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Wave simulation in two-temperature thermoporoelastic media with

dual-phase-lag heat conduction
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ABSTRACT

We develop a two-temperature dual-phase-lag (TT-DPL)
thermoporoelasticity theory that extends the classical sin-
gle-temperature theory. The theory distinguishes between
solid and fluid temperatures and includes fluid-solid coupling
terms related to temperature-displacement and temperature-
conductivity coefficients, which describe the interactions and
heat conduction between the skeleton and pore fluids. A
plane-wave analysis predicts five waves, namely, a fast P,
slow P, fast thermal (T1), slow thermal (T2), and an S wave.
The results indicate that the slow P and slow T are mainly
influenced by the pore fluid, whereas the fast P and fast T
are mainly influenced by the solid phase. The TT-DPL model
leads to more velocity dispersion and thermal attenuation, par-
ticularly at high frequencies. A rotated, staggered-grid finite-
difference method, combined with an effective absorbing
boundary, is used to compute wavefield snapshots. The type
of fluid in the rock affects the T-wave behavior, with the flu-
id’s viscosity playing an important role.

INTRODUCTION

The theory of temperature-dependent wave propagation in fluid-
saturated porous rocks is relevant in many geophysical applications,
such as geothermal exploration, thermally enhanced oil recovery,
and ultradeep hydrocarbon exploration (Jacquey et al., 2015; Fu,
2017, 2019; Poletto et al., 2018; Li et al., 2023; Cheng et al.,
2024), wherein the skeleton and pore fluids exhibit large differences
in temperature and thermal properties. Such media involve complex
thermomechanical coupling processes (Breede et al., 2013; Cui and

Wong, 2021; Jian et al., 2022; Wang et al., 2023), including inter-
actions within each phase and interphase coupling caused by heat
transfer proportional to the temperature difference between the
phases. The resulting coupling effects significantly affect wave dis-
sipation and attenuation (Treitel, 1959; Savage, 1966; Armstrong,
1984). In this study, the problem is investigated through analytical
methods and numerical simulations.

The theory of thermoporoelasticity (Noda, 1990; Nield and Bejan,
2006; Sharma, 2008) combines the heat equation and Biot’s equa-
tions of poroelasticity to describe the coupling between the displace-
ment and temperature fields. The numerical simulations (Carcione
et al., 2019) and Green function solvers (Wei et al., 2020) show
the effect of fluid viscosity and thermal properties on wave attenu-
ation. The theory has been expanded to include double porosity
(pores and cracks) (Kumar et al., 2017; Li et al., 2021; Kumar
etal., 2023) and thermoacoustoelasticity for wave propagation in pre-
heated and prestressed rocks (Yang et al., 2025). In particular, Li et al.
(2023) apply the double-porosity thermoporoelasticity theory to de-
velop a coupled thermo-hydro-mechanical model for cyclic recovery
in fractured-vuggy reservoirs. Reflection and transmission (R/T)
of inhomogeneous body waves were obtained (Wang et al., 2021;
Kumar et al., 2022; Liu et al., 2022; Hou et al., 2023) and applied
to Olkaria geothermal reservoirs for time-lapse reflection seismic
monitoring (Cheng et al., 2024). However, these formulations are
based on a single-temperature (ST) and a single-phase-lag (SPL)
relaxation time of heat conduction (Lord and Shulman, 1967), assum-
ing only an average temperature over the porous rock and inad-
equately describing the thermal-mechanical coupling caused by
heat transfer between the solid and fluid phases.

