)

)
�s + ��M�fs

]
�s�ij

−
[(
3Km + 3�M(� − �)

)
�f + ��M�sf

]
�f �ij

(8)
�f = ��Me + �Mw −

(
�f�M + 3�sfM(� − �)

)
�f

−
(
�fs�M + 3�sM(� − �)

)
�s.

(9)
{

𝜎ij,j = 𝜌üi + 𝜌f ẅi,

𝜎f ,i = 𝜙𝜌f üi + 𝜒𝜌f ẅi + 𝜙𝜂∕𝜅ẇi,

(10)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜇ui,jj +
�
𝜆 + 𝜇 + 𝛼2M

�
uj,ij + 𝛼Mwj,ij −

��
3Km + 3𝛼M(𝛼 − 𝜙)

�
𝛼s + 𝛼𝜙M𝛼fs

�
𝜃s
,i
−
��
3Km + 3𝛼M(𝛼 − 𝜙)

�
𝛼f + 𝛼𝜙M𝛼sf

�
𝜃
f

,i
= 𝜌üi + 𝜌f ẅi,

𝜙𝛼Muj,ij + 𝜙Mwj,ij − (𝛼fs𝜙M + 3𝛼sM(𝛼 − 𝜙))𝜃s
,i
−
�
𝛼f𝜙M + 3𝛼sf M(𝛼 − 𝜙)

�
𝜃
f

,i
= 𝜙𝜌f üi + 𝜒𝜌f ẅi + 𝜙𝜂∕𝜅ẇi,

ks𝜃s
,ii
=
�

𝜕

𝜕t
+ 𝜏s

0

𝜕2

𝜕t2

��
𝜌Cs

E
𝜃s −

�
3𝛼s𝛽sf + 𝛼fs𝛽f

�
Ts
0
𝜃f + Ts

0
(𝛽s + 𝛽fs)eii +

Ts
0
𝛽fs

𝜙
w
�

kf 𝜃
f

,ii
=
�

𝜕

𝜕t
+ 𝜏

f

0

𝜕2

𝜕t2

��
𝜌C

f

E
𝜃f −

�
3𝛼sf 𝛽s + 𝛼f 𝛽fs

�
T
f

0
𝜃s + T

f

0

�
𝛽sf + 𝛽f

�
eii +

T
f

0
𝛽f

𝜙
w

�
.
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If we neglect the thermal coupling effect between the 
solid–fluid phases, but include the thermal term within each 
phase and set �s = �f  , we have � = �s + ��f  , and Eqs. (7) and 
(8) reduce to the classical thermoporoelasticity equations. If 
thermoelastic coupling coefficients J = 3�s�sf + �fs�f  = 0, we 
can combine the temperature perturbation terms of the solid 
and fluid at �s = �f = � as discussed in Appendix B. Equa-
tions (3) and (4) reduce to heat conduction equation for a 
single temperature. Equation 10 reduces to the thermoporo-
elasticity equation (Carcione et al. 2019):

However, the values of �s and �f  are usually observed in 
the order of 10–6 to 10–5 K−1 and 10–4 K−1, respectively 
(Robertson 1988; Roshan et al. 2015). Therefore, we can 
estimate the order of magnitude of the terms 36Q2�s�f  
(around 109) larger than the terms 9P2�2

s
+ 6PR�s�f + R2�2

f
 

(11)

⎧⎪⎨⎪⎩

𝜇ui,jj +
�
𝜆 + 𝜇 + 𝛼2M

�
uj,ij + 𝛼Mwj,ij + 𝛽𝜃

,i = 𝜌üi + 𝜌f ẅi,

𝜙𝛼Muj,ij + 𝜙Mwj,ij − 𝛽f 𝜃,i = 𝜙𝜌f üi + 𝜒𝜌f ẅi + 𝜙𝜂∕𝜅ẇi,

kTi,i = 𝜌Ce

�
𝜃̇ + 𝜏

0
𝜃̈
�
+ T

0
𝛽
�
u̇i,i + 𝜏

0
üi,i + ẇi + 𝜏

0
ẅi

�
.

(around 108), so the solid–fluid thermal expansion coeffi-
cient �sf  has no real root when J = 0. Only when the thermal 
expansion coefficients of two phase are very close (on the 
same order of magnitude), �sf  has a real solution and ther-
moelastic coupling terms can be neglected. This is consistent 
with many experiments, and analyzing the results ignoring 
the solid–fluid thermal expansion leads to an incorrect inter-
pretation of the thermo-osmotic experimental data and will 
result in higher values for thermal osmotic flow (e.g., Al-
Bazali 2005; Roshan et al. 2015).

2.2 � Plane Wave Analysis

If temperature perturbation q and displacement field ui are 
the fundamental variables �i ≡

(
ui wi �

s �f
)† of the ther-

moelastic medium shown in Eq. (9), then after some manip-
ulations, we obtain the following matrix form for Eq. (10):

For the DT-DPL thermoelasticity, the matrices r, d, m, 
K, A, B, andC are defined as

(12)
𝛒𝐮̈i = −𝐝𝐮̇i + �j

(
𝐊𝚫�ij + 2𝛍𝛆̃ij + 𝐀𝐮̇i + 𝐁𝐮̈i + 𝐂𝐮i�ij

)
.

Fig. 1   a, c, e and g Phase veloc-
ity and b, d, f and h attenuation 
as a function of frequency for 
a and b fast P wave, c and d 
slow Biot wave, e and f thermal 
wave (T1), and g and h thermal 
wave (T2) in different models, 
where the black and blue lines 
correspond to a rock and pure 
gas regarding the constant 
specific heat, respectively. The 
P wave velocity predicted by the 
ST-SPL model (Carcione 2007, 
Fig. 7.31) approaches that of the 
TT-DPL model at low frequen-
cies. The properties are listed in 
Table 1
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3 � Results and Discussion

3.1 � Examples

We compare the ST-SPL and TT-DPL thermoporoelasticity 
theories with the material properties given in Table 7.1 of Car-
cione (2007). We assume two values of the bulk (volumetric) 
specific heat. Figure 2 illustrates the variations in elastic wave 
velocity and dispersion under conditions of differing solid–fluid 
temperatures, which are relevant to practical engineering sce-
narios such as thermal recovery of heavy oil and geothermal 
energy extraction. Figures 3, 4, 5 and 6 show different sets of 
thermophysical properties ( �k , and �k

0
 , k = s, f) to highlight the 

thermal coupling between the solid and the fluid, which avoids 
the overestimation of thermal effects on wave dissipation and 
two lagging times involved become more distinct in physics.

Figure 1 shows the phase velocities of the four wave 
modes (a) and attenuation factor of the fast P wave as a func-
tion of frequency, where the black and blue lines correspond 
to real rock and idealized material with prominent thermal 
effects, respectively. In both the ST-SPL and TT-DPL mod-
els, the Biot and thermal relaxation peaks can be observed at 
high frequencies. In rocks, the thermal (T) wave loss is very 
weak, and the Biot peak dominates the attenuation. The two 
peaks are comparable in intensity in the case of gas, and the 
heat flow contributes to the fast P wave attenuation.

Figure 1 compares the results to those of Carcione ’s 
(2007) ST-SPL model (blue line in Fig. 1, ignoring the 
solid-flow thermal expansion difference, �sf = 0 ). We see 
that the proposed TT-DPL theory predicts two P waves and 
two T waves. Attenuation in the seismic band can be more 
significant due to fast P wave to thermal mode conversion in 
heterogeneous media considering solid–fluid coupled ther-
mal effects, which can be termed wave-induced thermoporo-
elastic attenuation in analogy with wave-induced fluid-flow 

We consider a harmonic plane P or linearly polarized S 
wave in a homogeneous, isotropic medium to investigate the 
frequency dependence of phase velocity and attenuation. In 
this case, let us denote the dependency of u on time t and the 
position x by � = � exp (−i�t + ik∗x) , where w is the angular 
frequency, u is the displacement amplitudes within the wave, 
k∗ ≡ kre + ikim is the complex wavenumber, kre is the ordinary 
wavenumber, and kim is the spatial attenuation coefficient for 
the wave. Since the thermoporoelastic models and TT-DPL 
models are formulated under the same general matrix nota-
tion, plugging the harmonic wave into Eq. (11) and denoting 
� ≡ k∗2

/
�2 , we obtain a generalized eigenvalue problem for 

k.* and u (similar to Morozov and Deng 2016):

where �∗ ≡ � + i�∕� is the complex-valued density matrix. 
For P wave modes, the matrices �∗

≡ � + 4∕3� and 
�∗

≡ −� + i�� − i�−1� , but for shear wave, �∗
≡ � and 

�∗
≡ 0 , where the material property matrices r, d, K, m in 

the equation are all real valued, and the shear wave is 
affected by neither pore fluids nor temperature variations. 
The resulting eigenvalues of Eq. (14) are yielded by the rela-
tion Υ2

≡ k∗2
/
�2

≡

(
kre + ikim

)2/
�2 . The number of 

eigenvalues equals the number of variables in model param-
eterization. For each wave mode, the phase velocity disper-
sion Vphase and the attenuation spectrum Q−1 are given, 
respectively, by

Equation (14) is a quadratic eigenvalue problem, which 
can be solved by using various numerical methods.