A second generalization of Biot theory is known as ST thermo-
poroelasticity theory with a dual-phase-lag (DPL) relaxation time of
heat conduction, which has been proposed for metals (Tzou, 1995a)
and, recently, for wave propagation in fluid-saturated porous rocks
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(Liu et al., 2023; Kumar et al., 2024). The ST-DPL thermoporoe-
lastic model involves two lag times, one of which is used in a way
similar to the SPL term to describe the macroscopic heat flux re-
laxation of the rock skeleton, and the other is introduced for the
temperature gradient relaxation that characterizes the fluid phase.
However, the ST-DPL theory neglects the thermal coupling between
the solid and fluid caused by heat transfer between the phases. It
only considers small relaxation times caused by very small
differences in the thermal properties of the solid frame and the pore
filling. It fits the properties of metals with delay times well on the
order of picoseconds (Tzou, 1995b) and those of biological materi-
als on the order of microseconds (Xu et al., 2008; Abd-Alla et al.,
2020). However, as demonstrated by some experiments (Kaminski,
1990; Vedavarz et al., 1992; Mitra et al., 1995), the relaxation times
of the skeleton and pore fluids vary widely, ranging from seconds to
mere fractions of minutes. Compared to the solid, the fluid is more
sensitive to temperature, exhibiting larger relaxation effects on wave
attenuation (Batzle and Wang, 1992; Schmitt, 1999; Han et al.,
2008; Rabbani and Schmitt, 2018; Yuan et al., 2019). Youssef
(2007) extends the ST-SPL thermoporoelastic theory by consider-
ing the differences in temperature and relaxation time between the
solid and the fluid. The resulting two-temperature (TT) theory with
DPL heat conduction accounts for thermal-mechanical coupling
caused by interphase heat transfer, predicting an additional slow
thermal wave (T2) (Singh, 2011). In addition to the usual coeffi-
cients of thermal expansion of single-phase media, there are two
coupling coefficients. Hou et al. (2024) obtain the R/T of inhomo-
geneous body waves at the interface between two TT-DPL media.
However, these theoretical studies lack numerical simulations to il-
lustrate the effects of thermal properties on wave dissipation. In this
study, this problem is addressed using a finite-difference (FD)
method with rotated staggered grids.

Seismic-wave simulations in thermoporoelastic (nonisothermal)
models are relevant for ultradeep geophysical exploration. Several
techniques have been developed for use in isothermal media, such
as the FD (Zhang et al., 2014) method, the finite element method
(Ser6n et al., 1990), the boundary element method (Fu and Mou,
1994; Hu et al., 2009), and the spectral method (Faccioli et al.,
1997). Notably, simulations have been conducted to investigate
the thermoelasticity effects related to wave attenuation and velocity
dispersion using staggered FD grids (Veres et al., 2013; Hou et al.,
2021a) and the Fourier pseudospectral method (Carcione et al.,
2018, 2019). Although staggered grids improve the FD method’s
accuracy, they are prone to instability and boundary artifacts. To
address these problems, rotating staggered grids (RSGs) and non-
split convolutional perfectly matched layer methods have been de-
veloped to mitigate instability, eliminate spurious modes, and
reduce low-frequency energy reflections (Komatitsch and Martin,
2007; Wang et al., 2019).

In this study, we first derive Youssef’s TT-DPL equations. The
analysis with homogeneous plane waves predicts the existence of
four P waves (the fast P, slow P, fast T, and slow T) and one S wave.
Variations in the thermal properties of solids and fluids, along with
differences in thermal diffusion mechanisms within the medium,
lead to increased velocity dispersion and attenuation. The slow P
wave is associated with pressure differences, whereas the slow T
wave is more influenced by the fluid phase. We then model the
wavefields by solving the governing equations using the FD method
and analyze the physics of wave propagation. The simulations can

be used for the inversion of seismic thermoelastic properties and
fluid parameters in high-temperature, high-pressure reservoirs.