(14)�∗� = Υ2�∗� + Υ�∗�,

(15)

⎧⎪⎨⎪⎩

Vphase ≡
�

kre
=

1

ReΥ

Q−1 =
ImΥ

2ReΥ

.
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(mesoscopic) attenuation related to the Biot slow mode. The 
dispersion curve of the fast P wave has two inflection points, 
namely two attenuation peaks in Fig.  1b. The stronger 
attenuation peak appears at seismic frequencies (104 ~ 105 
Hz) showing the effect of Biot’s friction (Biot 1962). The 
ultrasonic frequencies (106 ~ 107 Hz) correspond to the ther-
mal attenuation. Physically, the slow Biot wave represents 
global or macroscopic flow of fluid driven by pressure in 
porous media, whereas the thermal wave (T mode) reflects 

the propagation of global or macroscopic thermal diffusion 
related to heat. It is the differences in both temperature and 
thermal diffusion properties between the two phases, as 
pointed out by the TT-DPL theory, that cause the T mode to 
split into the T1 wave and T2 wave. The T1 wave is a global 
thermal diffusion propagation with relatively high speed, 
whereas the T2 wave is an extremely slow local thermal 
diffusion propagation in the fluid phase.

Fig. 2   The phase velocities of 
the three wave modes (a) and 
the attenuation factor (b) of 
the fast P wave as functions 
of frequency, with the solid, 
dashed, and dotted–dashed lines 
corresponding to the isothermal 
case, the higher-temperature 
contents case, and the higher-
temperature background matrix 
case, respectively. The proper-
ties are listed in Table 1

Fig. 3   The phase velocities of 
the three wave modes (a) and 
the attenuation factor (b) of the 
fast P wave as functions of fre-
quency for different solid–fluid 
thermal expansion coefficients. 
The properties are listed in 
Table 1

Fig. 4   The phase velocities of 
the three wave modes (a) and 
the attenuation factor (b) of 
the fast P wave as functions of 
frequency for different solid 
thermal expansion coefficients. 
The properties are listed in 
Table 1
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The difference in temperature (Fig. 2) and thermal prop-
erties (Figs. 3, 4, 5 and 6) between the pore infill (fluid) 
and the frame should be considered for microscopic space 
interactions in the heat transfer process. The propagation 
characteristics of elastic waves in porous media are usually 
affected by the temperature difference effect between the 
rock matrix and fluid, such as geothermal reservoir rocks 
experiencing a cold- shock treatment for thermal recovery 
(e.g., Breede et al. 2013; Olasolo et al. 2016) and altering 
the viscosity through heating the fluid to enhance heavy 

oil recovery (Spencer 2013), leading to a non-isothermal 
state generally. Therefore, we investigate the dispersion 
and attenuation properties with different temperature com-
binations (Case 1: Ts

0
 = Tf

0
 = 300 ºK, Case 2: Ts

0
 =300 ºK, Tf

0
 

=400 ºK, and Case 3: Ts
0
 =400 ºK, Tf

0
 =300 ºK). Figure 2 

compares the isothermal state (Case 1) to non-isothermal 
results (Cases 2 and 3); the minimum longitudinal wave 
velocity shown in Case 1 may due to the lowest average 
temperature. Notably, when the cold fluid impacts the hot 

Fig. 5   The phase velocities of 
the three wave modes (a) and 
the attenuation factor (b) of 
the fast P wave as functions of 
frequency for different fluid 
thermal expansion coefficients. 
The properties are listed in 
Table 1

Fig. 6   The phase velocities of 
the three wave modes and the 
attenuation factor of the fast P 
wave as functions of frequency 
for different solid relaxation 
times (a, b) and fluid relaxation 
times (c, d). The properties are 
listed in Table 1
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rock matrix (Case 3), a more pronounced increase in the 
Biot attenuation peak is observed in Fig. 2b. The slow Biot 
wave velocity is slightly higher and the T1 wave velocity 
slightly lower than the other two cases.

There are rarely discussions on the solid–fluid coupling 
thermal expansion effects in the published literature. The 
(1) complex physical and chemical interactions that may 
occur between the two-phase medium under variations in 
temperature and pressure, and (2) the difficulty in obtaining 
directly data from laboratory experiments, have resulted in 
limited attention being given to this issue. It is well known 
that differences in thermal expansion between mineral par-
ticles in rocks can generate thermal stress (e.g., Richter and 
Simmons 1974; Wong and Brace 1979; Ma et al. 2021), 
and the disparity in thermal expansion coefficients between 
solids and fluids further influences fluid flow, wave propaga-
tion, and the mechanical behavior of the medium within the 
pore structure. During seismic wave propagation, especially 
in water-saturated geotechnical media, the thermal effects 
induced by seismic waves may cause localized temperature 
increases and thermal expansion differences, which in turn 
alter the propagation path and velocity of the waves, signifi-
cantly affecting the attenuation characteristics of the seismic 
waves and the medium’s response behavior. As shown in 
Fig. 3a, the fast P wave and T wave velocities significantly 
increase by increasing coupled thermal expansion coeffi-
cients. The Biot attenuation peak is significantly affected by 
the high �sf  and the thermal wave attenuation peak slightly 
increases (Fig. 1b). Therefore, the effect of coupled thermal 
expansion coefficients on the T2 waves are not significant. 
Interestingly, the T1 wave shows decreasing phase velocity 
with increasing coupled thermal expansion coefficients, i.e., 
an opposite trend compared to that of the fast P wave mode.