TT-DPL THERMOPOROELASTICITY THEORY
Heat conduction

In the ST-SPL theory, the relaxation time 7 is introduced to over-
come the unphysical results that arise from the classical Fourier heat
conduction equation:

2
}’AT: (034_76_2) [CT+ﬂT0(€kk+€f)}, (1)
t or
where 7 is the bulk heat conduction coefficient (or thermal conduc-
tivity); C is the bulk specific heat per unit volume in the absence of
deformation; £ is the coefficient of thermal stress; T is the temper-
ature increment relative to a reference temperature T; ey and e
are the solid and fluid strains, respectively; A is the Laplacian op-
erator; and a dot above a variable indicates the time differentiation.
The inherent thermal properties of the medium, such as 7, y, f,
and C, are considered equivalent parameters in the theory, assuming
that there is no difference between the two phases. However, studies
have shown that the thermal relaxation times of the solid and fluid
phases can differ by several orders of magnitude at room temper-
ature (Kjartansson, 1979). Following the approach of Youssef
(2007), we treat the heat conduction in those phases separately.
In this formulation, coupling coefficients between the solid and
fluid phases are introduced. The TT-DPL equations are

VAT, =T3 (F T+ FioTp) + [Tol 5, (R e+ Rorey)]
VAT =17 (Fy T+ FuTy) +[Tol3,(Riew + Ryzey)]”

2)

where

ri==Q)rs.r;=drs

Ry = (1 _¢)ﬂs7R22 = 3M¢af

Ry, = afy, Ry = 3M(a— ¢)(1 - ¢)ay

J =3a,Ry + apRy ; (3)
Fiu=(0-9¢)Cs,Fp=¢Crpy

Fip,=Fy =-JT,

F%Vln = at +T]nnalt’m = 1’2’n = S’f

where the subscripts “s” and “f”” denote the solid and fluid phases,
respectively; p is the density; ¢ is the porosity; ay; is the coupling
between the phases; and R, F, and J are the mixed and thermal
coefficients (Pecker and Deresiewicz, 1973; Youssef, 2007,
Carcione et al., 2019).

Governing equations

In the absence of elastic and heat sources, the constitutive
relations for stress-strain are (Youssef, 2006, 2007; Carcione
et al., 2019)
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where o;; and o are the stress components of the rock skeleton and
fluid, respectively; 4 and y are the dry-rock Ldme constants; 6;; is
the Kronecker delta; and u; and w; (i = x, y, z) are the displacement
components of the skeleton (or frame) and fluid (relative to the
skeleton), respectively.

Biot’s coefficients are

{a—l—ﬁ,K :/H—%,u
-1 , ®)
M= (a¢+Kf>

where K, and K; are the bulk moduli of the solid and fluid,
respectively.
The dynamic equations are

ijj = PU; fﬂf‘wi ‘ )
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with
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where p is the fluid pressure, p is the bulk density, ¢ is the tortuosity,
n is the fluid viscosity, and « is the permeability of the frame.

Substituting the stress-strain relations in equation 4 into the
dynamical equation 6, we obtain the following compact equations
that describe the coupling between the displacement components
and temperature fluctuations:
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We observe that the coupling between heat and strain involves
only volume strains, as indicated by the dynamic equation 6.
The displacement-temperature interaction is governed by a single
mechanism: the expansion and contraction propagation of P waves
induces a dissipative decaying T-wave mode. This mechanism
is experimentally confirmed as a heat-wave interaction. The
TT-SPL model is derived with 7;, = 7,, (n = s or f), whereas
the generalized case (TT-DPL) considers 7, # 7,. A plane-wave
analysis for determining the phase velocity and attenuation factor of
the wave modes is shown in Appendix A.

PARTICLE VELOCITY-STRESS-TEMPERATURE
FORMULATION

We consider the (x,z)-plane and solve the differential equations
using a first-order time-stepping approach known as the particle
velocity-stress formulation. The equations are reformulated into
new expressions suitable for numerical simulations. Equation 4
becomes
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where v; and g; are the components of the particle velocity fields of
the frame and fluid relative to the frame, respectively.
Equation 9 can be expressed in matrix form as

v+s=My, (1)
where
V=[00.0,,q:.4:.000. 02, 60, . T, Trowg w7 (12)

is the unknown vector, and s is the source vector. Matrix M is the
propagation operator derived from equations 9 and 10. The solution
to equation 11, subject to the initial condition v(0) = v,, is formally
given by

v(t) = exp(tM)v, + /texp(rM)s(t —1)dz, (13)
0

where exp(fM) is called the evolution operator.

The eigenvalues of M may have negative real parts and differ
greatly in magnitude. The presence of large and small eigenvalues
indicates that the problem is stiff. Moreover, the presence of real
positive eigenvalues can induce instability in the time-stepping
method. To address these issues, the differential equations are
solved using the splitting algorithm proposed by Carcione and
Quiroga-Goode (1995) and Carcione and Seriani (2001). The
propagation matrix can be partitioned as

M:Mr’ +Ms’» (14)

where the subscript r’ indicates the regular matrix and the subscript
s’ denotes the stiff matrix, involving the coupling terms. The evo-
lution operator can be expressed as exp(M,. + M,/ ). It is easy to
show that

1 1
exp(Mdt) = exp (E Ms/dt> exp(M,.dr) exp (5 Msrdt),
as)
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has the second-order accuracy O(d#?). We solve the equations using
the time integration method described in Appendix B.

PHYSICS AND SIMULATIONS

The properties of water-/oil-/gas-saturated rock are provided in
Table 1, and the values are determined by Kjartansson (1979),

Table 1. Properties of the water-/oil-/gas-saturated media.

Singh (2011), Carcione (2022), and Hou et al. (2023). It is worth
noting that the relaxation time is challenging to determine experi-
mentally, particularly in porous rocks. We can calculate using the
method outlined in Section 5.2 of Liu et al (2023). Figure 1 shows
the combined effects of water-saturated models on frequency-de-
pendent velocities and the attenuation factors of P waves. The
TT-DPL model assumes 7, # 75, (n = s, f), whereas 7, = 1,,
in the TT-SPL model.

The attenuation is related to the classical Biot and thermal dif-
fusion loss mechanisms. The global Biot flux dominates the fast
P wave in Figure 1. As shown in Figure 1la, there are three peaks

Property Value 3 . 5 )
in the fast P-wave attenuation, with the two peaks at higher frequen-
K, (GPa) 35 cies corresponding to the fast and slow thermal waves. In the TT-
K, (GPa) 7 DPL model, the high-frequency sensitivity of the two thermal peaks
K; (GPa) 2.4/2.1/0.0056 of the fast P wave increases systematically, especially that of the fast
T wave. In contrast, the slow thermal peak of the slow P wave be-
u (GPa) 5.5 o . .
0.25/0.25/0.1 comes more sensitive. According to the Biot theory, the slow P
¢ R ) ’ ) wave is influenced by fluid flow, the slow T wave is influenced
ps (g/) 2.65 by heat conduction in the fluid, and the fast T wave is influenced
Pr (g/m’*) 1.0/0.7/0.14 by heat conduction in the solid. If the relaxation times on the right
17 0.1 side of the heat conduction equation differ, the P wave experiences
x (Darcy) 1 stronger dispersion and attenuation at high frequencies, whereas the
¢ 2 T wave shows the opposite behavior. Because the relaxation time of
7 (x107) (Pass) 1/4/0.22 the temperature term is shorter than that of the d.isplacernent term,
p ) 51 the overall temperature reaches thermal equilibrium faster.
B (x10 )6(kg/ (m-s '2K)) : Figures 2 and 3 show the dispersion and attenuation curves for
B (X10°) (kg/(m-s™K)) 0.7/1.5/1.2 the four P waves and S waves in different fluid-saturated media,
C, (x10% (kg/(m-sz-K)) 2.4 respectively. The fluid has a minor effect on the fast T wave, with
Cy (x10% (kg/(m-s>K)) 4.18/2.88/1.47 the difference in the limiting velocity being less than 50 m/s. How-
},’ (m-kg /(s*K)) 12 ever, the velocity and attenuation frequency of the slow T wave are
7, (mkg /(sK)) 8.76/8.45/7.79 .51gn1.flca1.1tly. affected by the ﬂuld., confl@lng that the slow T wave
K 400 is primarily influenced by the fluid. In Figure 2a, the frequencies of
Ty (K) o the Biot peak (approximately 10 kHz) and the fast T peak (approx-
a; (x107) (K™) 24 imately 10 GHz) are basically the same, with the slow T-wave peak
ap (x107%) (K™ 7/5120 frequency following the order: gas > water > glycerol. The two
Qg (x107™% (K™ —2.4/-1.6/-9.7 thermal peaks in the gas-saturated rock almost coincide in fre-
quency, resulting in a single thermal peak on the attenuation curve.
Figure 1. The phase velocities (the blue lines) and @) 3260 0,05 b) 1500 15
attenuation factors (the orange lines) of (a) fast P, & ... | R L Y s— - SIGw.P-wave
(b) slow P, (c) fast T, and (d) slow T waves asa g . ?/ peak 10,06 E
function of frequency. The relaxation times are 3 s240f | == 71" Tis & = 1000 §
715/T1p = 0.08/25 ns, 755/75r = 0.24/7.5 ns (the g — oA - T 8 g
solid line), and 7,,/7,; = 7,/7, s (the dashed line). E il T E e <
o 3220 Slow thermal peak g ® 500 g
17} (7]
© Biot peak 0.02 ©
& 3210 | &
3200 - - 0 0 -
10° 10° 10" 10" 10° 10° 10" 10"
Frequency (Hz) Frequency (Hz)
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4 4
200 Taf N\ s
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Figure 3 shows that the fluid affects the velocity dispersion and
attenuation frequency of the S wave. The attenuation corresponds to
a Biot peak because no heat-related properties are involved. The
combined effects of porosity, fluid density, viscosity, and other
properties result in the wave velocity of gas-saturated rocks being
higher than that of oil- and water-saturated rocks.