The differential thermal expansion of different mineral 
and fluid phases is another critical parameter in tempera-
ture-induced velocity variations. In particular, different 
phases produce differential thermal stresses due to uncoor-
dinated deformations. Figures 4 and 5 show the frequency-
dependent phase velocities and attenuation factors of fast 
P, slow Biot, and thermal T1 and T2 waves with different 
thermal expansion coefficients of solid and fluid, respec-
tively. Figures 4a and 5a demonstrate that as the thermal 
expansion coefficients increase, the fast P wave velocity 
consistently increases, whereas the corresponding attenu-
ation exhibits an opposite trend in Figs. 4b and 5b. As the 
solid thermal expansion coefficient increases, the Biot and 
thermal attenuation peaks show a slight increase, while the 
slow Biot wave and two thermal wave attenuation peaks 
remain almost unaffected. In contrast, Fig. 5 shows that the 
fast P wave attenuation significantly decreases and slow Biot 
wave attenuation increases with the increasing fluid thermal 
expansion coefficient. Although the liquid phase occupies a 
smaller proportion compared to the solid phase in saturated 

rocks, Fig. 5 demonstrates that the fluid’s effect on wave 
velocity dispersion and attenuation is significant under dif-
ferent thermal expansion coefficients. This is consistent with 
the observed phenomenon in laboratory experiments, where 
wave velocity and dispersion in rocks saturated with fluids of 
different thermal expansion coefficients show notable differ-
ences (Yin et al. 2017). This also contributes to advancing 
the understanding of subsurface fluid monitoring and fluid 
identification (Tura and Lumley 1998).

Two lagging times are involved in the transient process. 
For the ST-DPL thermoporoelastic model (Tzou 1995; 
Chandrasekharaiah 1998; Liu et al. 2023), thermal energy 
is mainly transmitted into the frame with the heat flux lag-
ging time representing a macroscopic average time delay in 
this process (Tzou, 2014), whereas the temperature gradi-
ent lagging time is interpreted as the delay time caused by 
the microstructural interactions in microscale or small-scale 
effects of heat transport in space. Different from ST-SPL, 
we follow Youssef’s (2007) to define two lagging times 
as the time required for the temperature of the solid and 
fluid components to adjust and reach thermal equilibrium 
after an external temperature disturbance. Figures 6 show 
the effect of two different relaxation times on individual 
wave modes compared with the same relaxation times 
( �s

0
= �s

0
= 1.5 × 10

−8 s) model . Figures 6 show the fast P 
dispersion and the corresponding Biot attenuation  remain 
unchanged though thermal attenuation slightly decrease 
compare with the  same relaxation times case. The value of 
the two relaxation times and their difference are negatively 
correlated with phase velocity and attenuation peak. The 
slow Biot and thermal T1 waves exhibit a decreasing trend 
with increasing solid relaxation time, similar to the fast P 
Table 2   Thermophysical properties of minerals and cements of com-
mon sandstones at room temperature and pressure

a Kirby (1969)
b Skinner (1966)
c Huotari and Kukkonen (2004)
d Clarke (1928)
e Robertson (1988)
f Oetting and Holley (1982)
g Gray and Uher (1977)

Component �(×10−6 /K) c ( ×106 
kg/(m s2 
K))

k (m kg/(s3 K))

Quartz 13.6 – 7.4a 2.0e 7 ~ 12e

Potassium feld-
spar

5.33 2.67 4b 2.5e 1.4 ~ 2e

Albite 11.25 3.75 3.75c 2.2e 2 ~ 2.4e

Calcite  − 5.5 25.37 –d 2.3e 3.5 ~ 4e

Muscovite 9.94 11.1 13.79d 2.3e 4.05g

Biotite 5 – –d 2.4f 3.7g

Clays 10 – –e 1.6e 2.2e
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wave in Fig. 6a. In contrast, as shown in Fig. 6c, the fluid 
relaxation time only affects the thermal T2 wave.

3.2 � Interpretation of Laboratory Measurements

Significant temperature gradients in porous media reser-
voirs are encountered in many situations such as oil and gas 
drilling activities, geothermal recovery, or unconventional 
resources exploration (Soler 2001; Fu 2017; Chicco and 
Mandrone 2022). Despite that the influence of temperature 
changes on the pore structure of the matrix and the proper-
ties of the fluids has been extensively reported, the impor-
tance of the solid–fluid thermal coupling process has had 
very little attention in the past, especially in saturated porous 
media under varying pressure and temperature conditions. 
In this section, we validate the TT-DPL model using the 
experimental data on velocity dispersion in glycerol-satu-
rated sandstone by Yin et al. (2017), and invert the coupled 
thermal expansion coefficient. The selected experimental 
data (circled in Fig. 9(a)) includes the following measure-
ment parameters: ultrasonic frequency of 1 MHz, three dif-
ferent temperatures (296.15 K, 313.15 K, and 333.15 K), 
and measurement effective pressure ranging from 2 to 35 
MPa. As shown in Table 2, most of the rock physical prop-
erty parameters of the sample can be obtained directly or 
indirectly from the charts and measurement data provided 
by Yin et al. (2017), but thermal physical property param-
eters are lacking. Additionally, we note that the pressure-
dependent porosity (circled in Fig. 7b) provided by Yin 
et al. (2017) does not account for temperature effects, given 
that the selected experimental data involve relatively dif-
ferent temperatures, which is likely to influence the poros-
ity. As shown in Fig. 7a, the normalized trend of pressure-
dependent porosity of several saturated samples measured 
by Abdulagatova et al. (2010) indicates that the porosity 
follows the same trend of change within the temperature 
range below 362 K. The value of porosity variation with 