Typically, the relaxation time of the fluid phase is considered to
be larger than that of the solid phase (Liu et al., 2023), with the
relaxation time coefficient E = 7,,/7;; ~ 30 for water-saturated
rocks according to the relaxation times in Figure 1. The decrease
in E implies that the difference in relaxation times between the fluid
and solid phases diminishes, causing the entire medium to reach
thermal equilibrium in a shorter time. We change the value of £
in Figure 4, however, such a large change rarely occurs in real
water-saturated rocks, which mainly demonstrates how the physical
behavior changes with differences in relaxation times. The results
show that the limiting velocity of the P wave remains unchanged as
E decreases, and only the characteristic frequencies corresponding
to the two thermal wave peaks gradually converge. Physically,
changes in the ratio of fluid-solid relaxation times in water-saturated
rocks do not affect heat conversion and dissipation during P-wave
propagation. Because the decrease in E is achieved by reducing the
fluid relaxation time, the fluid transfers the same amount of heat in
less time, causing the limiting velocity of the slow T wave to in-
crease. In addition, in the TT-DPL model, D = 1,,/7;,(n = s, f),
and in the TT-SPL model, D = 1. It can be viewed as the interaction
between fluid and solid heat transfer in saturated rock. The limiting
velocity and the peak attenuation value of the P wave increase with
an increase in D, whereas the T waves decrease gradually, and the
peak frequency of all waves remains relatively constant. The com-
plexity of the energy exchange or medium inhomogeneity in fluid-
saturated rocks results in increased attenuation, whereas the propor-
tion of thermal energy in the dissipated part decreases.

Next, we compute the snapshots of the wavefield using the RSG-
FD method, with 501 grid points along the vertical and horizontal
directions. The source is a Ricker wavelet located at the center of the
mesh, at coordinates [251,251]. The source time history is

WA51

w(t) = cos[2z(r — 19) fo] exp[=2( — 10)*£3], (16)
where 1, = 3/(2f,) is the delay time, and f is the dominant
frequency of the wave.

We assume a grid size of dx = dz = 0.3 mm, a time step of
dt =10 ns, and a dominant source frequency of 10! Hz. The signals
along the vertical and horizontal directions from the source are
shown in Figure 5. The four P-wave velocities in Figure 1 generally
agree with the calculated results shown in Figure 5. The P-wave
velocities are 3206 and 1112 m/s, respectively. The slight difference
is due to errors in waveform extraction from the wavefield snap-
shots. Heat waves are difficult to capture accurately in the signal
due to the attenuation effect and the low speed of the slow T wave.
The calculated heat wave velocity lies within the range of the two
T-wave velocities. When the fluid-related parameters are excluded
from the TT-DPL model, the results become equivalent to those of
the ST-STL model. Figure 6a shows a snapshot for the simplified
fluid term model, yielding results identical to those of the thermo-
elastic model described in Hou et al. (2021b). Only elastic waves
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Figure 3. The phase velocities (the blue lines) and attenuation
factors (the orange lines) of S waves as a function of frequency.
The properties are the same as shown in Figure 2.
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are observable in the wavefield simulation, which further confirms
that the TT-DPL model simplifies to thermoelastic theory.

Figure 7 shows v, snapshots corresponding to the TT-SPL
model at two different times, wherein we observe the propagating
fast P, slow P, and fast T waves. Attenuation causes the amplitude
of the fast T wave to be significantly smaller than that of the P
waves. Magnifying the 1.6 ms snapshot reveals the presence of
an almost diffusive slow T wave. This is more clearly observed
in the g, component in Figure 8b. Figure 8 shows snapshots of
different components: the P and slow T waves in the x-z stress
and the fast P and fast T waves in the fluid pressure. The amplitude
of the thermal wave is stronger than that of the P waves in the
particle velocity snapshots ¢, relative to the solid phase. In addi-
tion, the temperature field is more sensitive to differences between
the solid and fluid phases.

Figure 9 compares snapshots of different fluid-saturated rocks.
The velocities of the fast P wave and the slow T wave are highest
in gas-saturated rocks. However, the strong attenuation of the fast P
wave means that no waveforms are visible in the snapshots, whereas
the slow T wave is the fastest. The attenuation of the slow P wave is
almost zero at high frequency, and the velocities follow this order:
gas saturated > glycerol saturated > water saturated, which is con-
sistent with the plane-wave analysis. Glycerol-saturated rock exhib-
its minimal attenuation near the dominant frequency, which hides
the T wave compared to the P wave. This study enhances our under-
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standing of energy conversion and heat transfer during seismic
wave propagation in porous rocks. However, the application of slow
P waves and T waves in practical geophysical exploration still faces
several challenges. For instance, the physical properties of rocks
vary significantly under different stratigraphic temperatures and
pressures, leading to errors in velocity calculations. The variable
properties thermoporoelastic model offers the potential for reservoir
temperature and pressure inversion.
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Figure 6. Snapshots of the particle velocity v, at 1.6 ms of (a) the
ST-SPL model and (b) the TT-DPL model. The properties used are
the same as those of the TT model in Figure 1.
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Figure 7. Snapshots of the particle velocity v, at (a) 0.4 ms and (b) 1.6 ms, with
(c) showing a blow-up of (b). The properties used are the same as those of the TT model
in Figure 1.
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Figure 8. Snapshots of (a) the x-z stress 7., (b) the particle velocity of the fluid relative
to the solid ¢, and (c) the pressure of the fluid p at 1.6 ms. The parameters used are
identical to those of the TT model in Figure 1.
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Figure 9. Snapshots of the particle velocity v, at 1.6 ms in (a) gas-saturated, (b) water-
saturated, and (c) glycerol-saturated rocks. The properties used are the same as those of
the TT model in Figure 2.
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has a strong influence on high-frequency anelas-
tic effects, as can be seen in the snapshots, and
the presence of thermal waves is more evident in
the fluid components of the wavefield.
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APPENDIX A
PLANE-WAVE ANALYSIS

To investigate the characteristics of wave
propagation in thermoporoelastic media, we con-
sider the following homogeneous plane-wave ex-
pressions:

where A and B are the amplitude constants,
superscript P is the compression wave, @
is the angular frequency, v. is the complex
velocity, /; denotes the propagation directions,

x; represents the position components,

and i = v—1.