temperature has been reported to range from 0.0001 K⁻1 
to 0.0007 K⁻1 for temperatures below 362 K (Cheng et al. 
1990; Maqsood and Kamran 2005; Abdulagatova et al. 2010; 
Sirdesai et al. 2018). We assume it to be a constant value of 
0.0003 K⁻1, while the temperature- and pressure-dependent 
porosity properties of glycerol-saturated sandstone samples 
are  shown in Fig. 7(b).

As indicated by Yin et al. (2017), the sample from the 
northeastern Sichuan basin, China, is mainly composed of 
quartz (78.4%), feldspar (4.7%), clays (5.45%), and calcite 
(5.2%) with a small amount of other interstitial fillings. The 
elastic moduli of the matrix materials (40.32, 40.69 GPa) are 
estimated by computing the Voigt–Reuss–Hill average, and 
the density of the matrix materials is inverse calculated from 
sample density and porosity, i.e., �s = �∕(1 − �) . Because  
the mineral composition of samples is known, several theo-
retical models can be used to calculate its composite intrin-
sic thermal conductivity, specific heat, and thermal expan-
sion from the tables of values for minerals (Robertson 1988). 
Here, we choose the parallel model in Eq. (16) below to give 
the conductivity, specific heat, and thermal expansion of dry 
sandstone by

where ks
i
 , Cs

Ei
 , and �s

i
 are the conductivity, specific heat, 

and thermal expansion of the i-th component of the rock 
and fi is the corresponding weight fraction. To simplify, 
we assume that the effects of temperature and pressure on 
the thermal characteristics of the matrix are negligible. As 
shown in Table 2, we used Eq. (16) to obtain the thermo-
physical properties of solid phase at ambient conditions. 
It is worth noting that although the thermal expansion of 
pure mineral grains undergoing linear increases with tem-
perature (Huotari and Kukkonen 2004), laboratory obser-
vation data from dry sandstone samples indicate that the 
thermal expansion coefficient of the rock matrix remains 

(16)ks =
∑

i
fik

s
i
,Cs

E
=
∑

i
fiC

s
Ei
, and �s =

∑
i
fi�

s
i
,

Fig. 7   a Impact of tempera-
ture on pressure-dependent 
porosity properties in saturated 
sandstone samples (Abdula-
gatova et al. 2010), where the 
solid black line indicates that 
he porosity follows the same 
trend of change within the 
temperature range below 362 K. 
b Experimental data (Yin et al. 
2017; hollow black circles) 
and the extrapolated pressure-
dependent porosity at 296.15 
K (black line), 313.15 K (blue 
line), and 333.15 K (red line) 
used in the model prediction
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zero below 100 °C with the mismatch of the coefficients 
of thermal expansion between adjacent grains and vary-
ing porosity (Fig. 8a; Sirdesai et al. 2018). Therefore, we 
do not consider the temperature and pressure dependence 
of solid thermal expansion, and set the value as a constant 
in Eq. (16). In addition, as pore fluids, most properties of 
glycerin show strong dependence on temperature, but little 
sensitivity to pressure, such as viscosity, specific heat bulk 
modulus, and density, as presented in Table 3. We estimated 

the glycerin thermal expansion coefficients combined with 
selected values from the literature covering the ranges of 
T = (278–373) K and of P = (0.1–200) MPa, fitted using the 
Goharshadi–Morsali–Abbaspour equation of state (GMA 
EoS) (Fig. 8a; Goharshadi et al. 2005). As shown in Fig. 8b, 
the coefficient of saturated sandstone significantly decreases 
with temperature (Xiao et al. 2024), which contradicts the 
fluid thermal expansion coefficient in the temperature range 
of 296.15–333.15 K. Therefore, an increase in temperature 

Fig. 8   Thermal expansion coef-
ficient of glycerol as a function 
of pressure and temperature 
calculated from GMA EoS (a, 
Prieto et al. 2016), dry (a, Sird-
esai et al. 2018) and saturated 
(b, Xiao et al. 2024) sandstones 
measured under varying temper-
ature and atmospheric pressure

Table 3   Physical properties 
of glycerol as a function of 
temperature

a Yin et al. (2017)
b Ahmadi et al., (2023)