For S waves, the propagation direction is perpendicular to the

We present the analytical results and numerical simulations of
plane waves propagating in thermoporoelastic media with two tem-
peratures. The theory describes the coupling of the solid and fluid
phases, their different temperatures, and their distinct relaxation
times (lags) for displacement and temperature. An analysis of
the plane waves results in four P waves and one S wave. The differ-
ent lag times lead to additional dispersion and attenuation at high
frequencies. The effects of fluid type are most pronounced for the
slow P and T waves, whereas the low-frequency Biot mechanism is
more strongly influenced by the solid phase. As the ratio of relax-
ation times increases, the two peaks of T wave damping gradually
separate, resulting in stronger dissipation.

displacement vector, and we have

and solving equation A-3 yields

{ ﬂ;Y’S,ii :pYS +prf , (A'2)
’UC( Wave)— ——m . ( - )

We then perform numerical simulations using an FD algorithm
based on a time-splitting algorithm. This method offers significant
advantages in the treatment of the spatial inhomogeneities of the
medium and in overcoming stability problems. The fluid phase

We can see that the propagation of S waves is independent of the
thermal properties in isotropic homogeneous media.

For P waves, the propagation direction is parallel to the displace-
ment vector. The dispersion relation is
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A(H)* +B(02)? + C(12)? + Dv2 + E =0, (A-4)

where

A=1/7),d; 30’
B={iTy[w(by+b3)—(ma+ir)(by—bs)|+bg}?
= ey +iTo(cs+co+c7+c) = (A+2pu)Mds7 71— w3y +dy da o
D={~dyiy;—(A+2u)Mdy+iTy[(A+2u +a?M)dy+M(ds+dg)|}w

s

=(+2u)My iy}
(A-5)
with
by = (Rj1Ryn + R2Ry1)pr — Ry Ropp
by = 15,71 [F Ry (Ry1p — 2Ry 1py) + by Fyy]
by = 715754 [F11 R (Rynp — 2R 10ps) + b F )]
by = 1,71 sR | (F21 Ry — FuRyy)
bs = 1357 R12(F11R12 — F1aRyy)
be = 71,717d3 + we3d,
¢y = Fy Ry — FiiRy,
¢y = FpRy — FRyy,
c3 = a)p]% — (mw+ir)p
¢y = =121, T§(R1 1Ry — RpRy )?
¢s = 1pp{R3, [~ (A + 2u + > M)7\,Fy — wpy,]
+ 2Ry Ry (aMr Fyy + wpyyy)
— R, [Mzy Fyy + (mo + ir)y]]}
6 = Tos{R3) [~ (2 + 24 + &> M)z s F5; — wopy ]
+ 2Ry Ry (aMz i Fyy + wpyy f)
— R}, [Mzy Fy + (ma + ir)yf]}
c7 = 71ToF o1 {[(—aRxn + R12)Ryy — aRz Ry |M
+ Ry Ry (A+2u + o*M)}
cg = 71,0 Fo {[(=aRy + R12)Ry — aRm Ry M
+ Ry Ry (A + 2 + a*M)}
dy = —oM(2ap; = p) + (A + 2p + @*M)(me + ir)
dy = 1 Fuiy s+ t1pFnrs,
dy = FpFy — Fi1Fa,
dy = 1o, R3, 7} + 12 R3S
ds = 1o,R117;(R11 — 2aRyy),
dg = TopR 15y (R12 — 2aRy,). (A-6)

The phase velocity and attenuation factor of the P waves are
(Hou et al., 2022)

Vp = [Re (iﬂ C A= —omm <i> (A7)
V. Ve

APPENDIX B
SPLITTING ALGORITHM

The time integration from ¢ to ¢ + dt for the stiff matrix is solved
analytically to obtain the intermediate solution,

Uy =—1p12q,. 0. =—1P124;

q,x = _gﬂZqu fL— = _%ﬁﬁ‘k

dxx :b'zz = _Rl]y/s _RIZWf

P=Ryw,+Rny;

Wy =Ao(=F1Fo1ts + F i Fopty )y, +Ag(=F1oF 0t + FroF ooty )y
W =Ag(F11 Pty — FuFotp)ws +Ag(Fii Faoty— FioFoits )y s

(B-1

where Ay = [t,7;(F12Fy — F11F)]™!
We obtain

1;r*:1;’,’+%[exp(/lvdt) 1gt.v **N”Jr/" 2[exp (A dt)—1]q"
g x=exp(Adt)qt,q.x= exp(i dr)
O k=0 — ,ﬁ‘r"‘[exp(/l,dt)Jrexp(/lzdt —1]yr - Iﬁ‘r" F‘ A=Pexp (4 d1)+Jexp(izdt) 1}1//_7

o::*—ax—]ﬁ'n[exp(l]df)+exp(/12df) 1y — ,ﬁn P‘ A=Pexp (A, dt)+2 ”exp(/lzdt)—l}y/'[’,
(dpdt)— 1] i

pr=p" +;ffu [exp(4;dt)+exp(dydt) —1]y! + ,ffn [;‘ “Lexp(A,dt)+

W= [exp(y i) +exp(adt)
Y= P‘T’”exp(ll dt) +’1377”exp(/12dr)} Wi

(B-2)

where

A= {AO(I}+Tf)(F1]F22_F12F21)+A0<Tf_7x)\/F%]F%Z_F%ZF%I]/2
b= {AO(T; J"Tf)(Fl]FZZ_F12F21)_A0(Tf_7x)\/F%IF%Z_F%ZF%]}/2

p=Ag(F1\Fptp—F3Fy7,),q=AcF 1 Fop(7p—7,),n =Ag(F 1 Fpty = F1o Fay )

(B-3)

For time stepping, we use the time-splitting algorithm of
Carcione et al. (2019). Discretizing time as ¢ = ndt, it shows that

o ”—r e di(A+2) a v, *Mo, st M )+ aM(d,q, *+0.q.%) =Ry y, s —Rpw,*
ol =0, x+di|(A+2p)0, v, x+A0, v, *+a’ M(d v, x+d v, *)«HIM((} q *+0,q,%) =Ry, x—Rypw %]
*‘ =o' -d:[u (0y vy 40, v,%)]

P = prtdi[-aM(, 4) v, *+o )=M(0,q, *+0,q. %)+ Ryy s+ +Roppr %]

=T di(y %)
T =T di(y )

R (0, vy #+0, 0, %+, (0,11, % +0,T1,%))
Fuoty |1 (0uwry #4009 )= Fyyyry #—=Faywr, 71( / )]
Vgt 12 [y/ vy W)= Faws =Fnu s =To| {0 +40.q, «41,(0,9, 40.9.%))
¢ ¢ 0 .,d( *t +7,(0, T, % +0, T, %))
“Fnty | 1O+ 0y x) = Fuuys s =Frayy =T, 0q*+0q*+1(1)ﬂ*+09*)
Ris (0,05 40,0, 545, (0,11, 5-+0.11.4))
o —F1, {-,f(a Wpr Oy ) = Fyy s=Fpyy ‘Tﬂ<+'13 (0,4, ++0.4, *if,(.a Q,++0.9.%))
vt =y edi{Ayx Ry (00 %40, 0, 547, (0,11, ++0.T1, %))
Ty |7 Qe s 0y ) ~Fuye e =Fuayy s =To| [ 6% L5570 e (0,0, +40.05)
where
Hx* - ﬂll a O xx ¥ +0 ze) ﬂlZ axp * +rCIx*
. (B-5)

( ( )
L+ = B11(0,0%; + 0.0..%) — f12(0.p * +7q.*)
Qx* = ﬂZl (a Oxx * +a 0 ) ﬁ22(axp * +rQX*)
( ) = Bl )

Q% = [r1(0:0%; + 0.0,.%) = frr(0;p * +rq *
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where the eighth- and second-order FD approximations are used for
the spatial and temporal derivatives, respectively. The variables
marked with an asterisk correspond to the intermediate solutions
at each time step, as shown in equation B-2.
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