Pore fluid at 1 MPa T (K)a �(10–3 Pa⋅s)a Kf (GPa)a �f (kg/m2)a cf ( ×10
6 

kg/
(m⋅s2⋅K))b

Glycerol 296.15 1410 4.66 1261.3 2.71
313.15 284 4.36 1248.9 2.75
333.15 81.3 4.15 1235.1 2.83

Fig. 9   Predicted and measured 
ultrasonic P wave velocities of 
the glycerol-saturated sandstone 
as a function of pressure
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causes the solid–fluid coupled thermal expansion coeffi-
cient to decrease, while an increase in pressure results in a 
closer coupling between the solid and fluid phases, leading 
to an increase in the solid–fluid coupled thermal expansion 
coefficient. As the solid–fluid coupled thermal expansion 
coefficient has not been accurately measured or reported, 
it is treated as an undetermined parameter in the TT-DPL 
model, and the aforementioned trend of �sf  variation with 
temperature and pressure has been confirmed in subsequent 
parameter inversion (Fig. 9b).

Similar to the previous plane wave analysis method, 
the velocity dispersion curve of the TT-DPL is obtained 
by solving the characteristic Eq. (13), and then compared 
with experimental data to calculate the relative error. 
The nonlinear least squares optimization algorithm is 
then applied to iteratively optimize the unknown param-
eters. Figure 10a shows the theoretical predictions under 
glycerol-saturated conditions (dashed lines), which agree 
with experimental measurements. As is expected, the 
inverted value of �sf  which intuitively reflects the char-
acteristic that the solid–fluid coupling effect increases 
with decreasing temperture and increasing pressure in 
the ranges of T = (296.15–333.15) K and P = (2–35) MPa 
(Fig. 9b). At the same time, the inverted coefficient of 
thermal expansion of the material is consistent with the 
actual saturated rock properties, although the inverted 
αf is one order of magnitude lower than the theoretical 
αglycerol values from the GMA EoS. The cause of this error 
is that the fluid in the experimental data might not be pure 
glycerol. As mentioned in Yin et al. (2017), localized 
high pressure and dead volume during the rock sample 
saturation process can result in the mixing of glycerol 
with some air.

We compare the frequency-dependent velocities of the 
glycerin-saturated tight sandstone under conditions of 40°C 
and 20 MPa, using the TT-DPL, ST-DPL, and ST-SPL 
thermoporoelasticity models with and without the effect 

of solid–fluid thermal expansion, as well as with a partial 
effect. The thermal expansion coefficient, obtained through 
inversion in Fig. 9b, as a direct parameter (for TT-DPL and 
ST-DPL) or as an indirect parameter (calculating the thermal 
stress coefficient in ST-SPL as shown in Appendix A), is 
input into the models. Plane wave analyses are performed 
for a comprehensive comparison of dispersion and attenu-
ation between the different thermoporoelasticity models as 
shown in Fig. 10. The TT-DPL model including the effect of 
solid–fluid thermal expansion shows a higher thermal atten-
uation and larger velocity dispersion both in seismic and 
high frequencies. Especially under typical rock parameter 
conditions, as discussed in Fig. 1, it is difficult to observe 
high frequency dispersion or even seismic frequency in the 
traditional thermoporoelasticity models. However, the TT-
DPL model in Fig. 10b gives attenuation values about 0.02 
that are common for laboratory measurements (Wei 2021). A 
large number of studies have reported the influence of ther-
mal physical parameters and temperature on wave velocity 
(Wei et al. 2020; Hou et al. 2021; Li et al. 2022). Ignoring 
the effect of solid–fluid thermal expansion when fitting the 
data, however, leads to relatively high and incorrect values 
for the thermal conductivity, thermal relaxation time, and an 
abnormal temperature-dependent wave velocity trend.

4 � Conclusions

Differences in temperature and thermophysical properties 
between the solid frame and the pore infill (fluid) lead to strong 
thermal coupling effects on microscopic interactions in the 
heat transfer process of porous rocks, resulting in significant 
influences on the dissipation and attenuation of elastic waves. 
We propose an analytical solution based on the TT-DPL model 
in this study to approach this issue that remains unexplored 
theoretically as far as known. The effect of solid–fluid thermal 
expansion is included in the derivation of the solution. Plane 

Fig. 10   Measured ultrasonic 
P wave velocity of glycerol-
saturated sandstone at 40 °C 
and 20 MPa (black circles), 
phase velocity and attenuation 
as functions of frequency, pre-
dicted by the TT-DPL (red solid 
line), ST-DPL (blue solid line), 
and ST-SPL (black solid line) 
thermoporoelasticity models, 
respectively
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wave analyses are performed for a comprehensive comparison 
of dispersion and attenuation between the TT-DPL, ST-DPL, 
and ST-SPL thermoporoelasticity models. The TT-DPL model 
accounts for the effect of solid–fluid thermal coupling and 
shows the larger thermal attenuation and velocity dispersion 
than the other two models. The physics of wave propagation is 
analyzed in detail for two different sets of thermoelastic prop-
erties, and the velocities and attenuation factors of the different 
wave modes are determined under different conditions. The 
simulations show the TT-DPL model gives reasonable attenu-
ation values under typical rock properties.

We apply the TT-DPL model to interpret laboratory 
measurements on saturated sandstone with glycerin at vary-
ing temperatures and pressures. The inverted coefficient 
of solid–fluid thermal expansion, ranging from 1 × 10⁻⁷ 
K⁻1 to 1.6 × 10⁻4 K⁻1 in glycerol-saturated sandstone at 
T = (296.15–333.15) K and P = (2–35) MPa, reveals a 
closer interaction between the phases and a higher heat 
transfer efficiency. Its maximum value is constrained by 
porosity and the different thermal expansion coefficients 
of each phase. When also including the thermal expan-
sion effect in the fitting process, the obtained specific heat 
capacity is in the order of 106, which is generally consistent 
with the actual properties of the saturated rock. Soft crack/
fracture porosity becomes important in low frequencies. 
The proposed TT-DPL thermoelastic model attempts to 
bridge rock internal thermoelastic parameters (solid ther-
mal expansion, fluid thermal expansion, and solid–fluid 
thermal expansion) and direct laboratory measurements 
(velocities, and attenuations). It describes dramatic veloc-
ity changes due to the mismatch in the thermal expansion 
coefficient and the thermal coupling effect during the 
heating and pressurization process. The TT-DPL model 
has the potential to build a physical understanding of the 
heat transfer process between solid and fluid in ultradeep 
hydrocarbon exploration, geothermal recovery, and other 
applications involving temperature variations within fluids.

Appendix A

We consider the thermoporoelastic medium to be loaded 
with temperature and effective stress, where infinitesimal 
strains are sufficient to describe the medium’s microscale 
finite deformations. In this case, we have

(17)�
(m)

ij
=

��

�eij
= 2�eij + Pekk�ij + (Q� + C�s + D1�

f )�ij,

(18)�(f ) =
��

�ϵ
= Qekk + R� + D2�

f + F�s.

To obtain the elasticity coefficients in terms of known 
properties in Eqs. (17) and (18), we consider three ideal 
experiments, under static conditions (Biot and Willis 1957). 
First, the material is subjected to a pure shear deformation 
( ekk=� = 0). In this case, it is clear that � is the shear modulus 
of the frame, since the fluid does not contribute to the shear-
ing force. In the second ideal experiment, the material is 
enclosed in a thin, impermeable, flexible jacket and then sub-
jected to an external hydrostatic pressure p. The pressure of 
the fluid inside the jacket remains constant, because the inte-
rior of the jacket is exposed to the atmosphere by a tube. The 
pore pressure remains essentially constant and � = 0. Only 
the skeleton affects the rock deformation. Then �(m)

ij
= −p�ij 

and ekk = −p∕Kb , where Kb is the frame modulus. Substitut-
ing these relations into Eqs. (17) and (18), we obtain

In the third ideal experiment, the sample is immersed 
in the saturating fluid to which a pressure p is applied. The 
pressure acts both on the frame part 1 − � and the fluid part 
� of the surfaces of the sample.

Solving Eqs. (19) and (20), we obtain

where � and M are the stiffness coefficients consistent with 
the Biot’s notation related to solid bulk moduli Ks , fluid bulk 
moduli Kf  , and porosity � (Biot 1956; Carcione et al. 2019), 
M = Ks∕(1 − � − Km∕Ks + �Ks∕Kf ) , � = 1 − Km∕Ks , and 
Km = � +

2

3
�.

To obtain the thermoelasticity coefficient in terms of the 
linear thermal expansion coefficient that can be measured 
in the laboratory experiments, let �ij be the thermoelasticity 
coefficient of stress:

in which case we have

(19)P −
Q

R
= Km.

(20)
1 − � =

P

Ks

+
Q

Kf

,

� =
R

Kf

+
Q

Ks

.

(21)

P =
(1−�)

(
1−�−

Km

Ks

)
Ks+�

Ks

Kf
Km

1−�−Km∕Ks+�Ks∕Kf

= � +M(� − �)2,

Q =

(
1−�−

Km

Ks

)
�Ks

1−�−Km∕Ks+�Ks∕Kf

= �(� − �)M,

R =
�2Ks

1−�−Km∕Ks+�Ks∕Kf

= �2M,

(22)

�s
ij
= −

1

T0

�2�

�eii��
∗s
= −

�2�

�eii��
s
= −C = �s�ij,

�
f

ij
= −

1

T0

�2�

����∗f
= −

�2�

����f
= −D2 = �f �ij,

�
sf

ij
= −

1

T0

�2�

�eii��
∗f
= −

�2�

�eii��
f
= −D1 = �sf �ij,

�
fs

ij
= −

1

T0

�2�

����∗s
= −

�2�

����s
= −F = �fs�ij,
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We replace the dilatation in the stress–strain relations in 
Eqs. (17) and (18) by Eqs. (23) and (24), and after some 
manipulations we get the corresponding displacement:

We define the linear coefficient of thermal expansion �ij 
as

In other words, �ij represents the increase in strain per unit 
of temperature rise and is a function of the coefficient of ther-
moelasticity and the modulus; the unit is K−1, not cm3/g in 
Singh (2011). The thermoelasticity coefficient �ij is the com-
bination of the coefficient of thermal expansion multiplied 
by the modulus; the unit is kg/(m⋅s2⋅K) which is consistent 
with Carcione et al.’s (2019) study. Substituting Eqs. (25) and 
(26) into (27) to calculate the partial derivatives of the tem-
perature difference of solids and fluids, respectively, we have

(23)eii =
�2M�

(m)

ii
− 3�(� − �)M�(f ) + 3[�2M�s − �(� − �)M�fs]�

s + 3[�2M�sf − �(� − �)M�f ]�
f

2� + 3�c

(24)� =
�(� − �)M�

(m)

ii
+ [2� + 3� + 3M(� − �)]�(f ) +

[
(2� + 3� + 3M(� − �))�f − 3�(� − �)M�sf

]
�f +

[
(2� + 3� + 3M(� − �))�fs − 3�(� − �)M�s

]
�s

2� + 3�c
.

(25)

eij =
�ij

2�
−

�c�
2M�

(m)

ii
�ij

2�
(
2� + 3�c

) −
�M(� − �)

2� + 3�c
�(f )�ij

+
�2M�sf − �M(� − �)�f

2� + 3�c
�f �ij +

�2M�s − �M(� − �)�fs

2� + 3�c
�s�ij.

(26)

� =
�(� − �)M�

(m)

ii

2� + 3�c
+

[
2� + 3�c + 3M(� − �)

]
�(f )

2� + 3�c

+

[
2� + 3�c + 3M(� − �)

]
�f − 3�M(� − �)�sf

2� + 3�c
�f

+

[
2� + 3�c + 3M(� − �)

]
�fs − 3�M(� − �)�s

2� + 3�c
�s.

(27)�ij =
��

��
= f

(
�ij,M

∗
)
.

(28)�s
ij
=

�eij

��s
=

�2M�s−�M(�−�)�fs

2�+3�c
�ij = �s�ij, �

sf

ij
=

�eij

��f
=

�2M�sf −�M(�−�)�f

2�+3�c
�ij = �sf �ij,

�
fs

ij
=

��

��s
=

[2�+3�+3M(�−�)]�fs−3�M(�−�)�s
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f

ij
=

��

��f
=

[2�+3�+3M(�−�)]�f−3�M(�−�)�sf

2�+3�c
= �f �ij,

where �s and �f  are the coefficients of the thermal expansion 
of the particular phases, �sf

ij
 indicates the effect on solid 

strain as the fluid temperature increases, and �fs

ij
 represents 

the effect on fluid strain with increaseing temperature of the 
solid phase. There are three clerical errors in the interpreta-
tion of the parameters of Youseef’s (2017) Eqs. (40) and 
(41), which should be corrected to �s =

RR11−QR21

Δ
 , 

�sf =
PR12−QR22

Δ
 , �fs =

PR21−3QR11

Δ
 . As shown in Eq.  (21), 

P = �Youseef = � +M(� − �)2 , Δ reduces to 2� + 3� . If we 
neglect the thermal coupling effect between the solid–fluid 
phases but include the thermal term within each phase, the 
t h e r m o e l a s t i c i t y  c o e f f i c i e n t  r e d u c e s  t o 
�s = (2� + 3P)�s + Q�f  , �f = 3Q�s + R�f  . It is worth men-
tioning that Noda (1990) gives �s = (2� + 3P)�s + 3Q�f  , 
�f = 3Q�s + 3R�f  in his Eq.  (11). The behavior of these 
quantities is such that for � = 0,Km = Ks, � = 0, �m = 3Ks�m, 
and �s = 0 . For � = 1,Km = 0, � = 1, �m = 0, and �f = Kf�f
.

Appendix B

The constitutive equations of the theory of thermoporoelas-
ticity involve the coupling of the stress components with 
the temperature field (Carcione et al. 2019; Wei et al. 2020; 
Hou et al. 2021; Li et al. 2022). The equations of the entropy 
density rate for solids and liquids per unit mass of aggregate 
are defined as
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Next, we replace the dilatation by their representations 
Eqs. (24) and (25) to calculate the entropy of the solid phase, 
and after some manipulations, we rewrite  Eq. (28) as

With the assumption of �s is independent of the tem-
perature of the fluid phase, the coefficient of the fluid tem-
perature term is equal to zero, 3�s�sf + �fs�f − J = 0 . Note 
that the unit of the temperture coupling coefficient J is kg/
(m⋅s2⋅K2).
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